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CMB and GW constraints on 
Primordial Black Holes

Lecture I: CMB constraints



Plan of this lecture

1- The CMB as a probe of energy injection 
     in the early Universe

2- Energy-injection processes due to PBHs, 
     and resulting CMB constraints

A- Dissipation of small-scale perturbations

B- Hawking radiation

C- Accretion



1- Brief review of CMB physics

I(⌫, n) ⌘ 2h⌫3

exp(h⌫/T )� 1
<latexit sha1_base64="u6xr+CXQvPVreXWiSSadCErZxyg=">AAACHXicbZDLSgMxFIYzXmu9VV26CRahBa0zKuiy6EZ3CvYCnVoy6RkbzGTGJCOWYV7Eja/ixoUiLtyIb2PazkJbDwS+/P85JOf3Is6Utu1va2p6ZnZuPreQX1xaXlktrK3XVRhLCjUa8lA2PaKAMwE1zTSHZiSBBB6Hhnd7OvAb9yAVC8WV7kfQDsiNYD6jRBupUzg8L7ki3sGijF24i9k9dn1JaLKPe9gY1wdp4sJDVBre9q7KeBc7aadQtCv2sPAkOBkUUVYXncKn2w1pHIDQlBOlWo4d6XZCpGaUQ5p3YwURobfkBloGBQlAtZPhdineNkoX+6E0R2g8VH9PJCRQqh94pjMguqfGvYH4n9eKtX/cTpiIYg2Cjh7yY451iAdR4S6TQDXvGyBUMvNXTHvEpKNNoHkTgjO+8iTU9yuO4cvDYvUkiyOHNtEWKiEHHaEqOkMXqIYoekTP6BW9WU/Wi/VufYxap6xsZgP9KevrBzyun4A=</latexit><latexit sha1_base64="u6xr+CXQvPVreXWiSSadCErZxyg=">AAACHXicbZDLSgMxFIYzXmu9VV26CRahBa0zKuiy6EZ3CvYCnVoy6RkbzGTGJCOWYV7Eja/ixoUiLtyIb2PazkJbDwS+/P85JOf3Is6Utu1va2p6ZnZuPreQX1xaXlktrK3XVRhLCjUa8lA2PaKAMwE1zTSHZiSBBB6Hhnd7OvAb9yAVC8WV7kfQDsiNYD6jRBupUzg8L7ki3sGijF24i9k9dn1JaLKPe9gY1wdp4sJDVBre9q7KeBc7aadQtCv2sPAkOBkUUVYXncKn2w1pHIDQlBOlWo4d6XZCpGaUQ5p3YwURobfkBloGBQlAtZPhdineNkoX+6E0R2g8VH9PJCRQqh94pjMguqfGvYH4n9eKtX/cTpiIYg2Cjh7yY451iAdR4S6TQDXvGyBUMvNXTHvEpKNNoHkTgjO+8iTU9yuO4cvDYvUkiyOHNtEWKiEHHaEqOkMXqIYoekTP6BW9WU/Wi/VufYxap6xsZgP9KevrBzyun4A=</latexit><latexit sha1_base64="u6xr+CXQvPVreXWiSSadCErZxyg=">AAACHXicbZDLSgMxFIYzXmu9VV26CRahBa0zKuiy6EZ3CvYCnVoy6RkbzGTGJCOWYV7Eja/ixoUiLtyIb2PazkJbDwS+/P85JOf3Is6Utu1va2p6ZnZuPreQX1xaXlktrK3XVRhLCjUa8lA2PaKAMwE1zTSHZiSBBB6Hhnd7OvAb9yAVC8WV7kfQDsiNYD6jRBupUzg8L7ki3sGijF24i9k9dn1JaLKPe9gY1wdp4sJDVBre9q7KeBc7aadQtCv2sPAkOBkUUVYXncKn2w1pHIDQlBOlWo4d6XZCpGaUQ5p3YwURobfkBloGBQlAtZPhdineNkoX+6E0R2g8VH9PJCRQqh94pjMguqfGvYH4n9eKtX/cTpiIYg2Cjh7yY451iAdR4S6TQDXvGyBUMvNXTHvEpKNNoHkTgjO+8iTU9yuO4cvDYvUkiyOHNtEWKiEHHaEqOkMXqIYoekTP6BW9WU/Wi/VufYxap6xsZgP9KevrBzyun4A=</latexit><latexit sha1_base64="u6xr+CXQvPVreXWiSSadCErZxyg=">AAACHXicbZDLSgMxFIYzXmu9VV26CRahBa0zKuiy6EZ3CvYCnVoy6RkbzGTGJCOWYV7Eja/ixoUiLtyIb2PazkJbDwS+/P85JOf3Is6Utu1va2p6ZnZuPreQX1xaXlktrK3XVRhLCjUa8lA2PaKAMwE1zTSHZiSBBB6Hhnd7OvAb9yAVC8WV7kfQDsiNYD6jRBupUzg8L7ki3sGijF24i9k9dn1JaLKPe9gY1wdp4sJDVBre9q7KeBc7aadQtCv2sPAkOBkUUVYXncKn2w1pHIDQlBOlWo4d6XZCpGaUQ5p3YwURobfkBloGBQlAtZPhdineNkoX+6E0R2g8VH9PJCRQqh94pjMguqfGvYH4n9eKtX/cTpiIYg2Cjh7yY451iAdR4S6TQDXvGyBUMvNXTHvEpKNNoHkTgjO+8iTU9yuO4cvDYvUkiyOHNtEWKiEHHaEqOkMXqIYoekTP6BW9WU/Wi/VufYxap6xsZgP9KevrBzyun4A=</latexit>

T (⌫, n) = T0
<latexit sha1_base64="dTwiolhChJXX778P5QZF1mTUdy4=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWoYKURATdCEU3Liv0Bm0Ik+mkHTqZhJmJUEOfxI0LRdz6KO58G6dtFtr6w8DHf87hnPmDhDOlHefbKqytb2xuFbdLO7t7+2X74LCt4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8N6t3HqlULBZNPUmoF+GhYCEjWBvLt8vNal+k50icoRvU9B3frjg1Zy60Cm4OFcjV8O2v/iAmaUSFJhwr1XOdRHsZlpoRTqelfqpogskYD2nPoMARVV42P3yKTo0zQGEszRMazd3fExmOlJpEgemMsB6p5drM/K/WS3V47WVMJKmmgiwWhSlHOkazFNCASUo0nxjARDJzKyIjLDHRJquSCcFd/vIqtC9qruGHy0r9No+jCMdwAlVw4QrqcA8NaAGBFJ7hFd6sJ+vFerc+Fq0FK585gj+yPn8A2GmRPw==</latexit><latexit sha1_base64="dTwiolhChJXX778P5QZF1mTUdy4=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWoYKURATdCEU3Liv0Bm0Ik+mkHTqZhJmJUEOfxI0LRdz6KO58G6dtFtr6w8DHf87hnPmDhDOlHefbKqytb2xuFbdLO7t7+2X74LCt4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8N6t3HqlULBZNPUmoF+GhYCEjWBvLt8vNal+k50icoRvU9B3frjg1Zy60Cm4OFcjV8O2v/iAmaUSFJhwr1XOdRHsZlpoRTqelfqpogskYD2nPoMARVV42P3yKTo0zQGEszRMazd3fExmOlJpEgemMsB6p5drM/K/WS3V47WVMJKmmgiwWhSlHOkazFNCASUo0nxjARDJzKyIjLDHRJquSCcFd/vIqtC9qruGHy0r9No+jCMdwAlVw4QrqcA8NaAGBFJ7hFd6sJ+vFerc+Fq0FK585gj+yPn8A2GmRPw==</latexit><latexit sha1_base64="dTwiolhChJXX778P5QZF1mTUdy4=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWoYKURATdCEU3Liv0Bm0Ik+mkHTqZhJmJUEOfxI0LRdz6KO58G6dtFtr6w8DHf87hnPmDhDOlHefbKqytb2xuFbdLO7t7+2X74LCt4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8N6t3HqlULBZNPUmoF+GhYCEjWBvLt8vNal+k50icoRvU9B3frjg1Zy60Cm4OFcjV8O2v/iAmaUSFJhwr1XOdRHsZlpoRTqelfqpogskYD2nPoMARVV42P3yKTo0zQGEszRMazd3fExmOlJpEgemMsB6p5drM/K/WS3V47WVMJKmmgiwWhSlHOkazFNCASUo0nxjARDJzKyIjLDHRJquSCcFd/vIqtC9qruGHy0r9No+jCMdwAlVw4QrqcA8NaAGBFJ7hFd6sJ+vFerc+Fq0FK585gj+yPn8A2GmRPw==</latexit><latexit sha1_base64="dTwiolhChJXX778P5QZF1mTUdy4=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWoYKURATdCEU3Liv0Bm0Ik+mkHTqZhJmJUEOfxI0LRdz6KO58G6dtFtr6w8DHf87hnPmDhDOlHefbKqytb2xuFbdLO7t7+2X74LCt4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8N6t3HqlULBZNPUmoF+GhYCEjWBvLt8vNal+k50icoRvU9B3frjg1Zy60Cm4OFcjV8O2v/iAmaUSFJhwr1XOdRHsZlpoRTqelfqpogskYD2nPoMARVV42P3yKTo0zQGEszRMazd3fExmOlJpEgemMsB6p5drM/K/WS3V47WVMJKmmgiwWhSlHOkazFNCASUo0nxjARDJzKyIjLDHRJquSCcFd/vIqtC9qruGHy0r9No+jCMdwAlVw4QrqcA8NaAGBFJ7hFd6sJ+vFerc+Fq0FK585gj+yPn8A2GmRPw==</latexit>

+�T (⌫, n)
<latexit sha1_base64="qI6wJMiD4Xu38rwZaFHz5olqIIM=">AAAB/HicdZDLSsNAFIZP6q3WW7VLN4NFqCglFUWXRTcuK/QGTSiTyaQdOpmEmYlQQn0VNy4UceuDuPNtnLQRVPSHgZ/vnMM583sxZ0rb9odVWFpeWV0rrpc2Nre2d8q7e10VJZLQDol4JPseVpQzQTuaaU77saQ49DjteZPrrN67o1KxSLT1NKZuiEeCBYxgbdCwXDlGjk+5xqhdc0RygsQRGpardv3czoTsuv1lctLISRVytYbld8ePSBJSoQnHSg0adqzdFEvNCKezkpMoGmMywSM6MFbgkCo3nR8/Q4eG+CiIpHlCozn9PpHiUKlp6JnOEOux+l3L4F+1QaKDSzdlIk40FWSxKEg40hHKkkA+k5RoPjUGE8nMrYiMscREm7xKJoSvn6L/Tfe03jD+9qzavMrjKMI+HEANGnABTbiBFnSAwBQe4AmerXvr0XqxXhetBSufqcAPWW+f8gKTAg==</latexit><latexit sha1_base64="qI6wJMiD4Xu38rwZaFHz5olqIIM=">AAAB/HicdZDLSsNAFIZP6q3WW7VLN4NFqCglFUWXRTcuK/QGTSiTyaQdOpmEmYlQQn0VNy4UceuDuPNtnLQRVPSHgZ/vnMM583sxZ0rb9odVWFpeWV0rrpc2Nre2d8q7e10VJZLQDol4JPseVpQzQTuaaU77saQ49DjteZPrrN67o1KxSLT1NKZuiEeCBYxgbdCwXDlGjk+5xqhdc0RygsQRGpardv3czoTsuv1lctLISRVytYbld8ePSBJSoQnHSg0adqzdFEvNCKezkpMoGmMywSM6MFbgkCo3nR8/Q4eG+CiIpHlCozn9PpHiUKlp6JnOEOux+l3L4F+1QaKDSzdlIk40FWSxKEg40hHKkkA+k5RoPjUGE8nMrYiMscREm7xKJoSvn6L/Tfe03jD+9qzavMrjKMI+HEANGnABTbiBFnSAwBQe4AmerXvr0XqxXhetBSufqcAPWW+f8gKTAg==</latexit><latexit sha1_base64="qI6wJMiD4Xu38rwZaFHz5olqIIM=">AAAB/HicdZDLSsNAFIZP6q3WW7VLN4NFqCglFUWXRTcuK/QGTSiTyaQdOpmEmYlQQn0VNy4UceuDuPNtnLQRVPSHgZ/vnMM583sxZ0rb9odVWFpeWV0rrpc2Nre2d8q7e10VJZLQDol4JPseVpQzQTuaaU77saQ49DjteZPrrN67o1KxSLT1NKZuiEeCBYxgbdCwXDlGjk+5xqhdc0RygsQRGpardv3czoTsuv1lctLISRVytYbld8ePSBJSoQnHSg0adqzdFEvNCKezkpMoGmMywSM6MFbgkCo3nR8/Q4eG+CiIpHlCozn9PpHiUKlp6JnOEOux+l3L4F+1QaKDSzdlIk40FWSxKEg40hHKkkA+k5RoPjUGE8nMrYiMscREm7xKJoSvn6L/Tfe03jD+9qzavMrjKMI+HEANGnABTbiBFnSAwBQe4AmerXvr0XqxXhetBSufqcAPWW+f8gKTAg==</latexit><latexit sha1_base64="qI6wJMiD4Xu38rwZaFHz5olqIIM=">AAAB/HicdZDLSsNAFIZP6q3WW7VLN4NFqCglFUWXRTcuK/QGTSiTyaQdOpmEmYlQQn0VNy4UceuDuPNtnLQRVPSHgZ/vnMM583sxZ0rb9odVWFpeWV0rrpc2Nre2d8q7e10VJZLQDol4JPseVpQzQTuaaU77saQ49DjteZPrrN67o1KxSLT1NKZuiEeCBYxgbdCwXDlGjk+5xqhdc0RygsQRGpardv3czoTsuv1lctLISRVytYbld8ePSBJSoQnHSg0adqzdFEvNCKezkpMoGmMywSM6MFbgkCo3nR8/Q4eG+CiIpHlCozn9PpHiUKlp6JnOEOux+l3L4F+1QaKDSzdlIk40FWSxKEg40hHKkkA+k5RoPjUGE8nMrYiMscREm7xKJoSvn6L/Tfe03jD+9qzavMrjKMI+HEANGnABTbiBFnSAwBQe4AmerXvr0XqxXhetBSufqcAPWW+f8gKTAg==</latexit>

spectral-spatial 
distortions (e.g. SZ)

+�T (⌫)
<latexit sha1_base64="UVHvR+ZQBKUW5jMpVt26RDiqpfM=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoCCWJoa27oi5cVugLmlAm00k7dDIJMxOhln6JGxeKuPVT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jBWVtfWNzZzW/ntnd29grl/0JZxKjBp4ZjFohsgSRjlpKWoYqSbCIKigJFOML7K/M4dEZLGvKkmCfEjNOQ0pBgpLfXNwhn0rglTCDZLHk9P+2bRKl/UKo5bgVbZsqq2Y2fEqbrnLrS1kqEIlmj0zXdvEOM0IlxhhqTs2Vai/CkSimJGZnkvlSRBeIyGpKcpRxGR/nR++AyeaGUAw1jo4grO1e8TUxRJOYkC3RkhNZK/vUz8y+ulKqz5U8qTVBGOF4vClEEVwywFOKCCYMUmmiAsqL4V4hESCCudVV6H8PUp/J+0nbKt+a1brF8u48iBI3AMSsAGVVAHN6ABWgCDFDyAJ/Bs3BuPxovxumhdMZYzh+AHjLdPHluSGA==</latexit><latexit sha1_base64="UVHvR+ZQBKUW5jMpVt26RDiqpfM=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoCCWJoa27oi5cVugLmlAm00k7dDIJMxOhln6JGxeKuPVT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jBWVtfWNzZzW/ntnd29grl/0JZxKjBp4ZjFohsgSRjlpKWoYqSbCIKigJFOML7K/M4dEZLGvKkmCfEjNOQ0pBgpLfXNwhn0rglTCDZLHk9P+2bRKl/UKo5bgVbZsqq2Y2fEqbrnLrS1kqEIlmj0zXdvEOM0IlxhhqTs2Vai/CkSimJGZnkvlSRBeIyGpKcpRxGR/nR++AyeaGUAw1jo4grO1e8TUxRJOYkC3RkhNZK/vUz8y+ulKqz5U8qTVBGOF4vClEEVwywFOKCCYMUmmiAsqL4V4hESCCudVV6H8PUp/J+0nbKt+a1brF8u48iBI3AMSsAGVVAHN6ABWgCDFDyAJ/Bs3BuPxovxumhdMZYzh+AHjLdPHluSGA==</latexit><latexit sha1_base64="UVHvR+ZQBKUW5jMpVt26RDiqpfM=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoCCWJoa27oi5cVugLmlAm00k7dDIJMxOhln6JGxeKuPVT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jBWVtfWNzZzW/ntnd29grl/0JZxKjBp4ZjFohsgSRjlpKWoYqSbCIKigJFOML7K/M4dEZLGvKkmCfEjNOQ0pBgpLfXNwhn0rglTCDZLHk9P+2bRKl/UKo5bgVbZsqq2Y2fEqbrnLrS1kqEIlmj0zXdvEOM0IlxhhqTs2Vai/CkSimJGZnkvlSRBeIyGpKcpRxGR/nR++AyeaGUAw1jo4grO1e8TUxRJOYkC3RkhNZK/vUz8y+ulKqz5U8qTVBGOF4vClEEVwywFOKCCYMUmmiAsqL4V4hESCCudVV6H8PUp/J+0nbKt+a1brF8u48iBI3AMSsAGVVAHN6ABWgCDFDyAJ/Bs3BuPxovxumhdMZYzh+AHjLdPHluSGA==</latexit><latexit sha1_base64="UVHvR+ZQBKUW5jMpVt26RDiqpfM=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoCCWJoa27oi5cVugLmlAm00k7dDIJMxOhln6JGxeKuPVT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jBWVtfWNzZzW/ntnd29grl/0JZxKjBp4ZjFohsgSRjlpKWoYqSbCIKigJFOML7K/M4dEZLGvKkmCfEjNOQ0pBgpLfXNwhn0rglTCDZLHk9P+2bRKl/UKo5bgVbZsqq2Y2fEqbrnLrS1kqEIlmj0zXdvEOM0IlxhhqTs2Vai/CkSimJGZnkvlSRBeIyGpKcpRxGR/nR++AyeaGUAw1jo4grO1e8TUxRJOYkC3RkhNZK/vUz8y+ulKqz5U8qTVBGOF4vClEEVwywFOKCCYMUmmiAsqL4V4hESCCudVV6H8PUp/J+0nbKt+a1brF8u48iBI3AMSsAGVVAHN6ABWgCDFDyAJ/Bs3BuPxovxumhdMZYzh+AHjLdPHluSGA==</latexit>

spectral 
distortions

n: direction in the sky

+�T (n)
<latexit sha1_base64="DJ6zc4okcwrSh4acU7XmqZ/ybLg=">AAAB9HicdZDLSgMxFIYzXmu9VV26CRahIpSkiG13RV24rNAbtEPJpJk2NJMZk0yhDH0ONy4UcevDuPNtzLQVVPRA4OP/z+Gc/F4kuDYIfTgrq2vrG5uZrez2zu7efu7gsKXDWFHWpKEIVccjmgkuWdNwI1gnUowEnmBtb3yd+u0JU5qHsmGmEXMDMpTc55QYK7nnsHfDhCGwUZBn/VweFRFCGGOYAi5fIgvVaqWEKxCnlq08WFa9n3vvDUIaB0waKojWXYwi4yZEGU4Fm2V7sWYRoWMyZF2LkgRMu8n86Bk8tcoA+qGyTxo4V79PJCTQehp4tjMgZqR/e6n4l9eNjV9xEy6j2DBJF4v8WEATwjQBOOCKUSOmFghV3N4K6YgoQo3NKWtD+Pop/B9apSK2fHeRr10t48iAY3ACCgCDMqiBW1AHTUDBPXgAT+DZmTiPzovzumhdcZYzR+BHOW+fBGCQ9g==</latexit><latexit sha1_base64="DJ6zc4okcwrSh4acU7XmqZ/ybLg=">AAAB9HicdZDLSgMxFIYzXmu9VV26CRahIpSkiG13RV24rNAbtEPJpJk2NJMZk0yhDH0ONy4UcevDuPNtzLQVVPRA4OP/z+Gc/F4kuDYIfTgrq2vrG5uZrez2zu7efu7gsKXDWFHWpKEIVccjmgkuWdNwI1gnUowEnmBtb3yd+u0JU5qHsmGmEXMDMpTc55QYK7nnsHfDhCGwUZBn/VweFRFCGGOYAi5fIgvVaqWEKxCnlq08WFa9n3vvDUIaB0waKojWXYwi4yZEGU4Fm2V7sWYRoWMyZF2LkgRMu8n86Bk8tcoA+qGyTxo4V79PJCTQehp4tjMgZqR/e6n4l9eNjV9xEy6j2DBJF4v8WEATwjQBOOCKUSOmFghV3N4K6YgoQo3NKWtD+Pop/B9apSK2fHeRr10t48iAY3ACCgCDMqiBW1AHTUDBPXgAT+DZmTiPzovzumhdcZYzR+BHOW+fBGCQ9g==</latexit><latexit sha1_base64="DJ6zc4okcwrSh4acU7XmqZ/ybLg=">AAAB9HicdZDLSgMxFIYzXmu9VV26CRahIpSkiG13RV24rNAbtEPJpJk2NJMZk0yhDH0ONy4UcevDuPNtzLQVVPRA4OP/z+Gc/F4kuDYIfTgrq2vrG5uZrez2zu7efu7gsKXDWFHWpKEIVccjmgkuWdNwI1gnUowEnmBtb3yd+u0JU5qHsmGmEXMDMpTc55QYK7nnsHfDhCGwUZBn/VweFRFCGGOYAi5fIgvVaqWEKxCnlq08WFa9n3vvDUIaB0waKojWXYwi4yZEGU4Fm2V7sWYRoWMyZF2LkgRMu8n86Bk8tcoA+qGyTxo4V79PJCTQehp4tjMgZqR/e6n4l9eNjV9xEy6j2DBJF4v8WEATwjQBOOCKUSOmFghV3N4K6YgoQo3NKWtD+Pop/B9apSK2fHeRr10t48iAY3ACCgCDMqiBW1AHTUDBPXgAT+DZmTiPzovzumhdcZYzR+BHOW+fBGCQ9g==</latexit><latexit sha1_base64="DJ6zc4okcwrSh4acU7XmqZ/ybLg=">AAAB9HicdZDLSgMxFIYzXmu9VV26CRahIpSkiG13RV24rNAbtEPJpJk2NJMZk0yhDH0ONy4UcevDuPNtzLQVVPRA4OP/z+Gc/F4kuDYIfTgrq2vrG5uZrez2zu7efu7gsKXDWFHWpKEIVccjmgkuWdNwI1gnUowEnmBtb3yd+u0JU5qHsmGmEXMDMpTc55QYK7nnsHfDhCGwUZBn/VweFRFCGGOYAi5fIgvVaqWEKxCnlq08WFa9n3vvDUIaB0waKojWXYwi4yZEGU4Fm2V7sWYRoWMyZF2LkgRMu8n86Bk8tcoA+qGyTxo4V79PJCTQehp4tjMgZqR/e6n4l9eNjV9xEy6j2DBJF4v8WEATwjQBOOCKUSOmFghV3N4K6YgoQo3NKWtD+Pop/B9apSK2fHeRr10t48iAY3ACCgCDMqiBW1AHTUDBPXgAT+DZmTiPzovzumhdcZYzR+BHOW+fBGCQ9g==</latexit>

anisotropies



Protagonists and stage

for ~400,000 years

photons (CMB)

neutrinos 
(collisionless, “hot”)

“baryons”

e-

p+

He++

dark matter
(collisionless, “cold”)

? ?
?

gravity



•  First 2 months (z > 2e6): photons are easily created and 
destroyed, and thermalized

After 2 months: energy injection/extraction 
would distort photon spectrum 

h⌫/kT
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Essential spectral distortion physics
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t⇤ ⇡ 2 months

[z⇤ ⇡ 2⇥ 106]

COBE FIRAS results 
(Fixsen et al. 1996):
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COBE satellite
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=> Constrains the amount of non-standard 
energy injection in the early Universe 



~ 20,000 years: 1st Helium recombination
He++ + e- ➞  He+ + γ

~ 400,000 years: hydrogen recombination
H+ + e- ➞  H0 + γ

~ 130,000 years: 2nd Helium recombination  
He+ + e- ➞  He0 + γ

Fast-forward in time
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Computed with HyRec 
[Ali-Haïmoud & Hirata 2011]
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temperature

time

last scattering epoch

~400,000 yr

~3000 K

e-

p+
H
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last scattering epoch
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Planck collaboration

Temperature

Polarization



provide pressure provide containment
(impede free streaming)

What are we seeing exactly?

e-

p
He

“baryons”photons

together: ideal fluid with large pressure

before last scattering:



Small initial overdensities generate sound waves in 
photon-baryon fluid, propagating for ~400,000 years



Superposition of many incoherent sound waves, 
oscillating for ~400,000 years

±300 μK

0 0.2

0.4

0.6

0.8

1.0

T-<T>
+300 μK-300 μK 0 μK

Last ``snapshot” is imprinted on the last scattering surface
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CMB Angular power spectrum = variance of 
temperature fluctuations as a function of angular scale
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Mathew Madhavacheril, Perimeter InstituteCourtesy of Mathew Madhavacheril

CMB Angular power spectrum = variance of 
temperature fluctuations as a function of angular scale
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Planck 2018 

Best-fit model
(6 parameters)
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(μK)2
Temperature

Temperature x Polarization Polarization

baryons

dark matter

dark matter
baryons ≈ 5.36 ± 0.05 (Planck 2018)
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HYREC Ali-Haïmoud & Hirata 2010, 2011

COSMOREC Chluba & Thomas 2011

compute xe[standard] with accuracy ~few parts in 1e4, 
in ~1 second / cosmology

HYREC-2 Lee & Ali-Haïmoud 2020

CMB anisotropies are very sensitive to recombination 

State-of-the-art recombination codes:

accuracy ~few parts in 1e4, in 
~1 millisecond / cosmology

Nanoom Lee



Temperature x Polarization (μK)2 Polarization (μK)2

Ionization fraction xe

Time since Big Bang (years)
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Effect of non-standard xe on CMB power spectra



Non-standard recombination from energy injection
<latexit sha1_base64="x72yEwyxMiTJV/tWWKt84oJBPkE=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjOi6KZQKoLLCrYWOqVkMpk2NpMZkjtCGedr3PgrblxURNz5KaYPUFsPhBzOPZd77/FiwTXY9qeVW1peWV3Lrxc2Nre2d4q7e00dJYqyBo1EpFoe0UxwyRrAQbBWrBgJPcHuvMHluH73wJTmkbyFYcw6IelJHnBKwEjdYsX1I0hd1Y+yrvlCzOV9hivYDRShqX+VpT5gv5m5Nd5LH388jALzs26xZJftCfAicWakhGaod4sjM48mIZNABdG67dgxdFKigFPBsoKbaBYTOiA91jZUkpDpTjo5M8NHRvFxECnzJOCJ+rsjJaHWw9AzzpBAX8/XxuJ/tXYCwUUn5TJOgEk6HRQkAkOEx5lhnytzrxgaQqjiZldM+8QEBCbZggnBmT95kTRPys5Z2b45LVVrszjy6AAdomPkoHNURdeojhqIoif0gkbozXq2Xq1362NqzVmznn30B9bXNz6tpt4=</latexit>

⇢̇inj =
dE

dtdV

���
injected

Suppose some process injects 
energy with volumetric rate
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⇢̇dep =
dE

dtdV

���
dep

= f ⇥ ⇢̇inj

Not all energy is efficiently deposited in the plasma (e.g. 
if the process only injects neutrinos, no deposition)

Deposition efficiency f depends on details of injected 
energy (type of particles and spectrum)



Non-standard recombination from energy injection

Deposited 
energy 

Extra heating of the gas

Direct extra ionizations of 
Hydrogen (and Helium)

Extra excitations of 
Hydrogen (and Helium)
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�ẋe ⇠ (1� xe)
⇢̇dep

nH ⇥ 13.6 eV
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ẋe = ẋe[standard] +�ẋenet effect:



Summary of Part-1

• Energy injection also affects 
Recombination hence CMB 
anisotropies

• CMB spectral distortions probe heat 
injection/extraction into/from photon-
baryon plasma at z < 2e6
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⇢̇dep
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2- Energy injection processes due to PBHs 
and resulting CMB constraints



Ideal fluid: infinitely small mean-free path between collisions

Comoving mean-free path between Thomson scattering events:
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ane�T
⇡ 3 Mpc

(103/z)2

xe(z)
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=>The photon-baryon plasma is not quite an ideal fluid.

This induces a viscous force:
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A-Dissipation of small-scale perturbations



=> Viscosity force exponentially damps acoustic 
oscillations at scales smaller than the Silk damping scale 
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Energy density in sound waves: 
<latexit sha1_base64="+vxTewLzFKRO0HcH9IC3q341vJ0="></latexit>
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=> Energy dissipated
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=> Spectral distortion
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3.1. Instructive upper bounds on the amplitude of the power
spectrum at small scales

Let us first consider the simplest ansatz for the small-scale
power spectrum: assume that it is scale-independent with am-
plitude Pζ(k) = Aζ over some specified range of k. If we
estimate the µ and y-parameters for this case using Eq. (10),
and impose the COBE/FIRAS limits, we can determine an up-
per bound on Aζ . Clearly, the constraints on Aζ weaken as the
range of scales with enhanced power narrows.

3.1.1. Optimistic upper limit on the amplitude of the small-scale
power spectrum from COBE/FIRAS

Since the power spectrum at large scales is well constrained
by CMB anisotropies and LSS observations, we first assume
that the small-scale power spectrum has a scale-independent
amplitude [Pζ(k) = 2.4×10−9] at all scales with wavenumbers
k ! 1 Mpc−1 and a different constant amplitude [Pζ(k) = Aζ]
for k " 1 Mpc−1. In this case, one can derive an upper limit
on Aζ from the µ and y-limits given by COBE/FIRAS; this
is an optimistic constraint on the small-scale power spectrum
because we have assumed that the power spectrum is equally
enhanced on all scales that contribute to µ and y.

Carrying out the required integrals we find5 µop # 11 Aζ
and yop # 1.3 Aζ, which implies Aµζ ! 8.4 × 10−6 and Ayζ !
1.2×10−5. Using the TRIS bound, µ ! 6×10−5 (Zannoni et al.
2008; Gervasi et al. 2008), one finds Aµ

ζ
! 5.6×10−6. Accord-

ing to the weight-functions defined in Eq. (10), the µ-limit is
sensitive to power over 30 Mpc−1

! k ! 104 Mpc−1, while
the y-limit is driven by the k-range 1 Mpc−1

! k ! 50 Mpc−1.
Therefore, these constraints on Aζ are applicable to any power
spectrum that has a constant amplitude over these ranges of
scales. (Note that for y the lower cut-off is imposed by our
assumptions, rather than for physical reasons.)

3.1.2. Comparison to constraints from PBHs and UCMHs

Another instructive example is motivated by the inten-
tion to compare the power spectrum constraints derived from
CMB spectral distortions with those obtained from PBHs and
UCMHs. To make this comparison, we must review how the
latter are determined from observations that limit the abun-
dance of PBHs and UCMHs. PBHs and UCMHs form in re-
gions where the initial density contrast exceeds some critical
value (δρ/ρ " 0.3 for PBHs and δρ/ρ " 10−3 for UCMHs),
and their masses are determined by the size of the overdense
region that hosts them. If the perturbations are assumed
to be Gaussian, then the probability of forming a PBH or
UCMH with a certain mass depends only on the mass vari-
ance within spheres that form PBHs and UCMHs with that
mass. Therefore, an upper limit on the abundance of PBHs
and UCMHs with a given mass implies an upper bound on
σ2

hor(R): the density variance within a sphere of radius R eval-
uated at horizon entry in total matter gauge (Josan et al. 2009;
Bringmann et al. 2011). These constraints on σ2

hor(R) are then
converted to constraints on the primordial curvature power
spectrum Pζ(k) at wavenumber k = R−1, but this conversion
assumes a specific spectral shape for Pζ(k).

Since only the dark matter collapses to form a UCMH,
the probability of UCMH formation depends on σ2

hor,χ(R):
the dark matter mass variance. In contrast, the probability

5 We confirmed these results using CosmoTherm.
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Fig. 2.— The bounds on Aζ ≡ Pζ derived from COBE/FIRAS with the same
assumptions used to derive corresponding limits from PBHs and UCMHs.

of forming a PBH depends on the total density perturbation
at horizon entry, which is dominated by radiation. Since
dark matter perturbations and radiation perturbations evolve
differently as they enter the horizon, σ2

hor(R) and σ2
hor,χ(R)

have different definitions in terms of Pζ(k) (Josan et al. 2009;
Bringmann et al. 2011). Defining x ≡ kR, then

σ2
hor(R) =

16
3

∫ ∞

0
x j21

(

x
√

3

)

F2(x)Pζ
(

k =
x
R

)

dx, (14a)

σ2
hor,χ(R) =

1
9

∫ ∞

0
x3T 2

χ

(

θ =
x
√

3

)

F2(x)Pζ
(

k =
x
R

)

dx (14b)

where j1(x) is a spherical Bessel function, F(x) is a filter func-
tion, and

Tχ(θ) ≡
6
θ2

[

ln θ + γE −
1
2
− Ci(θ) +

sin θ
2θ

]

, (15)

where γE is the Euler-Mascheroni constant and Ci is the co-
sine integral function. When evaluating the constraints on
Pζ(k) from PBHs, Josan et al. (2009) use a Gaussian filter
function, F(x) = exp(−x2/2). Meanwhile, Bringmann et al.
(2011) and Li et al. (2012) use the Fourier transform of a
tophat window function, F(x) = 3x−3(sin x − x cos x), when
evaluating the constraints on Pζ(k) from UCMHs. In either
case, if Pζ(k) is nearly scale-invariant, the integrals in Eqs.
(14a) and (14b) are dominated by the contribution from a nar-
row range of x values around x # 1. To derive constraints on
Pζ(k) from the upper bounds on σ2

hor(R) and σ2
hor,χ(R) estab-

lished by PBHs and UCMHs, it is customary to assume that
Pζ(k) is locally scale invariant, i.e. that it does not vary sig-
nificantly over the limited range of scales that contribute to
the mass variance at a given radius. This assumption allows
us to take Pζ(k) outside the integrals in Eqs. (14a) and (14b),
making σ2

hor(R) and σ2
hor,χ(R) proportional to Pζ (k = 1/R).

Since the µ- and y- distortions produced by the dissipation
of acoustic modes receive contributions from a much wider
range of scales than the mass variance does, there is no model-
independent way to compare the constraints on Pζ(k) from
spectral distortions to those from PBHs and UCMHs. Any
such comparison requires one to specify the scale dependence
of Pζ(k); we chose to make a comparison by applying the
assumption of local scale invariance to the computation of
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Resulting indirect constraints on PBHs
If PBHs result from the collapse of order ~0.1 density perturbations
and if primordial perturbations are Gaussian

=> Upper limits of ~1e-5 on Δprim essentially rule out PBHs with 
M ≿ 2e4 Msun from making any appreciable fraction of the DM 7

FIG. 2. Upper limits on f = ρPBH/ρDM for quadratic non-Gaussianity with fNL = ∞, 10, 0 from top to bottom. The FIRAS,
PIXIE, HYPERPIXIE and SINGLE curves are as for Fig. 1.

FIG. 3. Upper limits on f = ρPBH/ρDM for cubic non-Gaussianity with gNL = ∞, 1000, 0 from top to bottom and the same
values of gNL. The FIRAS, PIXIE, HYPERPIXIE and SINGLE curves are as for Fig. 1.

III. DISCUSSION

Although we have focused mainly on the µ distortions associated with PBH formation, we should also comment
briefly on the y distortions, which can be calculated using Eq. (9b) in Ref. [70] and assuming y < 1.5× 10−5 [62]. It
is clear from Fig. 4, which shows the µ and y limits for FIRAS with different values of p, that there is a transition
at around 109M" above which the y constraint dominates. This scale is independent of the value of p and can be
understood from the qualitative discussion at the start of Sec. II. The y curves are interesting, even if one does not
expect PBHs larger than 109M" in practice. Note that including other sources of y distortion would merely strengthen
the PBH limits. Indeed, HYPERPIXIE will be looking for the y signal from astrophysical sources at the level of 10−6

to 10−8, and such a signal will be obscured if the y from Silk damping exceeds this. The total constraint for given
p comes from the combination of the µ and y limits. The value of f at the intersect gives a local maximum in the
constraint, but there are extended minima on either side of this, with the µ limit being somewhat weaker than the y
limit. The value of f at the maximum decreases as p increases. For p > 2, the constraints would be even tighter than
in the Gaussian case.
At the present epoch we require SMBHs with mass 108 − 109M" in galactic nuclei, and the Magorrian scaling

implies fSMBH ∼ 10−4 [75]. If there were no accretion, the PBH scenario would be excluded by the above analysis
unless p were as low as 0.5 or fNL and gNL as high as 5000. However, the values of M and f indicated in Figs. 1-4
correspond to the formation epoch of the PBHs, and the production of SMBHs in galactic nuclei probably requires a
very large accretion factor. For example, for Eddington-limited growth, the initial seed mass could be a smaller by
a factor of 105 − 106, corresponding to an initial f of 10−9 − 10−10. If the final mass is much larger than the initial
mass, one expects f ∝ M , so the value of (f ,M) in Figs. 1-4 evolves along a straight line. More generally, since the
µ limit is only important above 105M", one could circumvent it altogether, provided the mass increases by a factor

Nakama, Carr & Silk 2018



B-Hawking evaporation
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tevap ⇠ tP(M/MP)
3

For M ≾ 1e15 grams, PBHs would have already evaporated 
by the present time, thus cannot make more than ~1% of DM

For more massive PBHs, inject energy in the plasma
<latexit sha1_base64="m42Dx/S2Om8cr4Bj9n0BNlWKwBY="></latexit>
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Resulting effect on the CMB

- Effect on recombination:
<latexit sha1_base64="KWtHv26fX2pa/6S3kIU6nTH4Abc="></latexit>
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A very rough estimate of the sensitivity of CMB 
anisotropies to recombination perturbations: 
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Figure 6: 95 % exclusion regions for both free and fixed �CDM parameters. Both bounds
apply to a monochromatic mass distribution.

assumption that the variation of �CDM parameters is negligible enough to ignore. Figure 6
shows how allowing �CDM parameters to vary lessens the exclusion bounds by about an
order of magnitude across the mass range considered. From our previous analysis, we can
say this is predominantly due to the relaxation of the optical depth parameter · . As a smaller
optical depth to reionisation counteracts the e�ects of an increase in early universe ionisation,
it makes sense then that allowing · to vary from its currently-measured value allows larger
energy injections and thus weakens the constraints placed by CMB measurements.

More interestingly, the exclusion regions relax more for either end of the mass spectrum
compared to the middle region to a point where PBHs with mass & 5 ◊ 1016 g can feasibly
account for all of the dark matter. At this end, PBHs are too heavy to inject meaningful
amounts of radiation, and so the base �CDM parameters are able to vary to fully compensate
for this. The fact that the relaxation of the constraint is less pronounced around MPBH ≥
1016 g may be due to a smaller degeneracy with standard �CDM parameters, due to a di�erent
redshift dependence of the ionization fraction.

As a consistency check, we also find that the fixed �CDM exclusion region agrees well
with the 95 % exclusion region presented in CDG17.

4.2 Extended Mass Distributions

We will now examine the e�ect that an extended mass distribution of PBHs has on recom-
bination. We consider constraints placed on the width ‡10 of a log-normal distribution, as

– 14 –

Figure 7. Constraints on the abundance of PBH normalized to the DM one as a function of the
PBH mass with the full treatment (shaded blue area) and its approximate version (blue, dashed).
Limits from extragalactic �-ray background (solid, red) and CMB anisotropies (pink shaded area)
from Ref. [3] are also shown.

of energy injection through heating and the ionization (as well as excitation) of the atoms,
shows that the free electron fraction evolution departs significantly from Saha equation, with
a reionization starting already at redshift of few hundreds. Thus, the constraints of Ref. [55]
should not be considered quantitatively reliable.

4.2 Sterile neutrinos

The discovery that neutrinos oscillate, hence that at least two of them are massive, is one of
the few hints (and the only laboratory one) for physics beyond the standard model. The most
minimal extension of the SM is probably the one requiring right-handed neutrinos, which are
SM gauge singlets (hence ‘sterile’) and so weakly interacting that usually astrophysical and
cosmological observables are better suited to probe them than laboratory ones. The possibility
that they may be related to other mysteries like the baryon asymmetry of the universe or
the DM one is well discussed in the literature (see e.g. [64] for a recent review). If these
neutrinos are of Majorana type, they can have an extra mass term whose parametric size is a
priori unconstrained by theoretical considerations. Obviously, the weaker their coupling, the
harder they are to constrain. These neutrinos are however unstable: provided that they light
enough, cosmology can help, since it can probe very long timescales. As long as the sterile
neutrino (⌫s) mass is below ⇠ 1 MeV, the only channels open are [65–68]
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Poulin, Lesgourgues & Serpico 2017 Poulter et al. 2019

The precise limits require a much more detailed treatment of course!

Exercise: estimate the amplitude of spectral distortions from PBH 
evaporation and show that SDs are much less constraining that 
CMB anisotropies. Same for PBH accretion.



C-Accretion
• PBHs accrete gas with accretion rate
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L = ✏Ṁc2•  Part of the accreted rest-mass is re-radiated 

•  Volumetric rate of energy injection:
<latexit sha1_base64="/byhMx++7x57SMlJwPabgWwV5D8="></latexit>

⇢̇inj = nPBHL = fPBH

⇢DM

M
L

•  Conversion from injection to deposition depends on 
type of particles and spectrum.

•  Compute effect on recombination, then CMB anisotropies

first studies: Miller 2000 and Ricotti, Ostriker & Mack 2008
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Ṁ

• Simplest scenario: stationary black hole in a uniform gas with 
density ρb with sound speed cs. Known solution: Bondi-Hoyle

<latexit sha1_base64="O5fC5eSgzmS4o/e5rR4QQCObLOQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRF0Y1Q6kI3QhX7gCaGyXTSDp1MwsxEKCErN/6KGxeKuPUb3Pk3TtsstPXAhcM593LvPX7MqFSW9W0UFhaXlleKq6W19Y3NLXN7pyWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3gx9tsPREga8Ts1iokboj6nAcVIackz92+91BEhrGfwHDqBQDi9hNdZij15X808s2xVrAngPLFzUgY5Gp755fQinISEK8yQlF3bipWbIqEoZiQrOYkkMcJD1CddTTkKiXTTyRsZPNRKDwaR0MUVnKi/J1IUSjkKfd0ZIjWQs95Y/M/rJio4c1PK40QRjqeLgoRBFcFxJrBHBcGKjTRBWFB9K8QDpLNQOrmSDsGefXmetKoV+6Ri3RyXa/U8jiLYAwfgCNjgFNTAFWiAJsDgETyDV/BmPBkvxrvxMW0tGPnMLvgD4/MHoXmX9Q==</latexit>

RB =
GM

c2s
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ṀB = 4⇡⇢bcsR
2
B = 4⇡⇢b

(GM)2

c3s

• Complication 1): cs = Adiabatic sound speed? Isothermal sound 
speed? => heat equation has to be solved self-consistently, 
accounting for Compton heating by CMB photons. 

• Complication 2): Bondi-Hoyle solution results from balance 
of gravity and pressure forces only. In the early Universe, 
baryons feel Compton drag from CMB photons 
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Ṁ = � ṀB[iso]
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Ṁ 6

and density fields are

T̂ (x) ⇡ ⌧

x
, (29)

u(x) ⇡ �
r

2 � 5⌧

x
, (30)

⇢̂(x) ⇡ �p
2 � 5⌧

x
�3/2

. (31)

5. Solution for 1 . � ⌧ �

When Compton drag is significant (� & 1), there is
no longer any conserved quantity, even in the quasi-
isothermal case. We can simply determine the asymp-
totic value of � for � � 1 by considering the momen-
tum equation at x ⌧ 1, where the pressure force is
negligible with respect to gravity. In this regime we
find u ⇡ �1/(�x

2), implying that � ! �
�1 for large

�. Physically, the drag force balances the gravitational
force, i.e. the velocity reaches the terminal velocity. Once
x . �

�2/3 � �
�2/3, the advection term u(du/dx) be-

comes dominant over the drag term ��u and the velocity
reaches the free-fall solution u ⇡ �

p
2/x. Since this oc-

curs at a radius much larger than �
�2/3, the asymptotic

behavior or T̂ , is still given by Eqs. (29) and (28). The
e↵ect of Compton drag is therefore only to change the
accretion rate.

Ref. [26] find the following analytic approximation for
�(�), valid for all values of � (but for � � 1 only, as they
consider isothermal accretion):

�(� � 1; �) ⇡ exp


9/2

3 + �3/4

�
1

(
p

1 + � + 1)2
. (32)

For general � and � we may use the following approxi-
mation for the dimensionless accretion rate:

�(�, �) =
�(�; � ⌧ 1)�(� � 1; �)

�iso

. (33)

This approximation is well justified since � ⌧ �. As a
consequence, either � ⌧ 1 or � � 1.

The dimensionless accretion rate � is the first main re-
sult of this Section. We show its evolution as a function
of redshift for several PBH masses in Fig. 4. While ROM
do account for Compton drag following the analysis of
Ref. [26], they implicitly assume that � � 1 at all times.
In other words, they do not account for the factor of ⇠ 10
decrease of � at low redshift when Compton cooling be-
comes negligible and the accretion becomes mostly adia-
batic. Figure 4 also shows the evolution of the accretion
rate normalized to the Eddington rate, ṁ ⌘ Ṁc

2
/LEdd.

C. Collisional ionization region

If the emerging radiation field is too weak to photoion-
ize the gas, it eventually gets collisionally ionized as it is
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FIG. 4. Characteristic dimensionless accretion rate � (upper
panel) and accretion rate normalized to the Eddington value
ṁ ⌘ Ṁc2/LEdd (lower panel) as a function of redshift, for
PBH masses 1, 102 and 104 M�. These quantities are evalu-
ated with substitution vB ! ve↵ as described in Section II F.

compressed and heated up. We assume that this proceeds
roughly at constant temperature T ⇡ Tion ⇡ 1.5 ⇥ 104.
Indeed, if ionization proceeds through collisional ioniza-
tions balanced by radiative recombinations, the equilib-
rium ionization fraction only depends on temperature,
with a sharp transition at T ⇡ 1.5 ⇥ 104 K (for instance,
using Eq. (2) or Ref. [30], we get xe = (0.01, 0.5, 0.99) at
T = (1.1, 1.5, 2.5) ⇥ 104 K, respectively).

Getting back to dimensionful variables, we found in
the previous section that at small radii,

T (r) ⇡ ⌧T1
rB

r
, (34)

where ⌧ is a dimensionless constant at most equal to 3/10,
and smaller when Compton cooling is important. The
e↵ect of the ionization region is only relevant once the
global free-electron fraction xe falls significantly below
unity, i.e. for T1 . 3000 K ⌧ Tion. Therefore we expect
the ionization region to be reached deep inside the Bondi
radius, where the asymptotic behavior (34) is accurate.
The ionization region therefore starts at radius

r
start

ion
⇡ ⌧

T1
Tion

rB, (35)

•  Complication 3): PBHs are not stationary: large relative 
velocity between DM and baryons (~ Mach 5 around z ~ 1e3).

Ad-hoc solution:
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cs !
q

c2s + v2rel then average L over vrel

Ali-Haïmoud & Kamionkowski 2017
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and density fields are

T̂ (x) ⇡ ⌧

x
, (29)

u(x) ⇡ �
r

2 � 5⌧

x
, (30)

⇢̂(x) ⇡ �p
2 � 5⌧

x
�3/2

. (31)

5. Solution for 1 . � ⌧ �

When Compton drag is significant (� & 1), there is
no longer any conserved quantity, even in the quasi-
isothermal case. We can simply determine the asymp-
totic value of � for � � 1 by considering the momen-
tum equation at x ⌧ 1, where the pressure force is
negligible with respect to gravity. In this regime we
find u ⇡ �1/(�x

2), implying that � ! �
�1 for large

�. Physically, the drag force balances the gravitational
force, i.e. the velocity reaches the terminal velocity. Once
x . �

�2/3 � �
�2/3, the advection term u(du/dx) be-

comes dominant over the drag term ��u and the velocity
reaches the free-fall solution u ⇡ �

p
2/x. Since this oc-

curs at a radius much larger than �
�2/3, the asymptotic

behavior or T̂ , is still given by Eqs. (29) and (28). The
e↵ect of Compton drag is therefore only to change the
accretion rate.

Ref. [26] find the following analytic approximation for
�(�), valid for all values of � (but for � � 1 only, as they
consider isothermal accretion):

�(� � 1; �) ⇡ exp


9/2

3 + �3/4

�
1

(
p

1 + � + 1)2
. (32)

For general � and � we may use the following approxi-
mation for the dimensionless accretion rate:

�(�, �) =
�(�; � ⌧ 1)�(� � 1; �)

�iso

. (33)

This approximation is well justified since � ⌧ �. As a
consequence, either � ⌧ 1 or � � 1.

The dimensionless accretion rate � is the first main re-
sult of this Section. We show its evolution as a function
of redshift for several PBH masses in Fig. 4. While ROM
do account for Compton drag following the analysis of
Ref. [26], they implicitly assume that � � 1 at all times.
In other words, they do not account for the factor of ⇠ 10
decrease of � at low redshift when Compton cooling be-
comes negligible and the accretion becomes mostly adia-
batic. Figure 4 also shows the evolution of the accretion
rate normalized to the Eddington rate, ṁ ⌘ Ṁc

2
/LEdd.

C. Collisional ionization region

If the emerging radiation field is too weak to photoion-
ize the gas, it eventually gets collisionally ionized as it is
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FIG. 4. Characteristic dimensionless accretion rate � (upper
panel) and accretion rate normalized to the Eddington value
ṁ ⌘ Ṁc2/LEdd (lower panel) as a function of redshift, for
PBH masses 1, 102 and 104 M�. These quantities are evalu-
ated with substitution vB ! ve↵ as described in Section II F.

compressed and heated up. We assume that this proceeds
roughly at constant temperature T ⇡ Tion ⇡ 1.5 ⇥ 104.
Indeed, if ionization proceeds through collisional ioniza-
tions balanced by radiative recombinations, the equilib-
rium ionization fraction only depends on temperature,
with a sharp transition at T ⇡ 1.5 ⇥ 104 K (for instance,
using Eq. (2) or Ref. [30], we get xe = (0.01, 0.5, 0.99) at
T = (1.1, 1.5, 2.5) ⇥ 104 K, respectively).

Getting back to dimensionful variables, we found in
the previous section that at small radii,

T (r) ⇡ ⌧T1
rB

r
, (34)

where ⌧ is a dimensionless constant at most equal to 3/10,
and smaller when Compton cooling is important. The
e↵ect of the ionization region is only relevant once the
global free-electron fraction xe falls significantly below
unity, i.e. for T1 . 3000 K ⌧ Tion. Therefore we expect
the ionization region to be reached deep inside the Bondi
radius, where the asymptotic behavior (34) is accurate.
The ionization region therefore starts at radius

r
start

ion
⇡ ⌧

T1
Tion

rB, (35)

Accretion rate
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Ṁc2
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• Complication 4): an accretion disk might develop (Poulin et al. 
2017). Caveat: does the flow cool fast enough to form a disk?



Radiative efficiency
This is a famously difficult problem 
=> Let us try to estimate the minimum possible radiative 
efficiency, to derive a conservative bound on PBH abundance.

At minima, the infalling gas gets heated and ionized, and emits 
free-free radiation. => we need to estimate the density and 
temperature profile of the accreting gas 3
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FIG. 1. Schematic temperature profile for the gas accreting
onto a BH. If Compton cooling is e�cient (� � 1), the gas
temperature remains close to the CMB temperature down to
r ⇠ ��2/3rB, where rB is the Bondi radius. The temper-
ature then increases adiabatically as T / ⇢2/3 / 1/r. If
photoionizations can be neglected, and if the background gas
is partially neutral, the gas gets collisionally ionized at nearly
constant temperature once it reaches Tion ⇡ 1.5 ⇥ 104 K.
Once the gas is fully ionized, the temperature resumes in-
creasing adiabatically as T / 1/r until electrons become rel-
ativistic, at which point the change in the adiabatic index
implies T / ⇢4/9 / r�2/3. If the luminosity of the accreting
PBH is large enough, the gas is photoionized instead of col-
lisionally ionized. In that case the gas temperature reaches
larger values near the black hole horizon.

B. Outermost, constant-ionization-fraction region

1. Setup

We consider spherical accretion of a pure hydrogen1

gas onto an isolated point mass M , bathed in the quasi-
uniform CMB radiation field (we check the validity of
the isolated-PBH assumption in Appendix A1). In gen-
eral, one should solve for the time-dependent fluid, heat
and ionization equations, all of which are coupled. For
simplicity we shall assume a constant ionization fraction
xe = xe in the outermost region, equal to the background
value. As long as the characteristic accretion timescale is
much shorter than the Hubble timescale, one can make
the steady-state approximation. Ref. [26] showed that
this is the case for M . 3 ⇥ 104

M�, so we shall limit
ourselves to this mass range. In this outermost region,
far from the BH horizon, a Newtonian treatment is very
accurate.

We denote by v ⌘ vr < 0 the peculiar radial veloc-
ity (i.e. the velocity with respect to the Hubble flow) of

1 Accounting for helium is conceptually straightforward but would
add unneeded complications for the order-of-magnitude calcula-
tion presented here.

the accreted gas. The steady-state mass and momentum
equations for the fluid are

4⇡r
2
⇢|v| = Ṁ = const, (1)

v
dv

dr
= �GM

r2
� 1

⇢

dP

dr
� 4

3

xe�T⇢cmb

mpc
v, (2)

where the pressure P is

P =
⇢

mp
(1 + xe)T, (3)

and the last term in the momentum equation is the drag
force due to Compton scattering of the ambient nearly
homogeneous CMB photons with energy density ⇢cmb

[26], �T being the Thomson cross section. Note that we
have neglected the self-gravity of the accreted gas, which
is valid for M . 3 ⇥ 105

M� [26]. Consistent with our
steady-state approximation, we also neglected the Hub-
ble drag term Hv, which is of the same order as the
neglected partial time derivative @v/@t.

The fluid equation must be complemented by the heat
equation. For simplicity we shall only consider Compton
cooling by CMB photons [27] as a heat sink in this region.
The steady-state heat equation is then

v⇢
2/3

d

dr

✓
T

⇢2/3

◆
=

8xe�T⇢cmb

3mec(1 + xe)
(Tcmb � T ), (4)

where Tcmb is the temperature of CMB photons. Since
we only consider PBH masses for which the accretion
timescale is shorter than the Hubble timescale, when-
ever Compton cooling becomes relevant to the accretion
problem, it is even more important for the background
temperature evolution, and enforces T1 = Tcmb.

If Compton drag and cooling were negligible, one
would recover the the classic Bondi accretion problem
[28], the characteristic velocity, length and timescales of
which are

vB ⌘
p

P1/⇢1, rB ⌘ GM

v
2

B

, tB ⌘ GM

v
3

B

, (5)

where P1 and ⇢1 are the gas pressure and density far
from the point mass (⇢1 = ⇢b, the mean baryon density).

It is best to rewrite the problem in terms of dimension-
less variables x ⌘ r/rB, u ⌘ v/vB, ⇢̂ ⌘ ⇢/⇢1, T̂ ⌘ T/T1.
We also define the dimensionless constants

� ⌘ Ṁ

4⇡⇢1r
2

B
vB

, (6)

� ⌘ 4

3

xe�T⇢cmb

mpc
tB, (7)

� ⌘ 8xe�T⇢cmb

3mec(1 + xe)
tB =

2mp

me(1 + xe)
� � �. (8)

We show in Fig. 2 the dimensionless Compton drag and
cooling rates � and �, as a function of redshift and PBH
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At the end of the ionization region, the temperature is
Tion and, from Eqs. (36) and (41), the density is

⇢
end

ion
= �

�p
2 � 5⌧

✓
Tion

⌧T1

◆3/2

⇢1, (49)

Using Eq. (47) with T1 = Tion and ⇢1 = ⇢
end

ion
, we finally

obtain the temperature TS at the Schwarzschild radius:

TS = mec
2F(YS), (50)

where F is given by Eq. (47) and

YS ⌘ Tion

mec
2

✓
⇢S

⇢
end

ion

◆2/3

= �
�2/3

✓
2

1 + xe

◆
⌧

4

✓
1 � 5

2
⌧

◆1/3
mp

me
. (51)

It is interesting to compare this result to those of Shapiro
[25], who did not consider Compton cooling (i.e. ⌧ =
3/10), assumed that photoionizations are negligible (in
which case we have �

�2/3 ⇡ [(1 + xe)/2]8), and only
studied the cases xe = 1 or 0. In the former case, we find

YS ⇡ 3

40
4�1/3

mp

me
⇡ 102 � 1 (52)

and as a result electrons are relativistic at the
Schwarzschild radius, with temperature

TS ⇡ mec
20.271/3

Y
2/3

S
⇡ 0.08(mpc

2)2/3(mec
2)1/3

⇡ 0.7 ⇥ 1011K, (53)

in excellent agreement with Shapiro’s result (see also
[23]). In the case of a neutral background, taking Tion =
1.5⇥104 K, YS is a factor ⇠ 2�7 smaller, i.e. YS ⇡ 0.7, so
electrons are marginally relativistic at the horizon, with
TS ⇡ 0.4 mec

2 ⇡ 2.5 ⇥ 109 K. This is a factor of ⇠ 2
higher than Shapiro’s result, consistent with our neglect
of collisional excitations in the ionization region.

Equations (51), (47), (41) and (28) constitute the sec-
ond main result of this Section. They give the gas tem-
perature near the BH horizon, accounting for Compton
cooling and an arbitrary background ionization fraction,
in the two limiting cases of collisional ionization or pho-
toionization. We show the temperature TS as a function
of redshift and PBH mass in Fig. 5. At high redshift, the
temperature is suppressed by the strong Compton cool-
ing. In the collisional ionization case, once the Universe
becomes neutral, some thermal energy is used in ionizing
the gas, lowering TS by a factor up to ⇠ 300, correspond-
ing to the radial extent of the ionization region.

E. Luminosity of an accreting black hole

The luminosity of the accreting BH arises mostly
from Bremsstrahlung (free-free) radiation near the
Schwarzschild radius. We show in Appendix A3 that

collisional ionization

photoionization

10 2

M
�

1 M
�

10 4

M
�

�� ��� ��� ���� ���� ���
���

���

����

����

�

� �
(�
)

FIG. 5. Characteristic temperature of the accreting gas near
the Schwarzschild radius, evaluated with the substitution
vB ! ve↵ as described in Section II F.

free-bound radiation is negligible with respect to free-free
radiation.

The frequency-integrated emissivity (in ergs/s/cm3) of
a fully-ionized thermal electron-proton plasma can be
written in the general form (see e.g. Ref. [31])

j
↵ = n

2

e ↵c�TT J (T/mec
2), (54)

where ↵ is the fine-structure constant and J (X) is a
dimensionless function. Ref. [32] provide a simple fitting
formula for the e � p free-free emissivity, accurate to a
few percent, and Ref. [33] provide a sub-percent accuracy
code for the e � e free-free emissivity. We fit the sum of
the two within a few percent by the following analytic
approximation, generalizing that of Ref. [32]:

J (X) ⇡

8
<

:

4

⇡

p
2/⇡X

�1/2
�
1 + 5.5X

1.25
�
, X < 1,

27

2⇡

⇥
ln(2Xe��E + 0.08) + 4

3

⇤
, X > 1,

(55)

where �E ⇡ 0.577 is Euler’s Gamma constant. Assuming
the plasma is optically thin (which we show explicitly
in Appendix A4), the luminosity is then obtained by
integrating the emissivity over volume, L =

R
4⇡r

2
drj.

Let us note that this purely Newtonian expression does
not properly account for relativistic e↵ects which become
relevant near the horizon [25]; they results in order-unity
corrections which are below our theoretical uncertainty.

Near the Schwarzschild radius the gas is in free-fall,
|v| ⇡ c

p
rS/r, and the electron density results from the

mass-conservation equation:

ne =
Ṁ

4⇡mpr
2|v| =

Ṁ

4⇡mpr
2

S
c
(r/rS)�3/2

. (56)

The radial dependence of the temperature near the hori-
zon depends on T/mec

2. For the range of temperature
considered we find that 0.8 . �d ln(TJ )/d ln r . 1.1.
Approximating TJ (T ) / r

�1, we therefore get

L ⇡ ↵
TS

mpc
2
J (TS)

Ṁc
2

LEdd

Ṁc
2
, (57)

Radiative efficiency
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FIG. 6. Radiative e�ciency ✏ ⌘ L/Ṁc2 divided by the di-
mensionless accretion rate ṁ ⌘ Ṁc2/LEdd, evaluated with
the substitution vB ! ve↵ as described in Section II F.

where we recall that the Eddington luminosity is

LEdd ⌘ 4⇡GMmpc

�T

. (58)

With this we see that the radiative e�ciency ✏ ⌘ L/Ṁc
2

is proportional to ṁ ⌘ Ṁc
2
/LEdd, with

✏

ṁ
⇡ ↵

TS

mpc
2
J (TS). (59)

The highest temperature, hence e�ciency, is achieved
when Compton cooling is negligible and the background
is fully ionized, in which case we find TS ⇡ 1011 K and
✏/ṁ ⇡ 0.0015. This is nearly one order of magnitude
below the value ✏/ṁ = 0.011 assumed in ROM, and is
further suppressed at most times, as we show in Fig. 6.

F. Accounting for BH velocities

All of the calculations so far assume perfectly
spherically-symmetric accretion. In practice, the accret-
ing PBHs are moving with respect to the ambient gas
with some velocity v.

It is not at all clear what the best way is to ac-
count for the black hole peculiar velocity without per-
forming a full time-dependent hydrodynamical simula-
tion. Bondi and Hoyle [34] studied analytically accretion
on a point mass moving highly supersonically, and found
Ṁ ⇡ 2.5⇡(GM)2⇢1/v

3. Inspired by this result, Bondi
[28] suggested substituting the sound speed at infinity
cs by

p
c2
s + v2 in the accretion rate, which, he argued,

ought to give the correct order of magnitude for the re-
sult. Though this provides a prescription for the accre-
tion rate, it is not clear how to self-consistently account
for relative velocities in the estimate of the gas temper-
ature. For definiteness, and lacking a better theory, we
shall approximate the e↵ect of relative velocities by sub-
stituting v

2

B
! v

2

B
+ v

2 throughout the calculation. This

is equivalent to substituting T1 ! T1 + mpv
2
/(1 + xe).

The same route was followed in ROM.
The relative velocity v is comprised of two pieces: a

Gaussian linear contribution on large scales, vL, whose
power spectrum and variance can be extracted from lin-
ear Boltzmann codes, and a small-scale contribution due
to non-linear clustering of PBHs, vNL. We shall not con-
sider the latter here, but point out that it would further
suppress the e↵ect of PBHs on the CMB.

If PBHs make up the dark matter, the linear veloc-
ity vL is nothing but the relative velocity of baryons and
dark matter. After kinematic decoupling at z ⇡ 103,
dark matter and baryons fall in the same gravitational
potentials on scales larger than the baryon Jeans scale
and hence vL / 1/a, independent of scale [35]. Before
then, however, the relative velocity has a more complex
time and scale-dependence since baryons undergo acous-
tic oscillations while the dark-matter overdensities grow.
Ref. [36] explicitly compute hv2

L
i as a function of time

and find that it is mostly constant for z & 103 (see their
Fig. 1). Since, as we shall see, most of the e↵ect of accret-
ing PBHs on the CMB takes place after decoupling, we
need not have a very precise estimate of vL before then,
and assume the following simple redshift dependence:

hv2

L
i1/2 ⇡ min

⇥
1, z/103

⇤
⇥ 30 km/s. (60)

Let us point out that the relative velocity adopted in
ROM is quite di↵erent from what we use here (see their
Fig. 2); in particular they under-estimate it for z & 200,
leading to an over-estimate of the accretion rate.

As we saw in Section II E, the BH luminosity is
quadratic in the accretion rate, and therefore, in the stan-
dard Bondi case, proportional to (v2

B
+ v

2

L
)�3. The total

energy injected in the plasma is obtained by averaging
the BH luminosity over the Gaussian distribution of rel-
ative velocities. We define4

ve↵ ⌘ h(v2

B
+ v

2

L
)�3i�1/6. It

has the following approximate limits:

ve↵ ⇡
(p

vBhv2

L
i1/2, vB ⌧ hv2

L
i1/2

vB, vB � hv2

L
i1/2

(61)

We show vB, hv2

L
i1/2 and ve↵ in Fig. 7. Figures 2, 4, 5

and 6 where all obtained by setting vB ! ve↵ , in order to
illustrate the characteristic accretion rate and radiative
e�ciency. The final result of this Section is the luminos-
ity of accreting PBHs, averaged over the distribution of
relative velocities, which we show in Fig. 8. We empha-
size that to obtain hLi, we have replaced vB !

p
v
2

B
+ v

2

L

throughought the calculation, and then averaged the lu-
minosity over the three-dimensional Gaussian distribu-
tion of vL.

4 This is equivalent to the quantity hve↵iA in ROM.

<latexit sha1_base64="O09FCKQuh8oirbomdxDzig6clcI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRF0WVRBBcKFewDmhgmk0k7dDIJMxOhhPyCG3/FjQtF3Lpz5984bbPQ1gMDh3Pu4c49fsKoVJb1bZSWlldW18rrlY3Nre0dc3evI+NUYNLGMYtFz0eSMMpJW1HFSC8RBEU+I11/dDHxuw9ESBrzOzVOiBuhAachxUhpyTNrDkkkZTGHTigQzq69zBERvAyCPM+cIFbZTQ7xfSP3zKpVt6aAi8QuSBUUaHnml47jNCJcYYak7NtWotwMCUUxI3nFSSVJEB6hAelrylFEpJtNL8rhkVYCGMZCP67gVP2dyFAk5Tjy9WSE1FDOexPxP6+fqvDMzShPUkU4ni0KUwZVDCf1wIAKghUba4KwoPqvEA+RbkbpEiu6BHv+5EXSadTtk7p1e1xtnhd1lMEBOAQ1YINT0ARXoAXaAINH8AxewZvxZLwY78bHbLRkFJl98AfG5w/VmZ2j</latexit>

✏
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FIG. 7. Characteristic velocities in the problem at hand: the
isothermal sound speed vB (dotted), rms BH-baryon relative
velocity hv2Li1/2 (dashed) and e↵ective velocity ve↵ defined in
Eq. (61) (solid), used in Figures 2, 4, 5 and 6 to illustrate
characteristic values of intermediate quantities.
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FIG. 8. Luminosity of accreting PBHs as a function of red-
shift, averaged over the Gaussian distribution of large-scale
relative velocities.

III. LOCAL RADIATION FEEDBACK

Before estimating the e↵ect of the PBH radiation on
the global thermal and ionization history, let us first ex-
amine whether it can a↵ect the local accretion flow itself.

A. Local thermal feedback

Throughout the calculation we have neglected local
Compton heating by the radiation produced by the ac-
creting PBH. Here we discuss the validity of this assump-
tion. The rate of energy injection per electron by Comp-
ton scattering with the PBH radiation is

Z
dE

1

4⇡r2

1

E

dL

dE
h��Ei ⇡ 0.1

�TL

4⇡r2
, (62)

10
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FIG. 9. Estimated maximum fractional importance of local
thermal feedback from Compton heating by the PBH radia-
tion.

where we used the approximation (81) for h��Ei. Hence
the rate of Compton heating by the PBH radiation is

ṪCompt,L ⇡ 2

3

xe

1 + xe
0.1

�TL

4⇡r2
. (63)

We need to compare this rate to the largest of the Comp-
ton cooling rate by CMB photons and the rate of adia-
batic heating:

ṪCompt,cmb ⌘ 8

3

xe

1 + xe
�T

⇢cmbTcmb

mec
, (64)

Ṫad ⇡ T
|v|
r

. (65)

If � � 1 the latter two rates are approximately equal
at r⇤ ⇡ �

�2/3
rB, adiabatic heating being dominant

for r . r⇤ and Compton cooling by CMB photons for
r & r⇤ (see Section II B 3). For r < r⇤, T / 1/r

and |v| / 1/r
1/2 so ṪCompt,L/Ṫad / r

1/2. For r > r⇤,
ṪCompt,L/ṪCompt,cmb / r

�2. Therefore the impact of
thermal feedback is maximized at r ⇡ r⇤. If � ⌧ 1,
then we only need to compare the Compton heating rate
to adiabatic cooling, at the Bondi radius where this ratio
is maximized. We see that for arbitrary � the relevant
radius at which to compare Compton heating to adia-
batic cooling is r ⇡ rB/(1 + �

2/3), where T ⇡ Tcmb in
both cases. After some algebra we arrive at

max

"
ṪCompt,L

Ṫ

#
⇡ 0.07

xe

1 + xe

L

LEdd

vB

c

mpc
2

Tcmb

p
1 + �2/3.

(66)
We show this ratio in Fig. 9, where we see that it is
always less than unity for M  104

M�. We can therefore
safely neglect local thermal feedback for the mass range
we consider.

Radiative efficiency
Ali-Haïmoud & Kamionkowski 2017

Note: this could be substantially larger for disk-like accretion 
(see Poulin et al. 2017)

z
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energy.
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FIG. 11. Ratio of the energy deposition rate to the instanta-
neous energy injection rate (equivalent of the dimensionless
e�ciency f(z) usually computed in the context of dark-matter
annihilation), as a function of redshift. We only show the case
M = 102 M� as other cases are very similar.

tional rates of change of gas temperature, direct ioniza-
tions and excitations:

�Ṫgas =
2

3ntot

1 + 2xe

3
⇢̇dep, (85)

�ẋ
direct

e =
1 � xe

3

⇢̇dep

EInH

, (86)

�ẋ2 =
1 � xe

3

⇢̇dep

E2nH

, (87)

where ntot is the total number density of free particles,
x2 is the fraction of excited hydrogen and E2 ⌘ 10.2 eV
is the first excitation energy (we assume that all excita-
tions are to the first excited state for simplicity). Note
that in our previous notation xe ⌘ xe is the background
ionization fraction and similarly Tgas ⌘ T1.

We implement these modifications in the recombina-
tion code hyrec [41, 42]. We self-consistently account
for the heating of the gas into the PBH luminosity, i.e.

104
M�, fpbh = 10�4

�� ��� ��� ����
��-�

��-�

��-�

��-�

�

�
� �

103
M�, fpbh = 10�2

102
M�, fpbh = 1

FIG. 12. Upper panel : global free electron fraction xe(z)
in the standard scenario (lower black curve), and ac-
counting for PBHs with parameters (Mpbh/M�, fpbh) =
(102, 1), (103, 10�2), (104, 10�4), in that order from bottom to
top at low redshift. Lower panel : change in the ionization
history due to accreting PBHs for the same parameters. We
only show the collisional ionization case here.

account for the global feedback of PBHs. We show the
resulting changes in the ionization history in Fig. 12.
Comparing with Fig. 3 of ROM, we see that we obtain a
significantly smaller e↵ect on the ionization history.

V. EFFECT ON THE COSMIC MICROWAVE
BACKGROUND

A. CMB spectral distortions

1. E↵ect of global heating

Energy deposited in the photon-baryon plasma at red-
shift z . 2 ⇥ 106 does not get fully thermalized, and re-
sults in distortions to the CMB spectrum. Depending on
when the energy is deposited, the distortion generated
is either a chemical potential (µ-type) or a Compton-y
distortion. Their amplitudes are approximately given by

Efficiency of deposition
At the relevant photon energies (~0.1-10 MeV), main channel to 
deposit energy is through Compton scattering with free or bound 
electrons. 
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tional rates of change of gas temperature, direct ioniza-
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�Ṫgas =
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1 + 2xe
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⇢̇dep, (85)
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where ntot is the total number density of free particles,
x2 is the fraction of excited hydrogen and E2 ⌘ 10.2 eV
is the first excitation energy (we assume that all excita-
tions are to the first excited state for simplicity). Note
that in our previous notation xe ⌘ xe is the background
ionization fraction and similarly Tgas ⌘ T1.

We implement these modifications in the recombina-
tion code hyrec [41, 42]. We self-consistently account
for the heating of the gas into the PBH luminosity, i.e.
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FIG. 12. Upper panel : global free electron fraction xe(z)
in the standard scenario (lower black curve), and ac-
counting for PBHs with parameters (Mpbh/M�, fpbh) =
(102, 1), (103, 10�2), (104, 10�4), in that order from bottom to
top at low redshift. Lower panel : change in the ionization
history due to accreting PBHs for the same parameters. We
only show the collisional ionization case here.

account for the global feedback of PBHs. We show the
resulting changes in the ionization history in Fig. 12.
Comparing with Fig. 3 of ROM, we see that we obtain a
significantly smaller e↵ect on the ionization history.

V. EFFECT ON THE COSMIC MICROWAVE
BACKGROUND

A. CMB spectral distortions

1. E↵ect of global heating

Energy deposited in the photon-baryon plasma at red-
shift z . 2 ⇥ 106 does not get fully thermalized, and re-
sults in distortions to the CMB spectrum. Depending on
when the energy is deposited, the distortion generated
is either a chemical potential (µ-type) or a Compton-y
distortion. Their amplitudes are approximately given by

Computed with HyRec
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FIG. 13. Fractional change in the CMB temperature (upper
panel) and E-mode polarization (lower panel) power spec-
tra resulting from accreting PBHs. The parameters are
(Mpbh/M�, fpbh) = (102, 1), (103, 10�2), (104, 10�4), in that
order with increasing overall amplitude. We only show the
collisional ionization case here.

scales. The latter are smaller than the scales a↵ected by
reionization, as the e↵ect of PBHs is at larger redshifts.
For small PBH masses, the suppression on small scales
is accompanied by oscillations, resulting from the change
of the redshift of last scattering. Indeed, as can be seen
in Fig. 12, low-mass PBHs a↵ect the recombination his-
tory near the last-scattering surface z ⇠ 103 more than
high-mass PBHs, whose e↵ect is mostly on the freeze-out
free-electron fraction.

2. Analysis of Planck data

To analyze the CMB anisotropy data from Planck, one
should in principle run a Monte Carlo Markov Chain
(MCMC), accounting for foreground nuisance parame-
ters (see e.g. [24]). However, this approach is too com-
putationally taxing if we are to set an upper bound on
the abundance of PBHs as a function of PBH mass, as
it would require running a MCMC simulation for every
mass considered. Instead, we performed a simplified yet
accurate data analysis as follows.

We use the Plik lite best-fit Ĉ` and covariance ma-

trix ⌃ for the high-` binned CMB-only TT , TE and EE

power spectra provided by the Planck collaboration6 [47].
These spectra and their covariance matrix are obtained
by marginalizing over foreground nuisance parameters.
Since they are only provided for multipoles ` � 30, we
moreover assume a prior on the optical depth to reion-
ization ⌧reio = ⌧0 ± �⌧ ⌘ 0.0596 ± 0.0089 as obtained by
the latest Planck data analysis [48]. This prior on ⌧reio

accounts approximately for the large-scale temperature
and polarization data (see Refs. [49, 50] for an analy-
sis similar in spirit). Given the relatively large e↵ect
of accreting PBHs on low-` polarization (see Fig. 13), a
full data analysis might change the constraints by order-
unity factors; however this is below our theoretical un-
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is the Fisher-information or curvature matrix [51], for
which we have neglected the smaller term linear in
(CX

` (~✓0) � Ĉ
X
` ). Maximizing this quadratic approxima-

tion of the �
2 allows us to find the best-fit cosmological

parameters ~̂✓, with their covariance given by (F�1)ij .
We have checked that without PBHs this simple analysis
recovers very accurately the best-fit standard 6 cosmo-
logical parameters obtained in Ref. [47], with biases of
at most 0.17 �. The variances we derive match those of
Ref. [24] for H0, ⌦bh

2
, ⌦ch

2 and ns and those of Ref. [48]
for As and ⌧reio, as expected since we are using the same
high-` covariance as in the former reference, and the prior
on ⌧reio (strongly degenerate with As) from the latter.

We apply this analysis to derive the best-fit and 1-� er-
ror on fpbh, as a function of Mpbh. We explicitly checked
that for the limits we obtain, the change in the anisotropy

6 Available at http://pla.esac.esa.int/pla/
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tra resulting from accreting PBHs. The parameters are
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order with increasing overall amplitude. We only show the
collisional ionization case here.

scales. The latter are smaller than the scales a↵ected by
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FIG. 14. Approximate CMB-anisotropy constraints on the fraction of dark matter made of PBHs derived in this work (thick
black curves). The “collisional ionization” case assumes that the radiation from the PBH does not ionize the local gas, which
eventually gets collisionally ionized. The “photoionization” case assumes that the local gas is ionized due to the PBH radiation,
up to a radius larger than the collisional ionization region, yet smaller than the Bondi radius. The former case is the most
conservative, as collisional ionization leads to a smaller temperature near the black hole horizon, hence a smaller luminosity, and
weaker bounds. The correct result lies somewhere between these two limiting cases. For comparison, we also show the CMB
bound previously derived by ROM (thin dashed curve), as well as various dynamical constraints: micro-lensing constraints
from the EROS [15] (purple curve) and MACHO [14] (blue curve) collaborations (but see Ref. [53] for caveats), limits from
Galactic wide binaries [17], and ultra-faint dwarf galaxies [54] (in all cases we show the most conservative limits provided in
the referenced papers).

for this possibility in this work. Given these major quali-
tative uncertainties, we have made several simplifications
leading to additional factors of a few inaccuracies: for in-
stance, our calculation is purely Newtonian, and our an-
alytic treatments of the ionization region and of energy
deposition into the plasma are only approximate. We
have also only explicitly analyzed Planck ’s temperature
and polarization data for multipoles ` � 30, approximat-
ing the e↵ect of large-scale measurements by a simple
prior on the optical depth to reionization. In a nutshell,
the reader should keep in mind that this is a complex
problem and that many simplifying assumptions underly
our results, which we expect to be accurate at the order-
of-magnitude level only.

To conclude, we find that, up to the theoretical un-
certainties aforementioned, CMB anisotropies conserva-
tively rule out PBHs more massive than ⇠ 102

M� as
the dominant form of dark matter. This bound could
be tighter by up to one order of magnitude if the lo-
cal gas is predominantly photoionized rather than col-
lisionally ionized. Given the recent renewed interest in
the ⇠ 10 � 100 M� window, it would be very interest-
ing to generalize our accretion model to self-consistently
account for ionization feedback, a task beyond the scope
of this article, and to be pursued in future work. In the
mean time, there are a number of other interesting astro-
physical probes in that mass range. These include future
measurements of the stochastic gravitational-wave back-

ground [56–60] and of the mass spectrum [61], redshift
distribution [62], and orbital eccentricies [63] for future
binary-black-hole mergers; lensing of fast radio bursts by
PBHs [64]; pulsar timing [65, 66]; radio/x-ray sources [67]
or the cosmic infrared background [68]; the dynamics of
compact stellar systems [54]; strong-lensing systems [69];
and perhaps clustering of GW events [70–73]. The con-
clusions of our work suggest that it will be important to
pursue vigorously these alternative avenues.
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ve↵ ' cs,1 would imply M <
⇠ 15 M�, to be compared to

M <
⇠ 150M� previously quoted. The “known” uncertain-

ties in disk accretion physics are probably smaller: When
varying—at fixed accretion eigenvalue �—the electrons
heating parameter � within the range described in section
II B, for the 30 M� benchmark case reported in the bot-
tom panel of Fig. 1, the radiative e�ciency ✏ varies by a
factor ⇠ 3, reflecting correspondingly on the constraints.
To help the readers grasp the dependence of the bound
upon di↵erent parameters, we also derive a parametric
bound, obtained from a run where we assumed that ve↵

is constant over time (and the accretion rate is always
small, i.e. ṀB < 10�3

LEd), scaling as

fPBH <

✓
4 M�
M

◆1.6✓
ve↵
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◆4.8✓0.01
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. (24)

We have also extended the constraints to a broad log-
normal mass distribution of the type

M
dn

dM
=

1
p

2⇡�M
exp

✓
� log

10
(M/µPBH)2

2�
2

pbh

◆
. (25)

i.e. with mean mass µPBH and width �pbh. Our con-
straints in the plane (�pbh, µPBH) assuming that PBH
represent 100% of the DM are shown in Fig. 5. It is
clear that the bound on the median PBH mass is robust
and can only get more stringent if a broad, log-normal

mass function is considered, confirming the overall trend
discussed in Ref. [61]. However, we estimate that the
tightening of the constraints for a broad mass function
is more modest than the corresponding one from some
dynamical probes. This is illustrated by the blue dashed
line in Fig. 5, which is the result of our calculation of
the constraints from the disruption of the star cluster
in Eridanus II, following the method and parameters of
Ref. [44] (cluster mass of 3000 M�, timescale of 12 Gyr,
initial and final radius of 2 pc and 13 pc respectively and
a cored DM density of ⇢DM = 1M�pc�3).

IV. CONCLUSIONS

The intriguing possibility that DM is made of PBH is
nowadays a subject of intense work in light of the recent
gravitational wave detections of merging BH with masses
of tens of M�. However, high mass PBH are known to
accrete matter, a process that leads to the emission of
a high energy radiation able to perturb the thermal and
ionization history of the universe, eventually jeopardizing
the success of CMB anisotropy studies. In this compu-
tation, the geometry of the accretion, namely whether it
is spherical or associated to the formation of a disk, is
a major ingredient. Until now, studies have focused on
the case of spherical accretion. In this work, we argued
that, based on a standard criterion for disk formation, all
plausible estimates suggest that a disk forms soon after
recombination. This is essentially due to the fact that
stellar-mass PBH are in a non-linear regime (i.e. clus-
tered in halos of bound objects, from binaries to clumps
of thousands of PBH) at scales encompassing the Bondi
radius already before recombination. This feature was ig-
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culation of the best constraint from the dynamical heating of
the star cluster in the faint dwarf Eridanus II, following the
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Summary of lecture 1
CMB spectrum and anisotropies probe energy injection in 
the early Universe. Here we have applied this to PBHs, 
and considered 3 mechanisms for energy injection:

• Dissipation of small-scale perturbations. Rule out 
PBHs with M > 2e4 Msun if they are formed from 
the collapse of Gaussian primordial fluctuations

• Hawking evaporation: sets stringent bounds on 
PBH masses 1e15 g < M < 1e17 g

• Accretion: conservatively rules out PBHs 
with M > 1e2 Msun from being all of the DM
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black curves). The “collisional ionization” case assumes that the radiation from the PBH does not ionize the local gas, which
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up to a radius larger than the collisional ionization region, yet smaller than the Bondi radius. The former case is the most
conservative, as collisional ionization leads to a smaller temperature near the black hole horizon, hence a smaller luminosity, and
weaker bounds. The correct result lies somewhere between these two limiting cases. For comparison, we also show the CMB
bound previously derived by ROM (thin dashed curve), as well as various dynamical constraints: micro-lensing constraints
from the EROS [15] (purple curve) and MACHO [14] (blue curve) collaborations (but see Ref. [53] for caveats), limits from
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for this possibility in this work. Given these major quali-
tative uncertainties, we have made several simplifications
leading to additional factors of a few inaccuracies: for in-
stance, our calculation is purely Newtonian, and our an-
alytic treatments of the ionization region and of energy
deposition into the plasma are only approximate. We
have also only explicitly analyzed Planck ’s temperature
and polarization data for multipoles ` � 30, approximat-
ing the e↵ect of large-scale measurements by a simple
prior on the optical depth to reionization. In a nutshell,
the reader should keep in mind that this is a complex
problem and that many simplifying assumptions underly
our results, which we expect to be accurate at the order-
of-magnitude level only.

To conclude, we find that, up to the theoretical un-
certainties aforementioned, CMB anisotropies conserva-
tively rule out PBHs more massive than ⇠ 102

M� as
the dominant form of dark matter. This bound could
be tighter by up to one order of magnitude if the lo-
cal gas is predominantly photoionized rather than col-
lisionally ionized. Given the recent renewed interest in
the ⇠ 10 � 100 M� window, it would be very interest-
ing to generalize our accretion model to self-consistently
account for ionization feedback, a task beyond the scope
of this article, and to be pursued in future work. In the
mean time, there are a number of other interesting astro-
physical probes in that mass range. These include future
measurements of the stochastic gravitational-wave back-

ground [56–60] and of the mass spectrum [61], redshift
distribution [62], and orbital eccentricies [63] for future
binary-black-hole mergers; lensing of fast radio bursts by
PBHs [64]; pulsar timing [65, 66]; radio/x-ray sources [67]
or the cosmic infrared background [68]; the dynamics of
compact stellar systems [54]; strong-lensing systems [69];
and perhaps clustering of GW events [70–73]. The con-
clusions of our work suggest that it will be important to
pursue vigorously these alternative avenues.
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and Vivian Poulin for helpful conversations about the
Planck likelihood, Fisher analysis, and energy deposi-
tion, respectively. We also thank Massimo Ricotti for
insightful feedback on this work. We thank Simeon Bird,
William Dawson, Alvise Raccanelli and Pasquale Serpico
for useful comments on this manuscript. We also ac-
knowledge conversations with Jens Chluba, Ilias Cholis,
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