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Engineering Hierarchical
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* Applications
— abelian & non-abelian symmetry ladder: SU(2) — U(1) — Zy — E

— nonequilibrium order: discrete time crystals: 7, — 7o - F

— higher-order topological insulators: 7T xT —7 — FE
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Symmetries in Physics

e why care about symmetries in physics?

— determine invariance of physical laws
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Michelson Morley experiment
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Symmetries in Physics

e why care about symmetries in physics?

— determine invariance of physical laws
image: BYJU’S

— conservation laws, integrability, phases & phase transitions

Milky way phase space tori Mott insulator to superfluid transition
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image: Wikipedia image: Agaoglou et al. Greiner et al., Nature 415 (2002)
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integrability phase transitions

angular momentum
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Symmetries in Physics

e why care about symmetries in physics?

a b c | [
— determine invariance of physical laws s |l | | A
image: BYJU’S ° = T 9 h
— conservation laws, integrability, phases & phase transitions : ‘ ’ . »

Greiner et al., Nature 415 (2002)

— build minimal models: Standard model, Landau-Ginzburg theory, etc.

image: CERN image: Wikipedia

The Standard Model Landau-Ginzburg theory
Marin Bukov MPI-PKS (Dresden)



Marin Bukov

Symmetries in Physics

e why care about symmetries in physics?

— determine invariance of physical laws

image: BYJU’S
— conservation laws, integrability, phases & phase transitions
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Symmetries in Physics

e why care about symmetries in physics?

— determine invariance of physical laws

image: BYJU’S

— conservation laws, integrability, phases & phase transitions

* when are symmetries exact in real-world many-body systems?

— (almost) never: we’re forced to deal with approximate symmetries

Marin Bukov MPI-PKS (Dresden)



Symmetries in Physics

e why care about symmetries in physics?

— determine invariance of physical laws

image: BYJU’S

— conservation laws, integrability, phases & phase transitions

* when are symmetries exact in real-world many-body systems?

— (almost) never: we’re forced to deal with approximate symmetries

— still: approx. symmetries prove useful to determine hierarchy of phenomena

Marin Bukov MPI-PKS (Dresden)



Emergent Symmetries in Nonequilibrium Drives

fperiodic/Fquuet\
drives
drive H(t)=H({t+1T)
| UF _ 6—iTQ
evolution y
UT,0) = [Up]
effective 0

Hamiltonian K )

Bukov et al, Adv. Phys. (2015)

Goldman et al, PRX (2014)
Eckardt, Rev. Mod. Phys. (2017)
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Emergent Symmetries in Nonequilibrium Drives

fperiodic/Fquuet\ ( quasi-periodic drives \

drives
H(wlt, CUQt)
drive Ht)=H({t+1T) W1, W9
w1 /wy irrational
Urp = e~ 1@ t
evolution . U(t) = Ty exp (—z/ H(t’)dt’)
U(T,0) = [Ug] 0
effective 0 0
Hamiltonian \ ) \ )
Bukov et al, Adv. Phys. (2015) Martin et al, PRX 7, 041008 (2017)
Goldman et al, PRX (2014) Else et al, PRX 7, 10, 021032 (2020)
Eckardt, Rev. Mod. Phys. (2017) Long et al, PRL 126, 106805 (2021)

Marin Bukov
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Emergent Symmetries in Nonequilibrium Drives

fperiodic/Fquuet\ ( quasi-periodic drives \ ( random multipolar drives \

drives
H(wlt, wgt) Uj: = e_zTHi
drive | H(t)= H(t+T) w1, ws  dpolar - quadnpolar
w1 /wy irrational UA - U+ U_ UA U+ U_ U_ U+
B —=U-_U4 B —=bU-U4+U4+U—
Urp = e 1@ t
evolution T ’ U(t) = Tiexp (—Z/ H(t/)dt/) U=U,UgUgU,UgUUUpg---
U(fT,0) = [Ur] 0 random sequence
effective ~
Hamiltonian \ ¢ ) \ ¢ ) \ Qa~ s /
Bukov et al, Adv. Phys. (2015) Martin et al, PRX 7, 041008 (2017) Zhao et al, PRL 124 160604 (2020)
Goldman et al, PRX (2014) Else et al, PRX 7, 10, 021032 (2020) Mori et al, PRL 127, 050602 (2021)
Eckardt, Rev. Mod. Phys. (2017) Long et al, PRL 126, 106805 (2021)
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e periodic, quasi-periodic, & random multipolar drives

— approximate effective Hamiltonian

drive

evolution

effective
Hamiltonian

Emergent Symmetries in Nonequilibrium Drives

(periodic/Fquuet\
drives

H(t)=H(t+T)

Up = e TC

U<€T7 O) — [UF]K

Q

\_ J

Bukov et al, Adv. Phys. (2015)

Goldman et al, PRX (2014)

Eckardt, Rev. Mod. Phys. (2017)

Marin Bukov

( quasi-periodic drives \

H(wlt, wgt)
Wi, W2

w1 /wy irrational

U(t) = T exp (—z' /O t H(t’)dt’)

_ Q Y

Martin et al, PRX 7, 041008 (2017)

Else et al, PRX 7, 10, 021032 (2020)
Long et al, PRL 126, 106805 (2021)

Q(m) x T™

Q~Q0+0m 1B 4...

-

UB:U_U_|_ UB:U_U_|_U_|_U_

U=UsUpUgUsUUpUxUpg - --

random multipolar drives \

Uj: _ e—iTHj:

dipolar quadrupolar
UA:U+U_ UA:U+U_U_U_|_

random sequence

Qa~QpB
J

Zhao et al, PRL 124 160604 (2020)
Mori et al, PRL 127, 050602 (2021)

MPI-PKS (Dresden)



Emergent Symmetries in Nonequilibrium Drives

e periodic, quasi-periodic, & random multipolar drives
Q(’m) x T™
— approximate effective Hamiltonian Q) ~ Q(m + Q(l) + Q<2) + ...

e prethermal metastable states

approximate (emergent) symmetry

/

o
| | lPreth|ermaI|' |

Time t

Ho et al., Ann. of Phys. 454, 169297 (2023)

Marin Bukov MPI-PKS (Dresden)



Emergent Symmetries in Nonequilibrium Drives

e periodic, quasi-periodic, & random multipolar drives

— approximate effective Hamiltonian Q) ~ Q(O) + Q(l) + Q<2) + ...

e prethermal metastable states

—> approximate (emergent) symmetry

e examples of emergent symmetries:

Marin Bukov

| ' lPrethlermall' '

Timet

Q(m) x T™

MPI-PKS (Dresden)



Emergent Symmetries in Nonequilibrium Drives

e periodic, quasi-periodic, & random multipolar drives

Q(m) oc T™
—» approximate effective Hamiltonian ~ Q ~ Q%) + QW) + Q@ + ...
* prethermal metastable states g
—> approximate (emergent) symmetry |
* examples of emergent symmetries: Ok v, ’Pfe"hle”“a'f i

Timet

time-rev’sal breaking

QO . T

Q0 ><

v= 1
X 5 % "~:|
: X
2 *2 q

i

Haldane model: time-reversal breaking

Kitagawa et al, PRB (2011)

Jotzu et al, Nature 515 (2014)
Marin Bukov MPI-PKS (Dresden)



Emergent Symmetries in Nonequilibrium Drives

e periodic, quasi-periodic, & random multipolar drives

Q(m) oc T
—» approximate effective Hamiltonian Q@ ~ Q% + QW) + Q® + ...
* prethermal metastable states g
—> approximate (emergent) symmetry |
* examples of emergent symmetries: Ot .Iliri‘?:‘e?;ma'i e
R Y

U(1) breaking
QY :U(1)

QW )

v= 1
% 5 % "*:|
9 +TT
2 *2 q

i

Haldane model: time-reversal breaking symmetry-‘protected’
prethermalization w/o temp.
Kitagawa et al, PRB (2011) Luitz et al, PRX 10, 021046 (2020)

Jotzu et al, Nature 515 (2014) Ho et al, arXiv 2011.14583
Marin Bukov Haldar PRB 97, 245122 (2018) MPI-PKS (Dresden)
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Emergent Symmetries in Nonequilibrium Drives

e periodic, quasi-periodic, & random multipolar drives

Q(m) x T™
- i i oni ~ O0) (1) (2)
— approximate effective Hamiltonian Q~QV" +QV +QY + ---

prethermal metastable states s Z2 breaking

- Q(O)

—> approximate (emergent) symmetry | a
. = Q %

- examples of emergent symmetries: Ok sucu, F:Ethe;ma' -
ime

Staggered A . ExPerimentl .‘./0'977[ (Z.)

Floquet Cycle M

m Ll FENEERTTT BN SR 11| B R W T 17| N S A1
10° 10t 102 108 10*

0
Flip Angle y [rad]

Haldane model: time-reversal breaking symmetry-‘protected’ (pre thermal) discrete time crystals
prethermalization w/o temp. Beatrez et al, Nat. Phys 19 407 (2023)
Kitagawa et al, PRB (2011) Luitz et al, PRX 10, 021046 (2020) Sacha et al, Prog. Phys. 81 (2017)
Jotzu et al, Nature 515 (2014) Ho et al, arXiv 2011.14583 Else et al, Ann Rev Condmat (2019)

Marin Bukov Haldar PRB 97, 245122 (2018) Khemani et al, arXiv 1910:10745



Emergent Symmetries in Nonequilibrium Drives

e periodic, quasi-periodic, & random multipolar drives

Q™ o T™
— approximate effective Hamiltonian ~ Q ~ Q¥ + QW + Q@ + ...
* prethermal metastable states /@?:

—> approximate (emergent) symmetry

[ ]
| ' lPrethlermall' |

* examples of emergent symmetries: Time t

— Haldane model: time-reversal breaking

— symmetry-“protected” prethermalization (without temperature)

— (prethermal) discrete time crystals

-m/2

0 /2
Flip Angle y [rad]

Beatrez et al, Nat. Phys 19 407 (2023)

Q: can we engineer symmetry breaking in a controlled way?

Marin Bukov MPI-PKS (Dresden)
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Engineering Hierarchical Symmetries

e objective:
— given ladder of symmetry groups

G,OG,_1D---DGy

—» construct drive s.t.:

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

Q(m) ~x T™
« objective: Q) has symmetry G, )
— given ladder of symmetry groups Q' breaks G, to Gy
GnDGn_lD- - -DGO Q(Q) breaks GG,,_1to G, _o
— construct drive s.t.: @(n) breaks G1to Go J @
U — ¢ T4 Q ~ Q(O) 1+ Q(l) 4 Q(Q) 4o

Marin Bukov MPI-PKS (Dresden)



e objective:

— given ladder of symmetry groups

Engineering Hierarchical Symmetries

G,OG,_1D---DGy

—» construct drive s.t.:

 hierarchical structure of prethermal plateaus

Marin Bukov

U=¢ 1€

Order Parameter

Q(m) ~x T™

Q(l) breaks GG,, to G,,_1

Q(Q) breaks G,,_1to G,,_»

@(O) has symmetry G, \

@(n) breaks GG1 to Gy J

~ 00 1+ oW L@ 4 ...
QrQ7+Q7 +0QY +

e.g., SU(2) @

Matrix Representation of @)

(c) Prethermalization SU(2)
A — E
orH—.
SU(2) \\Energy O(}Q/)-\
Lo
\ \TENGXP(C/T) , (Tg)f Nz,

Tg ~ T
—~— \ >

MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

Q(m) ~x T™

. objective: (Q© has symmetry G, )

1
— given ladder of symmetry groups Q') breaks Gy, to G

G DOGh-1D - DGy Q" breaks G110 Gp_s
— construct drive s.t.: @(n) preaks G1to Gy J
U = e—iTQ 0~00 1004 Q@ 4 ...

 hierarchical structure of prethermal plateaus

e.g., SU(2) @

— state (in general) described by generalized canonical ensemble ;... representation of 0

(c) Prethermalization

SU(2)

A

pacE X exp| — » A C
( za: “ a) SU(2) \ Energy
7

A
o(Th)

Order Parameter

2
\ T ~ exp(c/T)

C., : conserved quantities assoc. with Gy,

Tg ~ T~ ¢ \

Time

Marin Bukov

4’
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Engineering Hierarchical Symmetries

» basic idea: generalization of spin-echo

l l

Up = ¢ TQe—iTH o +iTQ—iTH —i2TH

~ e

gif: Wikipedia

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

* |terative construction
step 1

step 2

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e |terative construction

step 1
— start with generator H, with symmetry G

step 2

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e |terative construction

step 1
— start with generator Hy with symmetry G a

— take new generator H; with symmetry G D Gy

step 2

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e jterative construction 1

step 1
— start with generator Hy with symmetry G a

— take new generator H; with symmetry G D Gy

— set: Qg = H l l 0, =3 x 2"—2

—’ifoTQoe—’iTHl €+i£0TQ0€—iTH1 — 1T Q1

—> consider Floquet unitary: Upr; =€ =e

step 2

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e jterative construction 1

step 1
— start with generator Hy with symmetry G a

— take new generator H; with symmetry G D Gy

— set: Qo= Hj l l b 3 am
— consider Floquet unitary:  Up; = ¢~ 0T Qo= T o HiboT Qoo —iTHy — p=itaTCQs
2 60 60 9
Ql — ZHl ng[Hl,Ho]—TlT ([Hla[HlaHOH+€O[HO,[HO,H1H)—|—'“
step 2

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e jterative construction 1

step 1
— start with generator Hy with symmetry G a

— take new generator H; with symmetry G D Gy
— set: Qg = H 0, =3 x 2"—2
— consider Floquet unitary:  Up; = ¢~ 0T Qo= T o HiboT Qoo —iTHy — p=itaTCQs
Q1= %Hl Z)T [Hy, Hy| — %W ([H1,[H., Hol] + €o[Ho, [Hy, Hi]]) + - - -
obeys G4 obeys Go obeys Go obeys Go

step 2

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e |terative construction

step 1
— start with generator Hy with symmetry G a

— take new generator H; with symmetry G D Gy

— set: Qo = Hy 0, =3 x 2"—2
— consider Floquet unitary:  Up; = ¢~ 0T Qo= T o HiboT Qoo —iTHy — p=itaTCQs
2 o lo
Ql — E_Hl g T[Hl,HO]—TT ([Hla[HlaHOH+€O[H07[HO,H1H)‘|""
1 1 1
obeys G1 obeys Gy obeys Gy obeys Gy

step 2
— take new generator Ho with symmetry G2 D G1 D Gy

—> consider Floquet unitary: Up, = o~ TQ1 ,—iTHy ,+ilh TQ1 ,—iTHy — —ilaTQ2

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e jterative construction Q2

step 1
— start with generator Hy with symmetry G a

— take new generator H; with symmetry G D Gy
— set: Qo = Hy 0, =3 x 2"—2
— consider Floquet unitary:  Up; = ¢~ 0T Qo= T o HiboT Qoo —iTHy — p=itaTCQs
2 .60 60 2
Q1= —H,+i—-T [Hy, Hy) — =T~ ([Hy, [H1, Hy]] + lo[Ho, [Ho, Hi]]) + - - -
gl 61 2€1
obeys G1 obeys Gy obeys Gy obeys Gy
step 2
— take new generator Ho with symmetry G2 D G1 D Gy
— consider Floquet unitary:  Upy = ¢~ 11 @1 tlHz2 o ila 1@y g =il — =it G2
2 .€1 fl 2
Q2 = gHQ T ZET [H2, Q1] — %T ((H2, [Hz, Q1] + 6:[Qn, [Q1, Ha]) + - -

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e jterative construction Q2

step 1
— start with generator Hy with symmetry G a

— take new generator H; with symmetry G D Gy

— sett Qo =Ho £y=3 x 2"—2
— consider Floquet unitary:  Up; = ¢~ 0T Qo= T o HiboT Qoo —iTHy — p=itaTCQs
Q1= —H,+i—-T [Hy, Hy) — =T~ ([Hy, [H1, Hy]] + lo[Ho, [Ho, Hi]]) + - - -
€1 61 2€1
obeys G1 obeys Gy obeys Gy obeys Gy
step 2
— take new generator Ho with symmetry G2 D G1 D Gy
— consider Floquet unitary:  Upy = ¢~ 11 @1 tlHz2 o ila 1@y g =il — =it G2
2 .€1 fl 2
Q2 = gHQ T ZET [H2, Q1] — %T ((H2, [Hz, Q1] + 6:[Qn, [Q1, Ha]) + - -

= oyt i T (HayHo] = T (o (. Holl + - (, (Ha, Hul) 4+ 20, [H Hal)) )+

obeys G obeys G obeys G
Marin Bukov e e oo MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e |terative construction

Marin Bukov

UF,n — €

_ien—lTQn—l e_'LTHn e"'ien—lTQn—l e_ZTHn

Symmetry Level

_zenTQn

]
Q!

Recursive Construction

Q2| Hs| |=Q2| Hs

Q1| Ho

—

Hy qu “_HOU H,

—H1“ Hy “—Hlu—Ho Time

W W

Symmetry Pulse

~

Echo Pulse

MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e iterative construction  Up,, = ¢~ “n-11@n—1o= il Hn oHtbn1TQno1 o=tTHn — o=ibnTQn
Recursive Construction
A
— sequence length ¢,=3 x 2" -2 e Qs
exponential in # of unitaries n ~ J——
>
=S G Q2| Hs| |=Q2| Hs
2 —
. _ 2 -
n(?t a prok?lem for real-world systems Lo ol = ol =,
with physical symmetry groups 2 ~ -
— Go | Ho qu “_HOU Hy _Hlu Hy “_Hlu_HO Time

W W W

Symmetry Pulse Echo Pulse

Marin Bukov MPI-PKS (Dresden)



Engineering Hierarchical Symmetries

e iterative construction  Up,, = ¢~ “n-11@n—1o= il Hn oHtbn1TQno1 o=tTHn — o=ibnTQn
Recursive Construction
A
— sequence length ¢,=3 x 2" -2 e Qs
exponential in # of unitaries n - P —
>
=S G Q2| Hs| |=Q2| Hs
2 —
. _ 2 -
n(?t a prok?lem for real-world systems Lo ol = ol =,
with physical symmetry groups 2 ~ -
— Go | Ho qu "_HOII Hy _Hlu Hy —H1u—Ho Time

W W W

Symmetry Pulse Echo Pulse

— shorter sequences exist when additional structure is present

e physical example: G5 D G1 D Gy extra structure:  [Hg, Hy + Hy| =0
Hy, Hy Hy
UF:(e—ZHoTe—ZHlT)e—’LHQT<€ZH0T€’LH1T)€—?,H2T:6—ZTQ 626 < 62:10

Marin Bukov MPI-PKS (Dresden)



Outline

* Applications

— abelian & non-abelian symmetry ladder: SU(2) — U(1) = Zy — E

Marin Bukov MPI-PKS (Dresden)



Hierarchical breaking of abelian & non-abelian symmetries

Marin Bukov

Matrix Representation of @)

SU(2)
A FE
orTH—.
[—\
O(T?)
o(T?) 22

Order Parameter

(c) Prethermalization
A
SU(2) Energy
L
\ T ~ exp(c/T)
TS ~ T \

Time

MPI-PKS (Dresden)



Hierarchical breaking of abelian & non-abelian symmetries
SUR2) - U(l) > %y — F

e HSB protocol: U(Dy, ..., Dy|T)=e= 11 .m0

UF :U(—Ho,Hl,HQ,H(),—Hl,HQ,Hg‘T/14>X @ JZO. O' —|—O‘ O'y—I—O'ZZO';\,
U(_H27H17_H07_H27_H17H07H3|T/14)

Marin Bukov MPI-PKS (Dresden)



Hierarchical breaking of abelian & non-abelian symmetries
SUR2) - U(l) > %y — F

* HSB protocol: U(D1 ooy Di|T)=e™ 21T et DT
Ur =U(—Hy, H1,Hs, Hy,—Hy, Ho, H3|T /14) X @: JZO‘ of +olo! +oio ]\,
U(—HQ,Hl, _H07 _H27 _H17H07H3|T/14) 3
effective Hy=J ZU oj +ojol — ooz,
Hamiltonian symmetry order parameter (2,9)
0 « Hj : SU(2) S=>"g —_JZU 0705
J
QW : 1, p=]ls;
Q=Y. E={id -

Marin Bukov MPI-PKS (Dresden)



Hierarchical breaking of abelian & non-abelian symmetries

SU(2)

 HSB protocol:

U(Dy, ..., D|T)=e 1T .. o7t

Urp =U(—Hy,H,Hy,Hy, —Hy, Hy, H3|T'/14) %

U(_H27 Hla _H07 _H27

—Hy, Hy, H3|T/14)

effective
Hamiltonian symmetry
QY « Hs: SU(2)
QW U(1)
Q(Q) Lo
Q=Y. E={id}

order parameter
S=Y 5
J
S.=> o}
J
P = H (7;?
J

e dynamics:
— |nitial state
v
i) = Re () IN1 = 6)
— normalize obs.

0 =(0(1))/{0(0))

Marin Bukov

— U(l) > Zy - FE

@:JZO of + o) 0y+azj\,

Hy=J' g ojof + ool —oio3,

vt

MPI-PKS (Dresden)



Hierarchical breaking of abelian & non-abelian symmetries

SUR2) - U(l) > Zy — E

o HSB prOtOCOI: U(D17 ceey DZ‘T):e_iDlT tee e_iDlT
Up =U(—-Hy, Hy,H,Hy, —H1, Hy, H3|T'/14) % @: JZafaf +olo] + af(ﬁ\,
U(_H27H17_H07_H27_H17H07H3|T/14) (6,37
effective Hy = J’ZUZCU;-C‘FU;JU?—Ufoa
Hamiltonian symmetry order parameter (2,7)
~ ——J YooY 2 5%
Q(O) X H3 : SU(Q) 5225j Hy=—-J ;0103 0; 05,
. 1,7
J
QW UQ) S.=) 0} Hy =6, of
j \___ J
Q¥ Z P=1]o;
Q=Y. E={id -
(a)
: 1.0f=— —
e dynamics: \<
2 0.8
— initial state 5
= 0.6
7T =
|¢Z> = R, <E> |NT = 6> %0.4- 3
. 027 —— S.
— normalize obs. __ >
B 0.0- : .
O = (0(1))/{0(0)) T T AT TR
0JT

Marin Bukov

MPI-PKS (Dresden)



Hierarchical breaking of abelian & non-abelian symmetries
SUR2) - U(l) > %y — F

« HSB protocol: U(D1, ..., Dy|T)=e =Pt et 0
Ur :U(—HO,HLH%HO, _H17H27H3‘T/14)>< @: JZO‘ a + 0, O'y -+ a \
U(_H27H17_H07_H27_H17H07H3|T/14) 5]
effective Hy =J' ZU oj +ojo] —o0j,
Hamiltonian symmetry order parameter (2,7)
Q(O)ocHg: SU(2) 5225j —_JZU 005,
J
QW : 1, p=]ls;
>3) | s J
Q(_ ). E= {id} — Fermi’s Golden Rule scaling
(3)10_ —— (b)
* dynamics: | ‘< "
»n 0.81 @ ]
— initial state £ E
= 0.6 = 0%
i z g
;) = R, <E> N} = 6) F — |
. 8021 —_ g £ 107
— normalize obs. L g //
0.0- 2 _ Sy, =1.869
O = (O(t))/(0O(0)) 100 100 102 10° 10' 107 5 6 7 8 9101112
Marin Bukov LT Y(IT)



Outline

Z4-DTC Zo-DTC

— nonequilibrium order: discrete time crystals: 7Z4 — 7, — E

Marin Bukov MPI-PKS (Dresden)



Nonequilibrium order: discrete time crystals

T

Z4-DTC Zo-DTC

Marin Bukov MPI-PKS (Dresden)



Nonequilibrium order: discrete time crystals

 HSB protocol:

Marin Bukov

Lig — Lo — F

4-level system

)
)
)

X

0
—1
0
0

SO O

g

0
0
—1
0

= O O O
— o O O
S O O
SO = O

B

S = OO
N—

M-

Hy
1

.
I

—~
~

@]

\ +zi:hi(

bi(Z; + Zj) \

Hi =) J; (ZZ?ZJ2 — n(ei‘bZ,;ij + h.c.))

1
72— (% +X§)) Y gix?

_J

MPI-PKS (Dresden)



Nonequilibrium order: discrete time crystals

Ly — To — E Z(

bi(Zi + Z]) \
1

Hi =) J; (ZZ?ZJ2 — n(ei‘bZ,;ij + h.c.))

S = OO
N—

co o -
co |l o
~.
ol oo
)—l
. O OO
\_/
I
~
[
oo o~
oo~ o

 HSB protocol:

M-

Hy
Up = etHoT/4g—iH1T /4 —iHoT /4~ T/4

PX:HXi

.
I

—~
~

@]

\_ _J

4-level system

X

)
)
)

Marin Bukov Surace et al, PRB 99 104303 (2019)



Nonequilibrium order: discrete time crystals

Ly — Lo — F Z( ) X(

bi(Zi + 2]) \

0
: 0
—1
0

S = i =
—_ o oo
oo o
co o

0
0
0

SO O

S = OO
N—

 HSB protocol:

M-

Hy
Up = ¢ HoT/4g=iH1T/4,—iHoT/4—iHiT/dp i—1 |
Hi =) J; (Z?ZJ2 — n(e“bZ,;ij + h.c.))
effective Px = H Xi (i.3)
Hamiltonian symmetry  order parameter i N Z h (ZZQ B % (Xi N Xj)) N ZgiX’?
Q(O) . 7, L i i
T PO )l
(1) . —
Q : ZQ J=1
tate population
Q=2 E >

4-level system

X

)
)
)

Marin Bukov MPI-PKS (Dresden)



Nonequilibrium order: discrete time crystals

 HSB protocol:

Ly — Lo — F

Up = etHoT/4g—iT/4,—iHoT/4,—iH\T/4p

order parameter

L
PO ),
j=1

state population

effective
Hamiltonian symmetry
QY 7
Qm L Ly
Q=2 E
e dynamics:

— |nitial state

i) =13)""

Marin Bukov

4-level system

5y

)
)

PX:HXZ-

X

—~
~

@]

1
\ +zi:hi (23—5

1 0 0O O 0O 1 0 O
0O — 0 O 0O 0 1 O
Z=10 0 -1 o0 X=10 0 0 1
0 O 0 1 1 0 0 O
L \
Hy =Y bi(Z+ Z])
=1
Hy =Y Jiy (2223 —n(e* 2] 2; + hc.))

(XH—XQL) —I—ZQZ-X,?
) -

MPI-PKS (Dresden)



Nonequilibrium order: discrete time crystals

Ly — Lo — F Z( ) X(

bi(Zi + 2]) \

0
: 0
—1
0

= O O O
— o O O
S O O
SO = O
O = OO
\__/

0
0
0

SO O

 HSB protocol:

M-

Hy
Up = ¢ HoT/4g=tT/4,—iHoT/4, il T/Ap i=1 |
Hi =) J; (ZfZJ2 — n(e“bZ;ij + h.c.))
effective Px = HXZ' (i,3)
. . ' 1
Hamiltonian symmetry  order parameter i n Zhi 721 (Xz' n Xj) n ZgiX’?
. 2 .
Q(O): Z4 L k i i J
P ) (nl,
(1) . 7 — (a)
Q . 2 J=1 1.0 I20) 2-DTC
. — S~ ]
Q(ZQ) 5 state population § P LDTC J
505‘ L P(2)
A — p®
* dynamics: 4-level system 100 10! 102 103 10 10 106
s 14
— initial state 3) @ v>
X
QL 2 -
i) =13) ) ‘)
1) | — ,)
0) "——

Marin Bukov MPI-PKS (Dresden)



Nonequilibrium order: discrete time crystals

 HSB protocol:

Ly — Zo — E Z(é“iS
0 0

Ur =c¢
effective
Hamiltonian symmetry  order parameter
P™Mocy In);(nl;
QW : 7 j=1
Q(22) B state population
e dynamics: DTG
— initial state 3) €@
®L S
i) = [3) 2) | ==
1) | =——
0) Y+

Marin Bukov

o A R |

X

iHoT /4~ T/4,—iHoT/4,—iH\T/4p

PX:HXZ-

1

= O O O

|

0
0

_ o O O

A

S = OO
N—

S O O
SO = O

L
602 > bi(Zi + Zh
1=1

1
+z¢:hi (23—5

Hy =" Jiy (2222 = (e 2} Z; + he)
(4,7)

(Xi +X§)) + ) g X7

~

_/

(a)10-\
- | — PO AN 2-DTC
S —— puy . 4-DTC V
E\\—/O5‘ L P(Q)
9 — P
10° 10! 102y 103 10% 10° 10°
¢

(b) 7 4-DTC

1.0
_0.81
< 0.6
= 0.4
0.2

0.0 |

50 54 58 62 66 70
¢
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Nonequilibrium order: discrete time crystals

 HSB protocol:

Ly — Zo — E Z(é“iS
0 0

Up = etHoT/4g—iT/4,—iHoT/4,—iH\T/4p

order parameter

L
P Y o) o,
j=1

state population

effective
Hamiltonian symmetry
QY Zs
CQ(1> L Ly
Q=2 E
e dynamics:

— initial state

i) =13)""

Marin Bukov

PX:HXZ-

1

= O O O
— o O O
S O O
SO = O
O = OO
\__/

-
/;;;=::§:zn(zz-+-zj) “\\\

Hy =" Jiy (2222 = (e 2} Z; + he)
(4,7)

+;hi (Zzz—%(XH-XJ)) +;9§

0
0

(a)
1.0
— — p0) 7
~ ;
S — pUy
E\\-/ 0 5 . P(z)
8 — PO
0.0 ==
100 10
X (b)) 4-DTC L) S 2-DTC
1.0 v 1.0
0.8 0.8
S 0.6 0.6-
5 0.41 0.4
0.2 | 0.2-
0.0 -

50 54 H8 62 66 70 0246 8101214161820

g g +4 x 10°



Outline

Recursive Construction

A
— G3 Q3
T‘o - — e~
%
3 = Ge Q2| Hz| |—Qa2| Hs
>y
& o —
=
§> — G Q1| Ho —Q1|| Ho
n
— G | Hy I| Hy H—Hou Hy —th Hy “_Hlu_HO Time

W W W W

Symmetry Pulse Echo Pulse

— higher-order topological insulators: T x 7T —7Z - E

Marin Bukov MPI-PKS (Dresden)



Marin Bukov

Higher order topological insulators

T x7T

(TI)

7

(HOTI)

topological insulator

- (T)
c
)
-
) 0
O
(O
Q
7))
15
0.8
10
Y
. Edge states - 0.6
l -0.4
0 |
0 5 10 1

X

5 0 5
2D square lattice

(b)

-

corner state

0.30
0.25
0.20

+0.15
I 0.10

I 0.05

higher-order topological
insulator (HOTI)

Schindler et al, Science Adv. 4 (2018)
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Higher order topological insulators

2D square lattice
IxT —-1—F
L N2 A
« HSB protocol: f HJ_ngﬂj(k)wk \
o k
Upr =U (Ho, E) ﬂ,—HO, E, ﬂ,Hz Z) X Hy(k) =M + J(cos ky + cosky)| 1,00
2 2 2 2 10 -
, , Hy(k) =A17.(04 + 0y),
- 9 ’ 9 0, — 9 y y — 410, L1412 1_0 Hl(k) :AlTZO'Z,
HO(E) =AoT,0,
time-rev’sal T : ]Z — —,l;, o — —@g
Qversion T:k— —k, To/y — —TCEM
E(k)

4-band Tl model
Marin Bukov MPI-PKS (Dresden)



Higher order topological insulators

 HSB protocol:

IxT -7 —F

H, Hj H, Hj T
— Hy,,—. —.—H, — Hy|—
Ur U( 05 9 ' 9" 0> 9" 97 2 10 X
H, Hj H, Hj T
Ul — — Hy, — — Hy, Hy| —
( 9 ’ 9 y 440, 9 ) 9 ) 0,442 10
effective
Hamiltonian symmetry  order parameter
Q(O) - T x ]  edge state population
Q(l) : T corner state population
Q2. E

Marin Bukov

2D square lattice

Hi=Y wlH(Fpy )

i
= [M + J(cosk, + cosk,)] .00

Hy(k)

H, (E) =A17,(0, + 0y),
H! (k) =A17,0.,

HO(E) =AoT,0,

time-revsal T : k — —k, ¢ — —¢&

4-band Tl model

Qversion T:k— —/2, Te/y 7 _Tazy

MPI-PKS (Dresden)



Higher order topological insulators

2D square lattice
IxT —>1T—FE
- P (BN
« HSB protocol: f HJ—Z%HJ(’C)% \
. i
Up =U | Hy Hy ﬂ _H, Hy ﬂ H, T % Hy(k) =M + J(cos ky + cosky)| 1,00
Y 2 Y 2 Y Y 2 Y 2 Y 10 5
Hy(k) =A17.(04 + 0y),
H= H H H T "’
U — 2 s 2 7HO7_ 2 y 7_H07H2 1_0 Hi(k‘) :AlTZO-Z7
effective Ho(k) =As7;0y
Hamiltonian symmetry  order parameter time-rev'sal T : k — —,l_{, A
Q(O) - I xT edge state population Qversion L:k—= =k, Tp/y = _Twy
Q(l) - T corner state population
Q(ZZ) )
e dynamics:

— initial state

woy=J] ¢l.(™10)

reedge

4-band Tl model
Marin Bukov MPI-PKS (Dresden)



Higher order topological insulators

IxT -7 —F

 HSB protocol:

H, Hj H, Hj T
Upr =U | Hy, —.,—.—H, —  Hy|— ] X
F ( 0> 9 ’ 9 ’ 0> 9 ) 9 2 10
H, Hj H, Hj T
— — Hy, — — —Hy, Hy| —
U( 9 ’ 9 y 1140, 9 ’ ’ 0,442 10
effective
Hamiltonian symmetry  order parameter
Q(O) - T x ]  edge state population
Q(l) : T corner state population
Q2. E
e dynamics:

— initial state

2D square lattice

A YTICI

i
= [M + J(cosk, + cosk,)] .00

Hy (k)
H, (E) =A17,(05 + 0y),
H{(lg) =A1T,0,,

time-revsal T : k — —k, ¢ — —¢&

woy=J] ¢l.(™10)

reedge

|
V%

4-band Tl model
Marin Bukov

Qversion T:k— —/2, Te/y 7 _Txy

(b) ¢T =1000  n(7)
- 0.

(a) 0T =2 n(7)

1.0 1 35
15 15
0.8 0.30
10 10
Yy Yy 0.25
Edge states 0.6 1 Corner states
5 5 0.20
v 04 e
0 OL ;
0 5 " 10 15 0 5 xl() 15
C
% L)
corner
@ corner SB
5 d
.4? edge
& edge SB Long-time
)
= o At pornhan T
G A AR N e A S g At g — — -
T T 22 T T T T
0 100 200 1250 1500 1750 2000
or



Hunting for emergent (wannabe) Goldstone modes

e symmetry ladder: @U(Z) — U(@% 7, — . —» focus on continuous symmetry breaking

Marin Bukov MPI-PKS (Dresden)



Hunting for emergent (wannabe) Goldstone modes

e symmetry ladder: @U(Q) — U(@% 7, — . —» focus on continuous symmetry breaking

* break continuous symmetry: gapless Goldstone bosons — magnons (CM)

— but we don’t have an exact symmetry... QW) : SU(2) — U(1)

Marin Bukov MPI-PKS (Dresden)



Hunting for emergent (wannabe) Goldstone modes

e symmetry ladder: @U(Q) — U(@% 7, — . —» focus on continuous symmetry breaking

* break continuous symmetry: gapless Goldstone bosons — magnons (CM)

— but we don’t have an exact symmetry... QW) : SU(2) — U(1)

* break approximate emergent cont. symmetry: gapped “Goldstone”

Marin Bukov

O\
N

“
0

o
L\

oS

ZZ>
77

=

=
S

’f”l#\

N
)

Z~
N
AN
AR

— e.g., pions (HE)

MPI-PKS (Dresden)



Hunting for emergent (wannabe) Goldstone modes

e symmetry ladder: @U(Q) — U(@% 7, — . —» focus on continuous symmetry breaking

* break continuous symmetry: gapless Goldstone bosons — magnons (CM)

— but we don’t have an exact symmetry... QW) : SU(2) — U(1)

* break approximate emergent cont. symmetry: gapped “Goldstone”

— e.g., pions (HE)

— can we observe these modes in our HSB protocol SU(2) — U(1) - Zy — E

UF :U(_H07 H17 H27 HO) _H17 HQ) HBIT/14)><
U<_H27 H17 _H07 _H27 _H17 HO) H3‘T/14)

Marin Bukov

@:J Ufaf—kagag—kafc%
)

(1,]

i)

H =-J Zagja;-’ i
(2,5)

@zéwzaf

z __Z
i 05

— 7 T T y_y z __Z
Hy=J g 0,05 +0;0; —0;0;,
{

S

MPI-PKS (Dresden)



Hunting for emergent (wannabe) Goldstone modes

e symmetry ladder: @U(Q) — U(@% 7, — . —» focus on continuous symmetry breaking

* break continuous symmetry: gapless Goldstone bosons — magnons (CM)

— but we don’t have an exact symmetry... QW) : SU(2) — U(1)

* break approximate emergent cont. symmetry: gapped “Goldstone” — e.g., pions (HE)

— can we observe these modes in our HSB protocol SU(2) — U(1) - Zy — E

* need pre-thermal plateau at temperature smaller than gap of pseudo Goldstone mode

e need initial state with sufficient overlap with the 1-magnon excitations, e.g.: |N+ =L —1)|N, =1)

Marin Bukov MPI-PKS (Dresden)



Hunting for emergent (wannabe) Goldstone modes

e symmetry ladder: (SU(Q) — U(lDﬁ 7, — . —» focus on continuous symmetry breaking

* break continuous symmetry: gapless Goldstone bosons — magnons (CM)

— but we don’t have an exact symmetry... QW) : SU(2) — U(1)

* break approximate emergent cont. symmetry: gapped “Goldstone” — e.g., pions (HE)

— can we observe these modes in our HSB protocol SU(2) — U(1) - Zy — E

* need pre-thermal plateau at temperature smaller than gap of pseudo Goldstone mode

e need initial state with sufficient overlap with the 1-magnon excitations, e.g.: |N+ =L —1)|N, =1)

— what sets lifetime of the pseudo Goldstone?

0.8

. . . . 0.6 - -8

e intrinsic decay due to finite gap 7 o< 1T’ L aa]ameso
s 1/T =10.0
.. , E o02{— =110
 external decay due to finite duration of N (v
wn . — = y
— 1/T=14.0
U(1) prethermal plateau 7 o T? o — -0
—0.4 - :

10° 10! 102 103 104 10° 106

Marin Bukov MPI-PKS (Dresden)



Outlook

UF’I’I, — e_zen—lTQn—l e_zTHn6+Z£n—1TQn—l G_ZTHH

e—zEnTQn

)

.
'MPI-PKS, Dresden

work in progress o

* engineering hierarchical symmetries:

—>

—

—

continuous/discrete, abelian/non-abelian, topological symmetries
easy to implement in experiment: mechanism akin to spin echo / dynamical decoupling

« allows to investigate equilibrium/nonequilibirum order in a single time evolution

controllable lifetime of pre thermal plateaus: Fermi’s Golden rule scaling

e generic construction:

—

—>

—

l

|

Marin Bukov

any species: fermions, boson, spins (interacting & noninteracting)
classical & quantum systems; open direction: open systems

quasi-periodic & random-multipolar drives (not limited to Floquet systems)

 sufficient condition: existence of approximate effective Hamiltonian @ @
continuous drives (Magnus expansion generalizes BCH formula) & et g
open direction: local gauge symmetries N;

thanks for the attention! O jee¥iHed

www.pks.mpg.de/nqd



Higher order topological insulators

i\
S/

4-band Tl model

e dynamics:

—

Marin Bukov

Initial state: corner state

[9i) = [GS(H))

IxT -7 —F

time-revsal T : k — —k, ¢ — —¢&

Qversion T:k— —/2, Te/y 7 _Txy

Hi=) wpH;(k)vy \

i
= [M + J(cosk, + cosk,)] .00

corner

o 0.041 corner SB
= - edge
Z edge SB
Z 0.02-
E ~

___________ } _%MMM

10° 10! 107 10°
‘T

MPI-PKS (Dresden)



