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THE INTEGRABLE SYSTEM



e complex symplectic manifold M?2"

e n independent Poisson-commuting functions f;

e F(f1,...,fn) defines a Hamiltonian vector field

f; are constants of the motion

e .. geodesics on the ellipsoid



A LITTLE HISTORY



e Stony Brook 1983-34

NJH, A. Karlhede, U. Lindstrom & M. RocCek Hyperkahler

metrics and supersymmetry, Comm. Math. Phys. 108
(1987), 535—5809.

e hyperkahler manifold:
complex structures I,J, K with 2 =J2 = K2 =]JK = —1

Riemannian metric, Kahler forms wi,wo, w3

e quotient construction:
G acting on M hyperkahler, preserving w; 1t =1,2,3

moment map for wi,wo, w3, 1 M — g*® R3

= 1~ 1(0)/G is hyperkahler



e Oxford 1984-85

M.F.Atiyah & NJH, Low energy scattering of nonabelian
monopoles, Phys. Lett. A 107 (1985), 21—25.

e M infinite-dimensional hyperkahler manifold = {A, ¢}
A connection on a G-bundle over R3, ¢ : R3 — g (Higgs field)

quaternionic affine space: ¢ + A1t + A>j + Azk

e G gauge transformations

moment map: Bogomolny equations Fy = xd ¢

e = hyperkahler metric on monopole moduli space



e ON R4, Ao + A1+ Aoj + Azk =

self-dual Yang-Mills equations F4 = xFy

e on R3, ¢ + Ayi+ Arj + Azk =

Bogomolny equations F 4 = xd 4¢

e on R?, ¢1 + ¢oi + A1j + Ask =

Higgs bundle equations F4 + [®, ®*] = 0,049 =0



M.A.Lohe, Two- and three-dimensional instantons, Phys.Lett.

70B (1977) 325-328

W

term have acquired special values. One can obtain first
order equations which imply the field equations, and
these are deduced from eqs. (6):

a _ be.1bc

Diy® *€; D47 = 0. (11)

Unfortunately, in this case the model is not interesting
because the action is always zero. We obtain




M.A.Lohe, Two- and three-dimensional instantons, Phys.Lett.

70B (1977) 325-328

W

term have acquired special values. One can obtain first
order equations which imply the field equations, and
these are deduced from eqs. (6):

g = te Gueabclpb(pc .

Diy? te;Di¢?=0. (11)
Unfortunately, in this case the model is not interesting
because the action is always zero. We obtain

o 'y — [P, dP*] = 0 ~ harmonic maps from a surface to U(n)

.

= define equations on a compact Riemann surface C



NJH, The self-duality equations on a Riemann surface, Proc.
London Math. Soc. 55 (1987), 59—126.

influenced by:

M.F.Ativah & R.Bott, The Yang-Mills equations over Riemann
surfaces, Phil. Trans. Roy. Soc. Lond. A, 308 (1983) 523—615.
S.K.Donaldson, A new proof of a theorem of Narasimhan and
Seshadri, J. Differential Geom. 18 (1983) 269277



NJH, The self-duality equations on a Riemann surface, Proc.
London Math. Soc. 55 (1987), 59—-126.

influenced by:

M.F.Ativah & R.Bott, The Yang-Mills equations over Riemann
surfaces, Phil. Trans. Roy. Soc. Lond. A, 308 (1983) 523—615.

S.K.Donaldson, A new proof of a theorem of Narasimhan and
Seshadri, J. Differential Geom. 18 (1983) 269—-277

e C°° hermitian vector bundle E, complex structure 94 € A,
® € QLO(Endg E) with 9, =0

e consider a minimizing sequence for ||F4 4+ [®, ®*]||?
on a complex gauge orbit

e Aim: Find an L2 bound on Fy4

and apply Uhlenbeck weak compactness



o 0,9 =0 = Weitzenbdck formula

= (Fy, [®, D*]) + ¢||P||? > 0

e n X n matrix B, bound on spectrum + bound on ||[B, B¥]||

= bound on ||B||

e Spectrum of & invariant by gauge transformations
= bound on ||F4 + [P, ®*]|| + Weitzenbock + spectrum

= bound on F4 and &.



e moduli space M
det(z — d) = 2"+ a12™ 1 4+ apn, am € HO(C, K™)
p(A,®) = (a1,...,an)
pM— HYC K)o - @ HO(C, K") = cdmM/2

proper map

e generic fibre = Jac(S)

S = spectral curve 2" + a1z 1. +a, =0

e completely integrable Hamiltonian system



Christieville, St Sauveur, Québec



AN EXAMPLE



e C genus 2, Higgs bundle (FE, ®)

E rank 2, A2E fixed, odd degree, tr® =0

C:y?>=(z—p1)...(z — pe)

e moduli space N of stable bundles E

N = intersection of quadrics Q@ N Q, (P.Newstead 1968)

=5+ +2Z=0, qu=pzi+-- + pezg =0

e cotangent bundle T*N C M open dense



o T7( restricted to Qu N Q, symplectic form degenerate

T*(QuN Q) = quotient by degeneracy foliation

® r1y1 + -+ TeYs = O, CU%-I-----I-x%:O

x Ay € 50(6) = s0(6)* coadjoint orbit C T*Q



o T7( restricted to Qu N Q, symplectic form degenerate

T*(QuN Q) = quotient by degeneracy foliation

® r1y1 + -+ TeYs = O, -CU%-I-----I-a%:O

x Ay € s0(6) = s0(6)* coadjoint orbit C T*Q

2

T — )2
'fi:Z(Zy] jyz) :Z

T — X;; € 50(6)
j#i Mg — Mg jAi Mg — Hq

f; constant along the foliation

A.Beauville, A.HOring, J.Liu & C.Voisin, Symmetric tensors on
the intersection of two quadrics and Lagrangian fibration, Moduli
(2024):1:€e4.



e genus 2 curve C — P!

e Higgs field descends:

N N 2
Pleg) =—3 Wi S Y,
i=1% " Hi =1~ " Hi
N2 N g (Garnier system)
dep) =) —r—e1+ > e
i=1~ — Hi i=1~ — Hi

e det(xz — d) = 0: hyperelliptic curve S of genus 3

generic fibre of p : M — C3 = finite covering of Jac(S)



e \What has this to do with the hyperkahler metric?




THE ASYMPTOTIC METRIC



o &= A\, \ € C* action on moduli space M

&d not nilpotent = (E,A®P) unbounded as A —

o det(z — A\P) = 2" 4+ a1z 1. + A\,
xr = Ay Isomorphic spectral curves: same Jacobian

= integrable system visible at infinity in M



o &= A\, \ € C* action on moduli space M

&d not nilpotent = (E,A®P) unbounded as A —

o det(z — \P) = 2"+ Aa1z" 1. + A\,
xr = Ay Isomorphic spectral curves: same Jacobian

= integrable system visible at infinity in M

R.Mazzeo, J.Swoboda, H.Weiss & F.Witt, Ends of the moduli
space of Higgs bundles, Duke Math. J. 165 (2016), 2227—-2271.

L.Fredrickson, Exponential decay for the asymptotic geometry
of the Hitchin metric, Comm. Math. Phys. 375 (2020), 1393—
1426.

T.Mochizuki,Semi-flat metrics of the moduli spaces of Higgs
bundles in the non-zero degree case, arXiv:2501.12741




SEMI-FLAT METRICS

1
¢ wztiw = -7 Y wijd(xj + i&5) A d(xg + i€)

0% f
= dx; N d
2 Z 8xj8:1;k xj fk

(w;; constant symplectic form)

e nonlinear equation for f:

. H2 2
0=>) w" S o7 dzxi N dxy
Gwiﬁazk 3:63'8%5




SEMI-FLAT METRICS

1
¢ wztiw = -7 Y wijd(xj + i&5) A d(xg + i€)

wy =Y o°f dzj A déj,
8xj8xk J

(w;; constant symplectic form)

e nonlinear equation for f:

. H2 2
0=>) w" S o7 dzxi N dxy
awiﬁxk axjaa}g




o p: M2V 5 CN < space of spectral curves

hypersurface D ¢ CV of singular curves

e torus fibration over CN\D
flat symplectic connection (Gauss-Manin) on cohomology

H1(Ms,R), s e CN\D



SEMI-FLAT METRICS

1
¢ wztiw = -7 Y wijd(xj + i&5) A d(xg + i€)

wy =Y o°f dzj A déj,
8xj8:1;k J

(w;; constant symplectic form)

e nonlinear equation fo@

. H2 2
0=>) w" A dzxi N dxy
8:112-6% (9:63'(9:135




e spectral curve S Cc T*C "+ a1z 1. +a, =0

7:T*C = C, z € HO(T*C,7*K) tautological section

o K C T*(T*C), x ~ canonical 1-form 6

° fZ—%/S@/\g

D.Baraglia & Z.Huang, Special Kahler geometry of the Hitchin
system and topological recursion, Adv. Theor. Math. Phys. 23
(2019), 1981—2024.



o [ = —%/Smé well-defined and C1 for all spectral curves

e Nodal spectral curves S: subintegrable system

NJH, Integrable systems and Special Kahler metrics, EMS Sur-
veys in Mathematical Sciences, 8 (2021) 163—-178.



o [ = —%/Smé well-defined and C1 for all spectral curves

e Nodal spectral curves S: subintegrable system

NJH, Integrable systems and Special Kahler metrics, EMS Sur-
veys in Mathematical Sciences, 8 (2021) 163—-178.

e flat connection logarithmic on smooth part of D ¢ CN

Z.Huang, S.Huang & B.Xu, Local models for special Kahler
metric singularities along the discriminant locus of the SL(2,C)
Hitchin base, arXiv 2601.0376



THE P=W CONJECTURE



e hyperkahler metric: complex structures I,J, K
I: Higgs bundles (E,®), J: character variety

= Hom(mw1(C),GL(n,C)) modulo conjugation

e C* action z € S2\{+1,0,0},

x1l + x>J + x3K = character variety

e different as algebraic varieties:

I = Mp, has compact subvarieties, J = Mp is affine



W = weight filtration on Mgp
e 0CWoC- - CWy=H(M,Q)

mixed Hodge structure: quotients W,;/W;_; have the usual
(p,q) decomposition for a compact Kahler manifold.



W = weight filtration on Mgp
e 0CWoC- - CWy=H(M,Q)

mixed Hodge structure: quotients W,;/W;_; have the usual
(p,q) decomposition for a compact Kahler manifold.

P = perverse Leray filtration on Mp,;

for p : M2N — CN

e 0CPyC - C Py =H'(M,Q)

Conjecture: These coincide (de Cataldo, Hausel, Migliorini 2012)



perverse filtration for p : M2Y — CY more concretely:
o PPHI(M,Q) = ker(H'(X,Q) — H'(p~1(A7771),Q))
AI—t=1is 3 general affine subspace of C&N of dimension j—i—1

— a shadow of the integrable system in the algebraic

geometry of the character variety



perverse filtration for p : M2Y — CY more concretely:
o PPHI(M,Q) = ker(H'(X,Q) — H'(p~1(A7771),Q))
AI—t=1is 3 general affine subspace of C&N of dimension j—i—1

— a shadow of the integrable system in the algebraic

geometry of the character variety

V. Hoskins, Two proofs of the P = W conjecture [after Maulik-
Shen and Hausel-Mellit-Minet-Schiffmann], Séminaire Bourbaki,
1213 (2023—2024).



DEFORMATIONS OF THE METRIC



e hyperkahler metric:

complex structures I, J, K, symplectic forms wq,wo, w3

e first order deformation wi,wo, w3

w; closed, type (1,1) with respect to all I,J, K



e hyperkahler metric:

complex structures I, J, K, symplectic forms wq,wo, w3

e first order deformation wi,wo, w3

w; closed, type (1,1) with respect to all I,J, K

e T* C= E®H, H= quaternions C?

E = complex symplectic vector bundle, S2E @ A2H C N2T*

e S°E® S?H C S2T*, S°H = su(2) ® C

variation of metric: g=w1 ®it4+wr®jJ+ w3z Rk



e Mmoduli space of Higgs bundles M on C

vary complex structure on C = deformation of hyperkahler metric

o V4+ P+ P* flat connection

= Mp = complex structure J = character variety

only depends on w1 (C)

e Goldman symplectic form w3z 4+ iwq fixed

:>U:J3:O:d)1



e isometric circle action ® — P

e holomorphic on (M, 1), preserves Kahler form wq

vector field X, moment map f = —||®||2/2



e isometric circle action ® — P

e holomorphic on (M, 1), preserves Kahler form wq

vector field X, moment map f = —||®||2/2

e on (M, J) wo = Kahler form wo = —dJdf

= f:(M,J) = R determines the metric.

and wo = —dJdf




1
e flat connection V4 + ¢ f= —E/Ctrgb A *¢

e fiXx gauge equivalence class of the flat connection

. and vary the complex structure on C

e infinitesimal complex gauge transformation:

Va1 + ¥2) + (&, Y1 + ¥o]

Y1 1S skew-Hermitian and ¢, Hermitian



1 .

¢ = Vo + [¢, 1]

o Stokes +dg*xop =0 and dy¢p =0 =

f=—s [ tronio)



1 .

¢ = Vo + [¢, 1]

o Stokes +dg*xop =0 and dy¢p =0 =

f=—s [ tronio)

e x2=—-150 %x+x%=0 and ¥ = u € QOI(K™*)

f = real part of /C,utl’(qbl’O)Q

HO(C,K?), [u] € HY(C, K*) Kodaira-Spencer class



. f+i9=/ ptr o2
C
— a Hamiltonian function of the integrable system
= d(f +19) = ig(wy + iw3)

Z holomorphic Hamiltonian vector field



. f+ig=/cutr<l>2
— a Hamiltonian function of the integrable system
= d(f +i9) = iz(wo + iw3)
Z holomorphic Hamiltonian vector field

o izwy = i(izw3) = d(f +ig) = 2i(izw3)

= Jd(f +1ig) = 2iJ(izw3) = 2i(izwi) € Q"

= wo = d(Jdf) = 2Reid(izw1)



. f+ig=/cutr<l>2
— a Hamiltonian function of the integrable system
= d(f +i9) = iz(wo + iw3)
Z holomorphic Hamiltonian vector field

o izwy = i(izw3) = d(f +ig) = 2i(izw3)

= Jd(f +1ig) = 2iJ(izw3) = 2i(izwi) € Q"

= wo = d(Jdf) = 2Reid(izw1)

o [iywq] € Hl(./\/l,O)

Kodaira-Spencer class H1(M,0) & HY (M, T*) & HY (M, T)

o = (wp + iw3) ! Poisson tensor



Remark:

e p closed type (1,1) wrt I,J K

holomorphic Poisson tensor o : T* —= T

e pe C®(T*QRT*),0(p) € C°(T QT*)

~ Kodaira-Spencer class in HY(M, T)

o [0(p),c(p)] € H2(M,T) obstruction
l0(p),0(p)] = c0(o,p A p) =0

since (o,p A p) =0 (0 = (wo + iw3)™ 1)



MIRROR SYMMETRY



e SYZ mirror symmetry:
Calabi-Yau manifold M -+ special Lagrangian torus fibration

mirror MY = fibration by dual tori

e Higgs bundle moduli space M for simple group GG
I - holomorphic Lagrangians = special

MY = moduli space for Langlands dual group

e for smooth fibres:

R.Donagi & T .Pantev, Langlands duality for Hitchin systems,
Invent. Math. 189 (2012), 653—735.



e BAA-brane

— I-holomorphic Lagrangian submanifold 4 flat line bundle

BBB-brane

hyperholomorphic bundle on a hyperkahler submanifold

connection with curvature of type (1,1) wrt I,J, K

e Mirror symmetry is supposed to interchange these two



Issues:

e hyperkahler submanifolds:
. subgroups H C G (but can be singular locus)

. fixed points of automorphisms of ('

e hyperholomorphic bundles:
. hypercohomology H! of O(V) his OV ® K)
for some representation of (¢
(e.g. adjoint representation = tangent bundle)

. universal bundle over p € C



e Simplest example:
one fibre of p : M — C¥ + line bundle

~ point in MY = hyperkahler submanifold

e Lagrangian = character variety for a real form
split real form = section Mg C M of p: M — C&V

= mirror = trivial line bundle over MV



e real form SU(n,n)

= mirror supported on Sp(n,C) moduli space

hyperholomorphic bundle

— exterior powers of H! for the representation on C2"

NJH, Higgs bundles and characteristic classes, in “Arbeitsta-

gung Bonn 2013" Birkhauser Progress in Mathematics 319
(2016) 373—382.

Justification:

e data on smooth fibres corresponds,

hyperholomorphic bundle well-defined everywhere



e Lagrangian = upward flow from a fixed point of C*-action

e Hecke transforms of section Mgy = hyperholomorphic bundle

— tensor products of exterior powers of universal bundle

NJH & T .Hausel, Very stable Higgs bundles, equivariant multi-
plicity and mirror symmetry, Invent. math. 228 (2022) 893—

989.

D.Fang,On Fourier-Mukai transforms of upward flows for Hitchin
systems, arXiv:2504.04309



ANOTHER EXAMPLE

e deformation wo = dJdf
— exact 2-form of type (1,1) wrt I, J, K

= hyperholomorphic line bundle L, ¢1(L) =0

What Lagrangian is its mirror?




o (Jdf)O! =i(izwy)

Z tangential to fibres, wy Kahler form

e 0+ iywy; holomorphic structure on trivial line bundle



o (Jdf)O! =i(izwy)

Z tangential to fibres, wy Kahler form

e 0+ iywy; holomorphic structure on trivial line bundle

e integrate the vector field Z to time t =1

— holomorphic Hamiltonian diffeomorphism h : MY — MV

e Lagrangian submanifold :

— translate of the Hitchin section



