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THE HYPERKAHLER METRIC



e curve C g > 2

e Higgs bundles (E,®), ® € HY(C,End E ® K)

e Hermitian metric: equations F4 + [®,P*] =0

equivalently V 4 4+ e?® + e~ ¥d* is a flat connection for all 6



e Mmoduli space M: infinite-dimensional hyperkahler quotient

e complex structures I, J, K
I: moduli space of Higgs bundles
J: moduli space of flat connections

Hom (w1 (C),GL(n,C))/GL(n,C)

o (M,I), complex symplectic form w, + w3, depends on

complex structure of C

(M, J) complex symplectic form wsz 4+ iwi, independent of
complex structure of C




e isometric circle action @ — P

e holomorphic on (M, I), preserves Kahler form wq

vector field X, moment map f = —||®||?/2

e on Mp = (M, J) wo = Kahler form wo, = —dJdf

f: Mp — R determines the hyperkahler metric




e 7 = Teichmuller space

complex manifold, parametrizes complex structures on C

e action of mapping class group wg(Diff(C))

o f: MpxT —-R
determines all hyperkahler metrics

— the geometry of the universal family



L. Alvarez-Cénsul, M.Garcia-Fernandez, O.Garcia-Prada & S.Trautwein,
Universal Hitchin moduli spaces, arXiv:2512.07553

B.Collier, J.Toulisse & R.Wentworth, Higgs bundles, isomon-
odromic leaves and minimal surfaces, arXiv:2512.2512.07152

e (M,I) = Mp, = moduli space of Higgs bundles (E, P)

= holomorphic family over T

e isomonodromic leaf = Higgs bundles defining the same

point in (M, J) = Mpg = character variety



L. Alvarez-Cénsul, M.Garcia-Fernandez, O.Garcia-Prada & S.Trautwein,
Universal Hitchin moduli spaces, arXiv:2512.07553

B.Collier, J.Toulisse & R.Wentworth, Higgs bundles, isomon-
odromic leaves and minimal surfaces, arXiv:2512.2512.07152

e (M,I) = Mp, = moduli space of Higgs bundles (E, P)

= holomorphic family over T

e isomonodromic leaf = Higgs bundles defining the same

point in (M, J) = Mpg = character variety

e Aim: Use f to construct the holomorphic family on Mg x 7T




CONNECTIONS



e fibration = : £ — B, fibres = M

Ehresmann connection = horizontal subbundle H of T'E

e associated to principal Diff(M) bundle, action on M



e fibration = : £ — B, fibres = M

Ehresmann connection = horizontal subbundle H of T'E

e associated to principal Diff(M) bundle, action on M

e adjoint action = covariant derivative on C*°(Ty)

T'r = tangent bundle along fibres

e VyY = [X,Y], X = horizontal lift of X



OEIMBXT%TZB

flat connection Vg, preserving J and ws,wq

e acts on Hamiltonian vector fields wrt wq
h: Mpx B — R = section of the adjoint bundle

V ph = derivative in the direction of the base B
: 1
o fAig= —E/C,LLU’CDQ ue QO1(C, K*)

Vpf = B, a section of n*T';

f=iyB, Y €Tg =2 HY(C,K*)



e Circle action along fibres, preserves w1

does not preserve Vg

e transform Vp = Sl—family of flat symplectic connections

e connections form an affine space — average over the group
invariant connection V4 = Vg + ¢, c section of n*T';

e.g. function h, V 4h = dgh + {c, h} (Poisson bracket)



e Circle action along fibres, preserves w1

does not preserve Vg

e transform Vp = Sl—family of flat symplectic connections

e connections form an affine space — average over the group

invariant connection|V 4 = Vg + ¢,|c section of 7#*T';

e.g. function h, V 4h = dgh + {c, h} (Poisson bracket)



e wy constant (Vgwi = 0)
Vplf,ht ={Vpf.h} +{f,VBh}
= (LxVB)h ={Vpf,h} ={B,h}



e wy constant (Vgwi = 0)
Vplf,h} ={Vef,h}+{f,VBh}
= (LxVB)h={Vpf,h} ={8,h}

, 1
® go=6—|—z*y:—§/c,utrd>2
d — P acts as 29 on ¢

= Lxp =2ip and vy = —2Lx



e wy constant (Vgwi = 0)
Vplf,h} ={Vef,h}+{f,VBh}
= (LxVB)h={Vpf,h} ={8,h}

, 1
® 90=B—|—7/y:—§/c,utrd>2
d — P acts as 29 on ¢

= Lxp =2ip and vy = —2Lx

e LxV =0 (invariance) = Lx(Vp

= Lxc=—0=Lxv/2

c = —
27




1 ) _
. VBZVA+§”Y:VA—Z(SO_SO)

e S1 family of flat connections

1 : 240 —
VHZVA_Z(GQZHSO_G QZHQO).

e Flatness:

1
dap = 0, {e, 0} =0, Fp—+ g{cp, ¢t =20

(w1 Poisson brackets)



THE HIGGS BUNDLE ANALOGY



e V, — “unitary connection”
Lie group — Hamiltonian diffeomorphisms of (M, w1)

Lie algebra — functions h: M — R

e Sl-invariance =
V 4 acting on functions commutes with h — {f, h}
= Vaf =0

— connection reduces to stabilizer of S1 C Ham(M)

e 04 — holomorphic structure on complexification of adjoint bundle



e o — "“Higgs field”

{p,p} =0, wy Poisson bracket

o =) dt

I-holomorphic, wy type (1,1)

e g,h holomorphic

Hamiltonian vector field of g: X, =Y w? ij 09 O

02,0z



Sl_action ¢ — 2y

“variation of Hodge structure”

invariant by ¢ — —op

Lie algebra C*°(M) ® C

= (f) @ odd weights @& even weights



But...

o Sl-family of “unitary” connections

e involution on Lie algebra h— h

1 _
1) §{90’90}:O ~ Fp— [P, ®*] =0

e ~ (pluri)harmonic map to compact G or symmetric space



THE CONNECTION V4



e V, f=0and V4X =0

e parallel translation: path ¢ : [0,1] — T

integrate a time-dependent vector field to give a Hamiltonian
isotopy from the fibreatt=0tot=1

e M noncompact but note: |f| < N compact since f is proper

Vaf = 0= flow within a compact region,



Vaf=0and VX =0

parallel translation: path g : [0,1] =T

integrate a time-dependent vector field to give a Hamiltonian
isotopy from the fibreatt=0tot=1

M noncompact but note: |f| < N compact since f is proper

Vaf = 0= flow within a compact region,

Corollary: fixed points of S!, or of a subgroup, are diffeo-
morphic on varying the complex structure

e.g. cyclic Higgs bundles



e curvature F4: section of w*AQTg C /\2Tj'{/le

1 1 5
51 — - _= b
FA+§{%S@}—O © Q/C,Ut"( )

o [l € HY(C, K*) =Tg" = ¢ type (1,0)

— F, type (1,1)




e curvature F4: section of 77*/\2’_13’* C /\QQM’*XB
1 1
Fao+ —{p,p} =0 ————/ tr(d?

o [l € HY(C, K*) =Tg" = ¢ type (1,0)

— F, type (1,1)

O={p,p} ={8+1v,8+iv}
= {8,7} = 0,{8,8} = {7}

o {p,0} ={B+1iv,8—iv} =2{v,v}

Fy=—{v,7}/4




dap =0

o dpp = {7, p}/2

= dgy = {v,7}/2 = —2F,



dap =0

o dpp ={v,¢}/2

= dgy = {v,7}/2 = —2F,

e /p = complex structure on B = Teichmuller space

Ig(B+iv) =i(B +iv) = dplpdpf = 2F,

” _
o 2F )y =dplpdpf = —Qiz 5 ;t_bdta A dtp,
ab 7"

Levi form/ complex Hessian



Fa+ —{p, ¢} =0

— 8@ 8gob
o {p p}= Z w E@za 97 dtq A dity,
a,bk. ¢ k ©~L

e wy positive definite Hermitian form

8g0a
8zk

complex matrix J,. =

o —2f = ||P||2 ~ energy of equivariant harmonic map

= Levi form is non-negative



D. Toledo, Hermitian curvature and plurisubharmonicity of energy
on Teichmiiller space, GAFA 22 (2012), 1015—-1032.



D. Toledo, Hermitian curvature and plurisubharmonicity of energy
on Teichmiiller space, GAFA 22 (2012), 1015—-1032.

O. Tosic, Non-strict plurisubharmonicity of energy on Teichmdtiller
space, IMRN (2024)(9), 7820—7845.

390a
8zk

e kernel of Levi form = null space of J . =

= {YGTB:?:YX(’Q:O}
(X, = Hamiltonian vector field of ¢ wrt wq)

= critical point of iy

(= quadratic function of the integrable system )



e Thm: (ToSic) Define R: M x B — M by
R:(FE, &)= (F,id).

Then the kernel of the Levi form is the kernel of the derivative
DR restricted to Tg.



e Thm: (ToSic) Define R: M x B — M by
R:(FE, &) X(F,id).

Then the kernel of the Levi form is the kernel of the derivative
DR restricted to Tg.

e Prf: The kernel of DR is the intersection of the horizontal
space of Vp =V, 1+ v/2=V 4 — z(¢ — ¢) and its transform

=D



e Thm: (ToSic) Define R: M x B — M by
R:(FE, &) X(F,id).

Then the kernel of the Levi form is the kernel of the derivative
DR restricted to Tg.

e Prf: The kernel of DR is the intersection of the horizontal
space of Vp =V, 1+ v/2=V 4 — z(¢ — ¢) and its transform

=D

Transform =V 4 —~/2

1 : _ 240 —
VA_Z(QQZGSO_G 2@«990).

= intersection is defined by 2y X~y = 0.



MxT AS A COMPLEX MANIFOLD



e complex structure I on fibres

complex structure Ig on base B =T

Y

e horizontal subbundle H = 7*T'g, Typyxg =1Tr ® H

almost complex structure (I,7*Ip)

Thm: This almost complex structure is integrable.

o T: M X B — is holomorphic

e Sl c C*-action is holomorphic

e o is a holomorphic 1-form



Prf:

® Opxp =0p+ 94 we need 82, 5 =0
02 = 0 (fibres holomorphic)

0% = 0 (B holomorphic and F, type (1,1))

o W = wo + 1wz defines complex structure on fibres

(6 type (1,0) iff (W) A O =0)

® 004+ 040F = 0 if 9w’ =




e tangent direction Y on B, 1y =50

variation of ws + ‘w3z = wo (w3 fixed)

wo = —dJdf = ty = —dJdb

1
e V4, =Vp+ ECXC where 1yy = c

1 1
o Vyw' = —dJdb+ dJd(b+ic) = ZdJd(~b+ ic)

(0,1) component vanishes



—XAMPLE

e I/ rank 2, N2E fixed, odd degree

C genus 2: y? = (z—p1) - (z — pe)

e moduli space of stable bundles N' = QN Qy

6 6
Soaf=0= 3 pi;

T*N C M moduli space of Higgs bundles

e Mmoduli of complex structures on C ~

{m1,...,mey modulo PSL(2,C) ~ {u1,pu2,u3,0,1,00}



6 (z;y; — 1) 2
Yj — TjYi)
o p=4) > —F—"dy
i=1j7%i Mg~ Hi

z Ay € N?CP € T*Q coadjoint orbit of SO(6,C)

A.Beauville, A.HOring, J.Liu & C.Voisin, Symmetric tensors on
the intersection of two quadrics and Lagrangian fibration, Moduli
(2024)



REAL FORMS



G real form of G¢

character variety: Hom(n1(C),G)/G
Higgs bundles: H C G, maximal compact g=§Im

principal H-bundle, ® € HY(C,m‘ ® K)

circle action @ — e

M" x B, average connection etc.



=XAMPLE: G = SL(2,R)

e Hom(mw1(C),SL(2,R)) uniformizing representation

e Higgs bundle:
K20 K12 o(u,v) = (qu,u), q € HO(C, K?)

e holomorphic fibration: Ho(C,K?) > M"x B — BT



=XAMPLE: G = SL(2,R)

Hom(m1(C),SL(2,R)) uniformizing representation

Higgs bundle:
K20 K12 o(u,v) = (qu,u), q € HO(C, K?)

holomorphic fibration: H(C,K?) - M"x B— BT

p € HO(M" x B, 7*T}%) defines M" x B = T*B

— cotangent bundle of Teichmuller space

(¢ becomes the canonical 1-form)



A HERMITIAN METRIC



® T(MXB)gTF@H

define a Hermitian metric so that these are orthogonal



® T(./\/l X B) g’.Tj?QEI‘I
define a Hermitian metric so that these are orthogonal

1
o N2T% =2 N2H* w1 — w1 — EdFW

e Kahler forms wqy on Ty, m*w on H

w Weil-Petersson form

1
O=m"w+ wiy —Edpv



® T(MXB)gTF@H

define a Hermitian metric so that these are orthogonal

1
o N°T% =2 N?H* w1 — w1 — EdFW

e Kahler forms wqy on Ty, m*w on H

w Weil-Petersson form

1
O=m"w+ wiy —Edpv

o dw # 0, 00% #~ 0...



THE QUANTUM LINE BUNDLE



1
o Wi — Edw is closed and

1 1

— W1 — EdFW — gdBW

1
. EdB’Y = —Fy type (1,1)

°o = wi-— %dV — curvature of a unitary connection

on a holomorphic line bundle L



e w1 = curvature of prequantum line bundle on M

connection V independent of complex structure

1
o dp+V — 57 = connection on L

restricts to V on each fibore M C M x B

e . = holomorphic extension of prequantum line bundle



e V on prequantum line bundle

invariant under action of Hamiltonian functions

h-s=Vx,s+ihs



e V on prequantum line bundle

invariant under action of Hamiltonian functions

h-s=Vx,s+ihs

1
e symplectic connection V,4=Vp— —v

2
Lie algebra of Hamiltonian functions on M

e preserves V on L

PY v%»l — gA _l_ vO,l

holomorphic sections V91ls =0,5,4s = 0



