NIVERSITA Andrea Signori
| TORINO INFN g

University of Turin and INFN

Istituto Nazionale di Fisica Nucleare

Introduction to
transverse momentum imaging
lecture 2
International school on TCTS, Bangalore

probing hadron ctructuvre at the EIC ]auua.ry 31, 2029



DIS cross section (polarized nucleon)

P Py I
dzpdydps  2Q*

Ml/(la lla )‘e) 2MW“V(q) P7 S)

dO' 2052 ‘1/2 Y
- 1—y+ L )F i — ) B+ 5% (1— —) F
dzp dy dds xByQQ{( Y+ 5 )fUU1 + ( y) Fuu.L + SpAe y 9 ) FLL
+ |ST|Ae y3/1 — y cos s Frp O} F...: functions of x, Q

[ Up to now no partons ... ]

[ How do quarks and gluons emerge in this description? ]

For a summary see e.g. https://inspirehep.net/literature/732275



https://inspirehep.net/literature/732275
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2. Non-collinear partons



Light cone dominance See also M. Radici’s lectures

2MWu(g,P,S) = Yy [ $E64P +q — Px) (PS|J(0) |Px) (Px| J,(0)|PS)

By using :
e properties of delta
e completeness on the intermediate states and
e translating the argument of the current

2MW,(q, P, S) = % [ d'¢ ¢i1<(PS| [ J}(9), 7.(0)] | PS)

e Causality implies: ¢ >0
e Riemann-Lebesgue lemma implies W is zero unless: ¢° — 0

[Thus , the W is dominated by what happens at £ ~ 0 ] I:> [We can use the OPE! ]




Operator Product Expansion (OPE)  see wutas book for i

A(z)B(y) = Y., Ch(z —y)On(z),  when |z — y| is small

N\

operators Coefficients (lower n : more dominant)

Thanks to the light cone dominance, we can apply this to the hadronic tensor:

ek eno - srse(lbe o]l
Ju(€) =+ (&) @y ¥(&) :




Operator Product Expansion (OPE)  see wutas book for it

2MW,,(q, P, S) = L [d€ et <PS‘ [J,I(a:), J,,(O)] ‘PS>
/&ﬁ\ T(6) = $(E) Qe 9(6) :
TGN
wv@vw + | | n w

Disconnected quark-antiquark higher-twist

[ irrelevant ] [ dominant ] [ suppressed ]
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Partonic interpretation

2MW,,(q, P, S) = L [d€ et <PS‘ [J,I(a:), J,,(O)] ‘PS>
/%j\ T€) = ¢ B(E) Qe 9(O)

>

o 2MWH (q,P,S) = 3, €2 3 Tr [®(z, S) v* v 7]

Y

— d(x,S) : “collinear” quark correlator

quark-antiquark

(handbag diagram) [CUB =T = k+/P+] — measure collinear parton dynamics

[The quark transverse momentum is integrated out in DIS ]
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Quark distribution correlator (collinear)

See also M. Radici's lectures

Dij(k, P, S) = [ (5 ko (PS|4),(0) (&) | PS) p o
TA
/ dk* dk~ d’kr 6(k* — zP")®(k, P, S) =
e
—>bo —— -
= [ et PS|5,0) 61 [PS) e 0

I:> Parton physics on the light cone <:I




Collinear parton distribution functions

|

|
®;;(k, P, S) :non-perturbative hadron structure matrix — j —_—

P, S P, S
1
®(z,S,T) = 5 ++ — unpolarized PDF
! longitudinally polarized PDF
— + — long y polarize
(9@ 75 (helicity)

“Leading twist”
approximation

1
—z’a,w vsnt SY+  — transversely polarized PDF
2 (transversity)

1
ESLL]/L+ — Tensor polarized PDF
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Ok, but ...

what about transverse momentum?
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Where is transverse momentum?

o o’y
dzpdydps  2Q*

Ly (LU, Ae) 2MWH (g, P, S) INCLUSIVE DIS — differential in xB

We need a process with an “experimental handle” on
transverse momentum, for example Semi Inclusive DIS

P 2MWH (g, P, S) =

|
I
|
! Y
|
I
T
|
I

‘ eg % Tr [(I)(:L', S)y# Tt 'y”]

— d(x,S) : “collinear” quark correlator

quark-antiquark [:BB ~x = k+/P+] — measure collinear parton dynamics

[The quark transverse momentum is integrated out in DIS ]
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Deep-inelastic scattering ., - v - 1) + xPw)




Semi-Inclusive DIS

https://inspirehep.net/literature/732275

L)+ N(P) — L")+ h(Py) + X,

14
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Cross section DIS vs SIDIS

Q2
T =
S} q
P« 1Py
2 = .
h P g
“Handle” on[collinear parton dynamics ]
d’ a’y
= BV, Ae) 2MWE (4, P, § DIS
dyd(,bS 2@4 w () ) (q )
“Handle” on[transverse parton dynamics]too \/
6 2
iy Y L (LT, A 2MWH (g, P, S, By) SIDIS

@@RAYAzYsdSdPT] — 221 QF
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SIDIS hadronic tensor (unpolarized)

Compared to DIS, there are five structure functions
instead of two for unpolarized target

They depend on two extra variables

2z,
QMW (q, P,S) = =

[— ¢ Fyur(zg, zn, P?L, Q%) "']{#tVF‘UU,L(xBa g B %) ]

AL P 7 Aoy < . ‘ B B e Lo Y, S 2 3 B B
+ (B0 + b [P ™ wm o, By Q@) 4 (R + o JEG ™ (o, 2 PR, @)

v AN sin ¢y, . 2 2
_l(t ll _t }l DFLL,Y (.EB,Zh,.Ph_L,Q ) s

rp

Eha
|Ph,_L|

h=



SIDIS cross section (unpolarized)

do
2 2
drdydpg dzdg, P2, | Fuon(@,2 B, Q%)
(12 y2 A ~COS @}, Ccos 2¢;
o waQ 5 (1 = 5) F(_,:L.-'_'j' + € I‘(»,"[__,"_L = 28(1 + ET) CcOS (f)h ﬁl.»"l_»’ Pl €COS(2¢;L) Fl.f'l»’ B

+ A /2e(1 —¢€) singy, Fip }

5 structure functions for unpolarized target

For more details see https://inspirehep.net/literature/732275
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SIDIS cross section (polarized nucleon - spin 1/2)

do
drdydos dz doy, dP,? L

2 2

(l 1 (()\() (()\
= = {f(( r+eFyy L+ V2 g) cos oy, F " +ecos(2¢y) F; S

Ty Q2 2(1—¢)

+Xe V/2e(1 —€) singy, F \“”' + SL

25(1 -+ E) SlIlQh \lu( h s SlIl(Qéh) \“, 2¢n

+SL /\e [\/1_52 }«LL_i_ / (OSOh (uso;

18 structure functions

s ) sin(¢gn —dg) Sin(¢p—aos) -mfu, dg)
+ St [sm(m cbs)( vty teFyn. ) e sin(gn + és) Fyr ™" for polarized nucleon target

+e sin(3gn — ¢s) For "% + v/2e(L+€) sings Fyp® Dependence on spin and
azimuthal angles.
+v/2e(1 +¢€) sin(2¢n — ¢5) Fomp2979) | L SrA, [\/1 — €2 cos(¢p — ¢s) Foos@n=9s, One can build
asymmetries to
T o5 oos s FE4% 4+ /T2 conl(Zn — ) o _]]} single out contributions
For more details see https://inspirehep.net/literature/732275 18
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SIDIS cross section (polarized deuteron - spin 1)



Partonic interpretation: TMD correlators

2M W, (q,P,S,P) = Yy [ 555 64(P+q — Px) (PS|J}(0) |P, Px) (P, Px| J,(0)|PS)

+ higher twist
(suppressed)

The presence of an identified hadron does not allow us to use the commutator form
— OPE not applicable

Use “diagrammatic approach” — use quark correlation functions for hadron structure
and formation : it corresponds to the result in TMD factorization (when there is one)
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Partonic interpretation: TMD distributions

+ higher twist
(suppressed)

2z
2MW (i, P8 Py) = x—}: C[Tr(é(wg,p:r, S)v* A(zn, kr)v” )}

ClwfD] = w62 [ @pr el (pr—ter—Pus/2)wlpr, kr) £(,53) D*(z, )

[We can describe the measured t.m. with the partonic transverse}

momenta in the target and in the hadronization! 5




Quark distribution correlator (TMD)

B,(p, P, S) = J <2 7€ (PS]3,(0) i(0)| PS) ;o
TA
€_7€T

(I)ij(ma pT,S) — /dp+ dp~ 5(p+ - $P+)q)(p, P, S) = /

d d¢r _ .
:/52_7r€T &7 € (PS|4;(0) i(6) [PS) ¢ o
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Quark TMD distribution functions (spin 2)

quark pol.
At leading twist: 8 TMD PDFs
U L T
. - (similar classification for gluons)
8 | U| f hi
=
I
9| L g1L hit
O The symmetries of QCD play
5. JL
c | T | fir | o1 | ha, hap a crucial role in this classification
e Black: time-reversal even AND collinear Quark inside spin % hadron

e Blue: time-reversal even

e Red: time-reversal odd (process dependence)



Quarks| 7 |7TH°| io*TH®
U f1 hiL
L g1 hit
T fir | o1 hi, hir
LL |fire hirr
LT | firr|girr |hict, hivr
TT | firr |girr |ParT, hirr

Quark TMD distribution functions (spin 1)

At leading twist: 18 () TMD PDFs

(similar classification for gluons)

The symmetries of QCD play
a crucial role in this classification

Quark inside spin 1 hadron

24



Quark TMD PDFs (spin %)
-Op» sinclecn with teansverse or longitadinal sisin fir = —@#— —@

-Ol> @ parton with transverse or longitudinal spin

parton transverse momentum B = @ - @
- © RO CE
i @ - @
OOy Ry

Figure 3.5: Probabilistic interpretation of twist-2 transverse-momentum-dependent distribution functions.
To avoid ambiguities, it is necessary to indicate the directions of quark’s transverse momemtum, target spin
and quark spin, and specify that the proton is moving out of the page, or alternatively the photon is moving
into the page.

From Bacchetta’s “Trento” lecture notes 25




Quark fragmentation correlator (TMD)

PrySy Py, 85

iy

A%hj(k’Ph’Sh) EXf d€ Zk€<

i (€)| X PuSh) (X PySh|th;(0 ‘O |

T
€+’ §T

Aij(Z, kTa Sh) = /dk_ dk+(5<k_ — %P{)Az](k, Ph,Sh) = /
-+

0
_ Z/ % e K4 (0[¢h;(&) | X PuSh) (X PrSh|1;(0)|0) ¢ =
X




Quark TMD fragmentation functions

quark pol.

U L T At leading twist:
. n 8 TMD FFs and
Q U D Hj 3 collinear FFs (diagonal)
c
e L GlL /HlJ_L
= / The s ies of QCD pl
5 L n ymmetries of QCD play
<~ T DlT GlT/ Hy, HlT a crucial role in this classification

/

Collins function

27




Quark fragmentation and propagation

See https://inspirehep.net/literature/1797479

Phash

Z/d4phk/\k k : k

—_—

h,Sh

Fragmentation correlator Cut quark propagator
The hadronization mechanism, and thus fragmentation functions, is
connected to the dynamical content of the propagator

E.g. connection between twist 3 fragmentation functions and dynamical quark mass

hadronization <= chiral symmetry breaknig
28
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Gluon corre latOrS See also https://inspirehep.net/literature/534393

|

(O[F*(0)| PrSnX) (PrSh X | F77(£)[0) el

V;,po d4§ 1 v o T
D (. P.S) = [ o e (PSIF(0) P (©)1PS) p
A d4§ : Pp,Sp Py, Sp
F“V’pa(k,Ph,Sh) — Z / > ezk:§ % :
= (2m)4 / | \
k | k
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Quark and gluon TMD PDFs - spin 1/2

ct

1]
—d4r

ij

k.. k3, ete.

Quarks| 7" |77y s
U J1 hi
L g1 hit
T fir | oir | ha, hir

See https://inspirehep.net/literature/1505204 for more details

Gluons 167
U J1 hi
L g1 hit
T fir | oir hi, hir

30
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Quark and gluon TMD PDFs - spin 1

1]
—d4r

ij

k.. k3, ete.

Quarks| vt |yty°| iotty®
U f1 hi
L g1 hit
T fir | oir | ha, hir
LL |firc hiLL
LT | fizr |97 |hact, hipr
TT |firr |girr |hiTT, hirr

Gluons 1€7
U i hi
L g1 hiLL
T fir | air hi, hir
LY. |fiiE hirr
LT | ficr|giLT hirt, hipr
TT |firr |oirr|harT, bivr, hitr

See https://inspirehep.net/literature/1505204 for more details
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Transverse momentum imaging  cacua

in perturbation theory

/

do ~ # | TMD PDF ® TMD FF |

|

Experimental data

The partonic “maps”, to be

K‘ extracted from data

JLab, EIC, ...

32




DIS: from structure functions to PDFs

Leading twist PDFs

fr = o0 5 i)
q

Fr =0, . )
Higher twist PDF
Eont =0, LHS: measurable

Fosos M, —my, RHS: partonic quantities

— “Collinear” imaging

DIS on a spin %2 hadron: structure functions at leading order in perturbation theory
(at higher orders: convolution with perturbative coefficients)

For a summary see e.g. https://inspirehep.net/literature/1603092 and https://inspirehep.net/literature/732275 33
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SIDIS: from structure functions to TMDs

Fyur =C|[fiD1], The LHS of these equations can be measured

and the RHS is expressed in terms of

2 (ﬁ'k:r) (il'PT) — kp-pr o, partonic quantities (TMDs)
MM, s

B e [—
— transverse momentum imaging:

Fsin(g")h—(ps)_ % _fl-prL D - azimuthal modulations
UT,T - A It (Boer-Mulders and Collins)
- build spin asymmetries

Etc. ... (SiverS)

C[’wa] = Z’L"g /dQPT d’kr 5 (pT_kT_PhJ-/Z) w(pr, kr) f(z,p7) D*(2,k7)

structure functions at leading order in perturbation theory
(at higher orders: convolution with perturbative coefficients)

34




SIDIS: from structure functions to TMDs

Leading twist TMDs
Fyur=C 1D1 —

“Collins effect 2 fz k h/ 5
F8%§2@h T T 7P hJ_Hl ]

M [h

“Sivers effect” i
sin(¢p—¢s) _ - ‘Pr
Forr C[ M ] Higher twist TMDs

.. \\

, M h-k L hp
rie = b [k (it + 3 ” (o8 +

For a summary see https://inspirehep.net/literature/732275
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Higher twist

M)t—2

Twist t: (F

(or power corrections)

perturbative
corrections

See also M. Radici's lectures

1 Qg C(g
power
corrections
1 coupling
expansion
M / Q twist
expansion
QCD
2
(M/Q) observables

36



Higher twist PDFs

N R

L 75 )g ) ﬁ
. o) = 3 fl(w)m+)\91(x)75ﬁ++h1(x)%
Twist 2
t—2
Twistt: (24)
For more details on the definition of twist, see Jaffe’s “Erice” lecture notes 37



Higher twist PDFs

—

1 )
| (@) = 13 A e+ Ag2(@) s e+ ha(e) LRI
Twist 2 2 2
M S
tope {e(x) +gr(x) 3 Br + Mhe (o) %}
Twist 3
M . o i [ﬁ-’-) ﬁ—]
+23ﬁ{_)‘eL(x) ivs — fr(z) €47 7pSr0 + h(2) 8
t—2
Twist t: (%)
For more details on the definition of twist, see Jaffe’s “Erice” lecture notes 38



Higher twist PDFs

—

1 )
| (@) = 33 i)+ Agr (@) s+ (o) LERLE]
Twist 2 2 2
M S
tope {e(x) +gr(x) 3 Br + Mhe (o) %}
Twist 3
M . o i [ﬁ-’-) ﬁ—]
+W{_A€L($) ivs — fr(z) €47 7pSr0 + h(2) — 9
M? 5 [Br, h—
Twist 4 +2(P—+)2 {f3($)7’l + Ags(z) vsph— +h3($)%}7
t—2
Twist t: (%)
For more details on the definition of twist, see Jaffe’s “Erice” lecture notes 39



Higher twist TMD PDFs 1

* *
(o, kr) = %{ﬁ(x,knm + ftp(oor) P g (o) o
Twist 2 Fhane ) 2Bt gy lnte] | ) Sl }
+2]1\;I+ {e(m,kT) - ek (= kT) }é — i, ko) €27 55500
. NS ken) T ) ing
Twist 3 ;(; 80 ko
9 (@, kr) 75 Br + g3 (@, kr) To7E + b (a, ko) LIS
tha(a k) B L k) %} (3.44)

Derived within the “diagrammatic approach” : https://inspirehep.net/literature/400866

- https://inspirehep.net/literature/2514090
Interpretations in TMD factorization too: - https://inspirehep.net/literature/1991138
- https://inspirehep.net/literature/2669575

40
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SIDIS MW =223 ¢t [ dpy dky 2 (pr+ g~ ky) Tr{@“ (2, PV A% (2, kr)y”

1 /| a a A vV FHa
o5 [ e a0 e )+ o ) 9 pr) + b}

Twist 2 Twist 3
Ph/ %\N /

J “Dynamical” distributions

Twist 3

(b)
E i See https://inspirehep.net/literature/732275
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o
Eq uatlons Of mOtion Use the Dirac equation for the quark fields in the correlators

Scalar PDF

Scalar FF

Dressed quark
mass

- m
re(r) = o ) + 1 ()
My " .
q-g-9 Twist-2 x mass ratio
~ Mg
E(Z) — F 4+ —= le(z) WW approx.
M,

@ q-g8-q Twist-2 x mass ratio

Mq = Nq —+ myq WW approx.

g-g-9 current mass
(dynamical mass)

See https://inspirehep.net/literature/732275 42
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