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INTEGRABLE SYSTEMS



e principal G-bundle P, Higgs field ® € HY(C,ad(P) ® K)
e invariant polynomials pq,...,pr degrees di = 2,d3,...,d;
pi(®) € HO(C, K%)

e fc HO(C,K%)* = H1(C, K179) = function on

M = moduli space of Higgs bundles



e principal G-bundle P, Higgs field ® € HY(C,ad(P) ® K)
e invariant polynomials pq,...,pr degrees di = 2,d3,...,d;
pi(®) € HO(C, K%)

e fc HO(C,K%)* = H1(C, K179) = function on

M = moduli space of Higgs bundles

e M symplectic, f1, fo Poisson commute



e N = moduli space of stable bundles

T*N C M, C*-action on fibres

e p;, homogeneous of degree d;, f € HY(C, K1~%)

= defines a symmetric tensor S € HO(N, S%T)

e Poisson bracket = Schouten bracket
S1, 55 sections of S™T, S™"T, [S1,S»] section of sm+n—1T

m=mn =1 = Lie bracket



° invariantgol, NS /\Qdi_lg*

pi(P1,...,Ppq,_1) € HO(C, K24 1)

° f c HO(C, KQdi_l)* o~ Hl(C, K2—2dz‘)

= p € HO(WN,A24i—17) = polyvector field



NA2d;—1 o

e invariant forms ¢q,..., L € g

pi(P1,...,Ppq,_1) € HO(C, K24 1)

° f c HO(C, Kde-—l)* o~ Hl(c) K2—2dz‘)

= p € HO(WN,A24i—17) = polyvector field

e Schouten-Nijenhuis bracket
p1, po sections of A™T A"T, [p1, po] section of AT tn—1T

m=n =1 = Lie bracket

e Fact: These sections commute




e basic example: symmetric p1(X,Y) = Killing form B(X,Y)
alternating p(X,Y,72) = B([X,Y],2)

e basis &, € HO(C,ad(P) ® K)  p123 = tr([®1, Po]P3)

NJH, Stable bundles and polyvector fields, in “Complex and Dif-
ferential Geometry”, W. Ebeling et al (eds.) Springer Proceed-
ings in Mathematics 8, 135—-156, Springer Verlag, Heidelberg
(2011).



Symmetric 2-tensor: HO(N, S2T)

e HY(C, K1) @ HO(C,ad(P) @ K) —» H1(C,ad(P))
l 4]
T* T
oaR@Q P — ad



Symmetric 2-tensor: HO(N, S2T)

e HY(C, K1) @ HO(C,ad(P) @ K) —» H1(C,ad(P))
l 4]
T* T
oaR@Q P — ad

Alternating 3-tensor: HO(N, A3T)

e HI(C,K—2) @ H9(C,ad(P) ® K?) — H(C,ad(P))

B R [Py, Po] — B[Py, Po]



Hyperkahler metrics and supersymmetry 1525 1987
NJ Hitchin, A Karlhede, U Lindstrom, M Rocéek
Communications in Mathematical Physics 108 (4), 535-589

Generalized calabi-yau manifolds 1489 2003
N Hitchin
Quarterly Journal of Mathematics 54 (3), 281-308

Stable bundles and integrable systems @ 1987
N Hitchin

Harmonic spinors 1215 1974
N HITCHIN
SL (2) over the octonions 6 2018
N Hitchin
Mathematica ing Roval Irish Academy 118 (1), 21-38

Stable bundles and polyvector fields 2011
ALHitchin

Complex and D netry: Conference held at Leibniz Universitat ...

Vector bundles and the icosahedron 6 2010

N Hitchin
Vector bundles and complex geometry 522, 71-87



EXAMPLES



e Erank n, ® € HY(C,Endp E ® K)

unchanged by F - FEQ L, L"= 0O

e = polyvector field p € HO(N,AFT) is

invariant by action of Hl(C, ln) = Z%g



o C genu@EJ rank 2, A2E trivial

moduli space N £ P3, A3T = ©O(4) anticanonical divisors

e C: y?=(2—p1)...(2 — ue)

p(P1, do, d3) € HO(C,K3) = {(cy+co+c12+.. +c3z3> }



e C genus 2, E rank 2, A2E trivial

moduli space N £ P3, A3T = ©O(4) anticanonical divisors

e C: y?=(2—p1)...(2 — ue)

p(P1, do, d3) € HO(C,K3) = {(cy+co+c12+.. +c3z3> }

e hyperelliptic involution 7(y) = —vy acts trivially on N/

(Narasimhan & Ramanan 1969)
dz3
= ,O(CD]_,CI)Q,CD:B) - Cy—z

~ distinguished quartic surface in p3



e semi-stable locus = Kummer surface Jac(C)/Z>

— S-equivalentto E=L® L*,degL =0

e non-trivial extension L — E — L* (L? # O)

— HY(C,Endg E® K) — HY(C,L72K) - H(C,E ® LK)

e HO(C,L°K) - HY(C,K) c HY(C,E ® LK)
112 o |12

C C

e Higgs fields all preserve L = lie in a 2-dimensional subalgebra

= p=0



o C genu@E rank 2, A2E fixed, odd degree

moduli space N = Q N Q, intersection of quadrics
° 2 2 2
Q:ZZU,L':O, QMZILLZQZ‘Z:O
i=1 i=1

dz3
o p(P1, Py, ®3)=(cgtcrz+...+ 0323)y—3



e C genus 2, E rank 2, A2E fixed, odd degree

moduli space N = Q N Q, intersection of quadrics
° 2 2 2
Q:ZCU,L':O, QHZILLZQZ‘Z:O
i=1 i=1

dz3
o p(P1, Py, ®3)=(cgtcrz+...+ 0323)y—3

e & ¢ H(C,Endp E ® K) independent of E — E® L, L? trivial

A3T = O(2), quadrics invariant by z; — +z; (even number)

6
Z aixiz =0
1=1

(aq,...,ag) modulo (1,...,1),(u1,...,ug): 4-dimensional



o C genu@E rank 2 AZE trivial

N = Coble quartic hypersurface Q C =X

M.S.Narasimhan & S.Ramanan, 2© systems on abelian vari-

eties, Vector bundles and algebraic varieties, Bombay 1984,
OUP (1987) 415 — 427.

normal bundle

4

0 —=Tg—Tp7r — 0O4)—0

e ON ()

0 — AN*To(—4) = N*Tpr(—4) 0



e C genus 3, E rank 2 AZE trivial
N = Coble quartic hypersurface Q C =¥

M.S.Narasimhan & S.Ramanan, 2© systems on abelian vari-

eties, Vector bundles and algebraic varieties, Bombay 1984,
OUP (1987) 415 — 427.

e ON ()
0 —=Tg—Tp7r — 0O4)—0

0 — AN*To(—4) — N*Tp7(—4) — N3Ty — 0

¢ 0= Op7(—1) = C® = Tp7(—1) —» 0

0 — AN3Tp7(—4) = N*C8® -(A*Tp7(—4))> 0

= HO(P,A*T57(—4)) = N*C8



e Heisenberg group Zo — N — Z§ =2 H(C,Z>)
acts on C® and dim(A4C8)l =7

= 7-dimensional invariant subspace of H°(Q,A\3T)



e Heisenberg group Zo — N — Z§ =2 H(C,Z>)
acts on C® and dim(A4C8)l =7

= 7-dimensional invariant subspace of H°(Q,A\3T)

¢ 0= HYQ,N*Tp7(—4)) — HO(Q,N3T) — HY(Q,N°T*) — 0
e dmHI(Q,N2T*) =g =3

e invariant subspace of HO(N,A3T) of dimension 7 + 3 = 10

dim HO(C,K3) =59 — 5= 10



e ON ()
0 —=Tog—Tpr = O4)—0

0 — A*To(—4) = N*Tp7(—4) = N3Tg — 0

¢ 0= Op7(—1) = C® = Tp7(—1) —» O

0 — N3Tp7(—4) = N*C8 — A*To7(—4) — 0

= HO(PT,A*T57(—4)) = N*C8

® Okt = 0; N 8j N O N\ Oy € /\4TP7(—4)

quartic ¢ =0, dg € H(Q,T%;(4)), iqqo0 € HO(Q,N3T)

@1234, TdqC 5678]@




o C genL@E rar@\zE trivial

N £ double covering of P8,

branched over a sextic hypersurface

A. Ortega, On the moduli space of rank 3 vector bundles on
a genus 2 curve and the Coble cubic, J. Algebraic Geom. 14
(2005) 327-356



e C genus 2, E rank 3 A2E trivial
N £ double covering of P8

branched over a sextic hypersurface

A. Ortega, On the moduli space of rank 3 vector bundles on
a genus 2 curve and the Coble cubic, J. Algebraic Geom. 14
(2005) 327-356

op:N—>P8,

p*ON = Op8 D Op8(—3)

e HON,A3T) — HO(PB,A3T



o HO(P8 A3T(-3)) = A3C?

e invariants by Heisenberg group Z3 — I — H1(C,Z3)

>~ C4 22 anti-invariant part of H1(C, K—2)

e SL(3): degree 5 invariant form...



INTEGRABILITY:

iIntersection of quadrics



e intersection of quadrics X, dimension 2g — 1
— moduli space of semi-stable Spini(2g) bundles
on hyperelliptic C, genus g, invariant by involution

(S.Ramanan 1981)

e Higgs fields adjoint representation, consider SO(2¢g)-bundles
Invariance = degenerate orthogonal bundle on pl

(U.Bhosle 1984)

dz3
o H(C,K3) = (p(2)y + Q(Z))y—3
degp =29 — 3,degqg =3g — 3

dz3
p(cbla cDQa CD3) — Q(Z)y—3



e Higgs field & rank 2

(V.Benedetti et al 2025)

moving frame =

N N 2
L3Y; Yy
P(e1) = — e — —eo
z;]_z_lu@ @; I22)
N 332

XL
d(en) = Z — e + Z @y; eo
—_— 1 1

quasi-parabolic Higgs field on P!



e Higgs field & rank 2

(V.Benedetti et al 2025)

moving frame =

N N 2
L3Y; Yy
P(e1) = — e — —eo
z;]_z_lu@ @; I22)
N 332

XL
P(ex) = Z — e + Z @y; e
—_— 1 1

quasi-parabolic Higgs field on P!

e fix parabolic structure y; = c;x;

cotangent vectors spanned by

2 . y
x: —c;  —C;
z—pi\ 1 g




2(01 —c2)(co2 —c3)(c3 — 61)
(2= p1)(z—p2)(z — p3)

o tr([®y, ds], P3) = 2z%25x

(5’32y1 — 21y2)(z3Yy2 — z2y3)(x1Y3 — £3Y1)

(z — p1)(z — p2)(z — p3)

X AN X ik /\sz
i)~ 1) — )

o p=2 Z (- _ Xij€50(2g+2)

_ AXZ‘7 N Xjk N Xt
e polyvector fields p; = Z '
ipaes (i = 1) Qg — pug)



2(01 —c2)(co2 —c3)(c3 — 61)
(2= p1)(z—p2)(z — p3)

o tr([®y, ds], P3) = 2z%25x

(5’32y1 — 21y2)(z3Yy2 — z2y3)(x1Y3 — £3Y1)

(z — p1)(z — p2)(z — p3)

X AN X ik /\sz
i)~ 1) — )

o p=2 Z (- _ Xij650(2g+2)

_ AXZ‘7 N Xjk N Xt
e polyvector fields p; = Z '
ipaes (i = 1) Qg — pug)

Why do these commute?




Compare: Knizhnik-Zamolodchikov

Q;

Q=

° Aizz

jFi Hi — MKy

[A;, A;] = 0 for all p if for distinct 4,5, k, £

[€2;4,21¢] = O, [€2;5, 21, + 2,] = O



Compare: Knizhnik-Zamolodchikov

Q;

Q=

jEi Hi — MKy
[A;, A;] = 0 for all p if for distinct 4,5, k, £

[€2;4,21¢] = O, [€2;5, 21, + 2,] = O

2;;, alternating

e = Y $25k
Z ipaes (i = ) Qg — )

o [pi,p;] =0 if [k, 2emp] = 0 when indices are distinct

or have two in common

or [Q123, 2145 + 2045 + Q345] =0 etc.



Our example: €2, = X;; N X A Xy

e distinct indices ~
s0(3) for orthogonal 3-dimensional subspaces

= {2103, 82456 COMMute

o [X10 A Xo3 A X31,X10A Xoa A Xg1] =0

compute in s0(4)

o [2123,145 + Qoyg5 + Q2345] =0

50(5) = s0(5)* bi-invariant 3-form commutes with everything



Note:

e g >4, rank 2 HOY(N,A?T) =0 but

n—|—3)

: 0 2 _
dim H(Q N Qu, A T)_( .

o= (u1+ po —pu3 — pna)X12 A X3a+

+(p1+p3—pa —p)X13A Xao + (u1 + pa — po — pu3) X14 A Xo3

e 0 and [o, o] not IM-invariant

Poisson structures:

F.Loray, J. V.Pereira & F.Touzet, Foliations with trivial canoni-
cal bundle on Fano 3-folds,Math. Nachr. 286 (2013) 921—940.



P.Belmans : dim H°(Q N Qu, A°T) = <n1_3>

e 50(4) = N2R* = /\?F B N2

e trace-free symmetric tensors: /\?I_ 2 N2

| 1 &
o diag(u1,p2,p3,14) = > il
1=1



P.Belmans : dim H°(Q N Qu, A°T) = <n1_3>

e 50(4) = AN°R* = N2 p A2

_I_

e trace-free symmetric tensors: /\?I_ 2 N2

| 1 &
o diag(u1,p2,p3,14) = > il
1=1

e dim HO(X,A3T) = [0, 19, 98,322,840, 1890, 3828, 7161...]



HOMOLOGY AND COHOMOLOGY



o HO(N ,A3T) C H*(N,N*T) tangential cohomology

e cxterior multiplication 4+ Schouten bracket



o HO(N ,A3T) C H*(N,N*T) tangential cohomology

e cxterior multiplication 4+ Schouten bracket

e contraction with classes in H*(N, A*T™*)

e.g.
HY(N,T) @ HY(N,A\2T*) — H?2(N,T*)

HY(c, K1) o HY(C,K) —» H(C,0)

HON,NA3T) @ HY (N, N2T*) — HY (N, T)

HI(C,K—2)® H(C,K) - HI(C, K1)



e Odd integrable system =

Schouten-commuting algebra acting on H*(N,A*T)

e e.g. action of p € HOY(WN,A3T) on HY(WN,T)
= class in HL(N,A\3T)
— obstruction to extending in deformation of complex

structure
=0



e c1 >0= HIN,NPT) = 0 for g > p (Kodaira-Nakano)



e c1 >0= HIN,NPT) = 0 for g > p (Kodaira-Nakano)

e rank 2, HO(NW,A2T)=0g¢> 4

(= no noncommutative versions)

e commuting polyvector fields



e c1 >0= HIN,NPT) = 0 for g > p (Kodaira-Nakano)

e rank 2, HO(NW,A2T)=0g¢> 4

(= no noncommutative versions)

e commuting polyvector fields

e HI(N,T) deformations



e c1 >0= HIN,NPT) = 0 for g > p (Kodaira-Nakano)

e rank 2, HO(NW,A2T)=0g¢> 4

(= no noncommutative versions)

e commuting polyvector fields

e HI(N,T) deformations

o HO(N, APPT) Verlinde formula



e c1 >0= HIN,NPT) = 0 for g > p (Kodaira-Nakano)

e rank 2, HO(NW,A2T)=0g¢> 4

(= no noncommutative versions)

e commuting polyvector fields

e HI(N,T) deformations

o HO(N, APPT) Verlinde formula

e Wwhat else? exterior products?




e HKR isomorphism:
Hochschild homology = H*(M, N\N*T™)

Hochschild cohomology = H*(M,N\*T)

e additively: multiplicatively compose with v td

Hochschild cohomology &5 HY(N,APT) &£ HH"™(N)
ptq=n

e HH"(M) is an invariant of the derived category D°(M)




e For rank 2 DY(N) semi-orthogonal decomposition
with components DY(CR)) 0 <k < g—1
(Ck) = symmetric product)

J. Tevelev & S.Torres, The BGMN conjecture via stable pairs,
Duke Math.J. 173 (2024) 3495—-3557.

J. Tevelev, Braid and phantom, arXiv:2304.01825v3

o - — HH™(WN) — HH™(CHK)) — ...



e For rank 2 DY(N) semi-orthogonal decomposition
with components DY(CR)) 0 <k < g—1
(Ck) = symmetric product)

J. Tevelev & S.Torres, The BGMN conjecture via stable pairs,
Duke Math.J. 173 (2024) 3495—-3557.

J. Tevelev, Braid and phantom, arXiv:2304.01825v3

o - — HH™(WN) — HH™(CHK)) — ...

o HH2(N) = H?(N,0)® HI(N,T) @ HO(N,A\2T)

HH2(C®) = g2(cF) 0) @ H1(C®), T) @ HO(CF) A2T)



e For rank 2 DY(N) semi-orthogonal decomposition
with components DY(CR)) 0 <k < g—1
(Ck) = symmetric product)

J. Tevelev & S.Torres, The BGMN conjecture via stable pairs,
Duke Math.J. 173 (2024) 3495—-3557.

J. Tevelev, Braid and phantom, arXiv:2304.01825v3

o - — HH™(WN) — HH™(CHK)) — ...

o HH2(N) = Hz})/,(’)) ® HL (N, T) @& HON/N?T)

HH2(CF)Yy = g2(cF), 0) e HL(CF), T) @ HO(C("“/,//\QT)



e HIWW.,T) = HY(C, K1) = HY(c(®) 1)

e vVtd = (p,p) classes
HP(N,ANPT*) @ HI(N,NIT) — HPTI(N ,NI~PT) =0

= usual exterior product in H*(N, A*T)



e HIWW.,T) = HY(C, K1) = HY(c(®) 1)

e vVtd = (p,p) classes
HP(N,ANPT*) @ HI(N,NIT) — HPTI(N ,NI~PT) =0

= usual exterior product in H*(N, A*T)

e products of classes in HY(N,T) c HH?(N)
map to products of classes in Hl(C(’“),T)

— non-trivial k-fold products for £k <g—1

e Conjecture: These vanish for k£ > g

(Note: if g =2, H2(N,N\?T) = 0)




Note: INTERSECTION X29-1 OF TWO QUADRICS

e D'(X) ={D"C),0x(1),...,0x(29)},
C hyperelliptic genus g

A.Kuznetsov, Derived categories of quadric fibrations and

intersections of quadrics, Adv. in Math. 218 (2008) 1340—
1369.

e HP(X,N1T)=0 for p > 2 (exact sequences from Q,Q.)



P.Belmans + 8, On decompositions for Fano schemes of inter-
sections of two quadrics, arXiv:2403.12517v2

X =Fp(Q1NQ>2)

— k-dimensional linear subspaces (dim(Q1 N Q»>) odd)

Conj: For k=0,...,g—2, D’(X) has a semi-orthogonal
decomposition with copies of DY(C()) for0<i<k+1

o I, 2(Q1NQ2) =

moduli space N of quasiparabolic rank two bundles on Pl

e do g-fold products of H1(N,T) vanish?



