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The two-component domain and the reference cell
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Statement of the Problem

The main goal of this research is to study the homogenization of the following
quasilinear problem in the two-component domain described above:

−div(Aε(x ,uε
1
)∇uε

1
)= f in Ωε

1
,

−div(Aε(x ,uε
2
)∇uε

2
)= f in Ωε

2
,

(Aε(x ,uε
1
)∇uε

1
)νε

1
= (Aε(x ,uε

2
)∇uε

2
)νε

1
on Γε,

(Aε(x ,uε
1
)∇uε

1
)νε

1
=−ε−1hε(x)(uε

1
−uε

2
) on Γε,

uε = 0 on ∂Ω,

with an L1 data and a not globally bounded matrix �eld, where uεi , i = 1,2,
denotes the restriction of the solution uε to the set Ωε

i .

To this aim, we combine the notion of renormalized solutions and periodic
unfolding method, which was done for the �rst time, to our knowledge, by P.
Donato, O. Guibé, and A. Oropeza (2017). We follow a similar approach in this
study.
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The �xed two-component domain

Ω
Ω2

Γ

Ω2

Γ

Ω1

∂Ω
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The problem in a �xed domain

We consider the following elliptic problem posed in the two-component domain Ω
described above: 

−div(B(x ,u1)∇u1)= f in Ω1,

−div(B(x ,u2)∇u2)= f in Ω2,

(B(x ,u1)∇u1)ν1 = (B(x ,u2)∇u2)ν1 on Γ,

(B(x ,u1)∇u1)ν1 =−h(x)(u1−u2) on Γ,

u1 = 0 on ∂Ω,

(1)

where

Ï ν1 is the unit outward normal to Ω1;

Ï ui = u
∣∣
Ωi

is the restriction to Ωi of a function u de�ned in Ω.
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Assumptions

We set the following assumptions:

(B1) h ∈ L∞(Γ) and there exists h0 ∈R such that 0< h0 < h(y) a.e. on Γ;

(B2) f ∈ L1(Ω);
(B3) B is a Carathéodory function with the following properties:

(B3.1) B(x ,t)ξ ·ξ≥α|ξ|2, a.e. x ∈Ω,∀t ∈R,∀ξ ∈RN ; and

(B3.2) ∀k > 0, B(x ,t) ∈ L∞(Ω× (−k ,k))N×N .

(B4) B(x ,r) is locally Lipschitz with respect to r , that is, for any compact subset
K of R, there exists MK > 0 such that

|B(x ,r)−B(x ,s)| ≤MK |r − s |, ∀r ,s ∈K .

Note that with the assumptions on f and B (speci�cally (B2) and (B3.2)), a weak
solution may not exist. We choose the framework of renormalized solution for our
problem as it provides existence, uniqueness, and stability results.
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Renormalized solutions

The notion of renormalized solutions was introduced by DiPerna and Lions for
�rst order equations in

Ï R. J. DiPerna and P. L. Lions, On the Cauchy problem for Boltzmann
equations: Global existence and weak stability, Annals of Mathematics. Second
Series, 130 (1989), pp. 321�366.

It was then further developed for elliptic equations with Dirichlet boundary
conditions, with L1 data in

Ï P.-L. Lions and F. Murat, Sur les solutions renormalisées d'équations
elliptiques, (unpublished manuscript).

Ï F. Murat, Soluciones renormalizadas de EDP elipticas no lineales, Tech. Rep.
R93023, Laboratoire d'Analyse Numérique, Paris VI, 1993.

and with measure data in

Ï G. Dal Maso, F. Murat, L. Orsina, and A. Prignet, Renormalized solutions of
elliptic equations with general measure data, Annali della Scuola normale
superiore di Pisa, Classe di scienze, 28 (1999), pp. 741�808.
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The space V

Let V1 be the space de�ned by

V1 = {v ∈H1(Ω1) : v = 0 on ∂Ω} with ‖v‖V1
:= ‖∇v‖L2(Ω1).

De�ne V := {v ≡ (v1,v2) : v1 ∈V1 and v2 ∈H1(Ω2)}, equipped with the norm

‖v‖2V := ‖∇v1‖2L2(Ω1)
+‖∇v2‖2L2(Ω2)

+‖v1−v2‖2L2(Γ).

This norm on V takes into account the jump on the interface. It is worth noting
that this norm is equivalent to the product norm of V 1×H1(Ω2).
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The truncation function Tk
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De�nition of gradient and trace of u

The following proposition is a generalization of Lemma 2.1 of Benilan et al.
(1995), and Proposition 2.3 of Guibé and Oropeza (2017):

Proposition

Let u = (u1,u2) :Ω\Γ−→R be a measurable function such that Tk(u) ∈V for
every k > 0. For i = 1,2,

1 There exists a unique measurable function vi :Ωi −→RN such that

∇Tk(ui )= viχ{|ui |<k} a.e. in Ωi ,

where χ{|ui |<k} denotes the characteristic function of {x ∈Ωi : |ui (x)| < k}. We
de�ne vi as the gradient of ui and write vi =∇ui .
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2 If

sup
k≥1

1

k
‖Tk(u)‖2V <∞,

then there exists a unique measurable function wi : Γ−→R, for i = 1,2, such
that

γi (Tk(ui ))=Tk(wi ) a.e. in Γ,

where γi :H
1(Ωi )−→ L2(Γ) is the trace operator. We de�ne the function wi

as the trace of ui on Γ and set γi (ui )=wi .
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Our de�nition of a renormalized solution of (1)

De�nition

Let u :Ω\Γ−→R be a measurable function. We say that u is a renormalized
solution of (1) if

Tk(u) ∈V , for any k > 0; (2a)

(u1−u2)(Tk(u1)−Tk(u2)) ∈ L1(Γ), for any k > 0; (2b)

lim
n→∞

1

n

∫
{|u|<n}

B(x ,u)∇u ·∇udx = 0; (3a)

lim
n→∞

1

n

∫
Γ
(u1−u2)(Tn(u1)−Tn(u2))dσ= 0; (3b)
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and for any S1,S2 ∈C1(R) with compact support, u satis�es∫
Ω1

S1(u1)B(x ,u1)∇u1 ·∇ψ1dx +
∫
Ω1

S ′
1
(u1)B(x ,u1)∇u1 ·∇u1ψ1dx∫

Ω2

S2(u2)B(x ,u2)∇u2 ·∇ψ2dx +
∫
Ω2

S ′
2
(u2)B(x ,u2)∇u2 ·∇u2ψ2dx

+
∫
Γ
h(x)(u1−u2)(ψ1S1(u1)−ψ2S2(u2))dσ

=
∫
Ω1

fψ1S1(u1)dx +
∫
Ω2

fψ2S2(u2)dx , (4)

for all ψ ∈V ∩ (L∞(Ω1)×L∞(Ω2)).

Remark

Observe that (4) can be obtained by formally choosing

S(u)ψ= (S1(u1)ψ1,S2(u2)ψ2)

as test function in (1), then integrating the terms. However, this does not justify
how the integrals in (4) make sense. The regularity assumptions (2a) and (2b)
assure that all the terms in (4) are well de�ned.
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Existence and uniqueness results

Theorem (R.F. and O. Guibé (2021))

Suppose assumptions (B1)-(B3) hold. Then there exists a renormalized solution
for (1). Moreover, if (B4) also holds, then the renormalized solution of (1) is
unique.

To prove the existence result, we consider an approximate problem with a data f ε

belonging to L2(Ω) and show that the pointwise limit u of the sequence of
solutions {uε} (up to a subsequence) is a renormalized solution of (1).

Concerning the uniqueness, we use the method developed by Blanchard et al.
(2005), and Feo and Guibé (2017). Here, we also need to prove a sign lemma on
the interface Γ, to deal with the di�culties that arise from the boundary integral
related to the jump of the solution.
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Back to the periodic problem

Let us discuss now the homogenization results for the problem presented above

−div(Aε(x ,uε
1
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1
)= f in Ωε

1
,

−div(Aε(x ,uε
2
)∇uε

2
)= f in Ωε

2
,

(Aε(x ,uε
1
)∇uε

1
)νε

1
= (Aε(x ,uε

2
)∇uε

2
)νε

1
on Γε,

(Aε(x ,uε
1
)∇uε

1
)νε

1
=−ε−1hε(x)(uε

1
−uε

2
) on Γε,

uε = 0 on ∂Ω,

(P)

with an L1 data and a not globally bounded matrix �eld, where uεi , i = 1,2,
denotes the restriction of the solution uε to the set Ωε

i .

In general, the proportionality of the jump of the solution and the �ux on the
interface depends on εγ, where γ≤ 1. We chose to study the case γ=−1 due to
its particularity that the corresponding cell problem presents a jump on the
reference interface.
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Assumptions

We prescribe the following assumptions:

(A1) f ∈ L1(Ω);
(A2) h is a Y−periodic function in L∞(Γ) and there exists h0 ∈R such that

0< h0 < h(y) a.e. on Γ, and set

hε(x)= h
(x
ε

)
a.e. on Γε;

(A3) A : (y ,t) ∈Y ×R 7→A(y ,t) ∈RN×N is a real matrix �eld such that
A(·,t)= {aij }i ,j=1,...,N is Y−periodic for every t, A is a Carathéodory function
with the following properties:

(A3.1) A(y ,t)ξ ·ξ≥α|ξ|2, a.e. y ∈Y , ∀t ∈R, ∀ξ ∈RN ;

(A3.2) A(y ,t) ∈ L∞(Ω× (−k ,k))N×N , ∀k > 0,

and set
Aε(x ,t)=A

(x
ε

,t
)

,

for every (x ,t) ∈Ω×R.
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(A4) The matrix �eld A(y ,t) is locally Lipschitz continuous with respect to the
second variable, that is, for every r > 0, there exists a positive constant Mr

such that

|A(y ,s)−A(y ,t)| <Mr |s − t|, ∀s ,t ∈ [−r ,r ], ∀y ∈Y .

In order to apply the existence and uniqueness results from the �rst part, we
prescribe similar assumptions to problem (P), in addition to periodicity conditions.
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The space Hε

The functional space Hε is de�ned by

Hε := {u = (u1,u2) : u1 ∈V ε and u2 ∈H1(Ωε
2
)},

equipped with the norm

‖u‖2Hε := ‖∇u1‖2L2(Ωε
1
)
+‖∇u2‖2L2(Ωε

2
)
+ε−1‖u1−u2‖2L2(Γε),

where V ε = {u ∈H1(Ωε
1
) : u = 0 on ∂Ω} is endowed with the norm

‖u‖V ε := ‖∇u‖L2(Ωε
1
).
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De�nition of renormalized solution of (P)

De�nition

The function uε = (uε
1

,uε
2
) is a renormalized solution of (P) if

Tk(u
ε) ∈Hε and (uε

1
−uε

2
)(Tk(u

ε
1
)−Tk(u

ε
2
)) ∈ L1(Γε), ∀k > 0;

lim
k→∞

1

k

∫
{|uε|<k}

Aε(x ,uε)∇uε ·∇uεdx = 0;

lim
k→∞

1

k

∫
Γε
(uε

1
−uε

2
)(Tk(u

ε
1
)−Tk(u

ε
2
))dσ= 0;

and for any ψ ∈C1(R) (or equivalently for any ψ ∈W 1,∞(R)) with compact
support, uε satis�es

2∑
i=1

∫
Ωε
i

ψ(uεi )A
ε(x ,uεi )∇uεi ·∇vi dx +

2∑
i=1

∫
Ωε
i

ψ′(uεi )A
ε(x ,uεi )∇uεi ·∇uεi vi dx

+ε−1
∫
Γε
hε(x)(uε

1
−uε

2
)(v1ψ(u

ε
1
)−v2ψ(u

ε
2
))dσ=

∫
Ω
fvψ(uε)dx ,

for all ψ= (ψ1,ψ2) ∈Hε∩ (L∞(Ωε
1
)×L∞(Ωε

2
)).
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The periodic unfolding method

The periodic unfolding method was introduced by Cioranescu et al. in

Ï D. Cioranescu, A. Damlamian and G. Griso, Periodic unfolding and
homogenization, C.R. Acad. Sci. Paris, Ser. I 335 (2002), 99-104.

Ï D. Cioranescu, A. Damlamian and G. Griso, The Periodic Unfolding Method in
Homogenization, SIAM J. Math. Analysis, 40 (2008) 1585-1620.

This method is then extended for perforated domains in

Ï D. Cioranescu, A. Damlamian, P. Donato, G. Griso and R. Zaki, The Periodic
Unfolding Method in Domains with Holes, SIAM Journal on Mathematical
Analysis, 44(2) (2012), 718-760.

and for two-component domains in

Ï P. Donato, H. Le Nguyen and R. Tardieu, The periodic unfolding method for a
class of imperfect transmission problems, Journal of Mathematical Sciences,
176 (2011), 891-927.

Ï P. Donato and K. H. Le Nguyen, Homogenization of di�usion problems with a
nonlinear interfacial resistance, Nonlinear Di�erential Equations and
Applications NoDEA, 22 (2015), 1345-1380.
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The sets Ω̂ε and Λ̂ε

The sets Ω̂ε (orange and purple) and Λ̂ε (blue)
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The periodic unfolding operator

Suppose the reference cell Y is de�ned as

Y =
N∏
i=1

[0, li ),

for some li > 0, i = 1, . . . ,N. For z ∈RN , the notation [z ]Y denotes the integer part
of z , i.e., (k1l1,k2l2, . . . ,kN lN), for ki ∈Z, i = 1, . . . ,N such that z − [z ]Y ∈Y .

De�nition

For i = 1,2, and for any function ϕi Lebesgue measurable on Ωε
i , the periodic

unfolding operator T
ε
i is de�ned by

T
ε
i (ϕi )(x ,y)=

ϕi

(
ε
[x
ε

]
Y
+εy

)
a.e. (x ,y) ∈ Ω̂ε×Yi

0 a.e. (x ,y) ∈ Λ̂ε×Yi .
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Proposition (P. Donato, H. Le Nguyen, and R. Tardieu (2011))

Let v ε = (v ε
1

,v ε
2
) be a bounded sequence in Hε. Then there exist a subsequence

(still denoted by ε), and three functions v1 ∈H1

0
(Ω), v̂1 ∈ L2(Ω,H1

per (Y1)) with

MΓ(v̂1)= 0 a.e. in Ω, v̂2 ∈ L2(Ω,H1(Y2)) such that as ε→ 0,{
T
ε
i (v

ε
i )−→ v1 strongly in L2(Ω,H1(Yi )), i = 1,2,

T
ε
i (∇v εi )*∇v1+∇y v̂i weakly in L2(Ω×Yi ), i = 1,2.

Furthermore,

T
ε
1(v

ε
1
)−Tε2(v ε2)
ε

* v̂1− v̂2 weakly in L2(Ω×Γ), as ε→ 0.
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Remark

When the data f in (P) belongs to L2(Ω) and A(y ,t) is bounded, one can show
that the solution uε is bounded in Hε (see Beltran (MS Thesis 2014)). Then by
the previous proposition, we haveT

ε
i (u

ε
i )−→ u1 strongly in L2(Ω,H1(Yi )), i = 1,2

T
ε
i (∇uεi )*∇u1+∇y ûi weakly in L2(Ω×Yi ), i = 1,2,

for some u1 ∈H1

0
(Ω) and ûi ∈ L2(Ω,H1(Yi )), i = 1,2.

However, in our case, the renormalized solution uε does not necessarily belong to
Hε. We instead work on the truncates of the solution, i.e., Tn(u

ε) for n ∈N.
We achieve this by proving suitable a priori estimates.
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A priori estimates

Proposition

Let uε = (uε
1

,uε
2
) be a renormalized solution of (P). Then there exists a positive

constant C , independent of ε and k , such that for every k > 0 and ε> 0,

‖Tk(u
ε)‖2Hε ≤Ck .

Proposition

Let uε = (uε
1

,uε
2
) be a renormalized solution of (P). Then, for any k > 0,

‖Tk(u
ε
i )‖2L2(Ωε

i
)
≤C1k , i = 1,2,

for some positive constant C1 independent of k and ε. Moreover, for ε< 1, we
have for any k > 0

‖Tk(u
ε
i )‖2L2(Γε) ≤C2kε

−1, i = 1,2,

where C2 is a positive constant independent of k and ε.
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Corollary

Let uε = (uε
1

,uε
2
) be a renormalized solution of (P). We can �nd a subsequence

(still denoted by ε) such that for any n ∈N, there exist un
1
∈H1

0
(Ω),

ûn
1
∈ L2(Ω,H1

per (Y1)) with MΓ(û
n
1
)= 0 a.e. in x ∈Ω, and ûn

2
∈ L2(Ω,H1(Y2)) such

that the following convergences hold:
T
ε
i (Tn(u

ε
i ))−→ un

1
strongly in L2(Ω,H1(Yi )), i = 1,2,

T
ε
i (∇Tn(u

ε
i ))*∇un

1
+∇y û

n
i weakly in L2(Ω×Yi ), i = 1,2,âTn(u

ε
i )* θiu

n
1

weakly in L2(Ω), i = 1,2,

as ε goes to 0, where θi =
|Yi |
|Y | .

Furthermore, for any n ∈N, as ε tends to 0,

T
ε
1(Tn(u

ε
1
))−Tε2(Tn(u

ε
2
))

ε
* ûn

1
− ûn

2
weakly in L2(Ω×Γ).
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Theorem

Let uε = (uε
1

,uε
2
) be a renormalized solution of (P). Then there exists a

measurable function u1 :Ω−→R, �nite almost everywhere, such that (up to a
subsequence)

T
ε
i (u

ε
i )−→ u1 a.e. in Ω×Yi and on Ω×Γ, i = 1,2,

with
Tn(u1)= un

1
, ∀n ∈N,

where un
1
is given in the previous corollary, and

T
ε
i (A

ε(x ,Tn(u
ε
i )))−→A(y ,Tn(u1)) a.e. in Ω×Yi , i = 1,2.
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An important tool

Theorem

Let ûn
1
∈ L2(Ω,H1

per (Y1)) and ûn
2
∈ L2(Ω,H1(Y2)), n ∈N, be the functions given by

the previous corollary with MΓ(û
n
1
)= 0. Then there exists a unique measurable

function
ûi :Ω×Yi −→R, i = 1,2,

such that for every R ∈C0(R) with compact support, verifying

suppR⊂ [−m,m], for some m ∈N,

we have
R(u1)û

n
i =R(u1)ûi a.e. in Ω×Yi ,

for all n≥m, where u1 is the function given by the previous theorem.
Moreover, we have

ûi (x , ·) ∈H1(Yi ), i = 1,2, with MΓ(û1)= 0, for a.e. x ∈Ω.
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A suitable convergence lemma

Lemma

Let uε = (uε
1

,uε
2
) be a renormalized solution of (P). We can �nd a subsequence

(still denoted by ε) such that for any n ∈N the following convergences hold as ε
tends to 0:

âTn(u
ε
i )* θiTn(u1) weakly in L2(Ω), i = 1,2,

T
ε
i (Tn(u

ε
i ))−→Tn(u1) strongly in L2(Ω,H1(Yi )), i = 1,2,

and for any S ∈C0(R) with compact support and suppS ⊂ [−n,n], for i = 1,2,
T
ε
i

(
S(uεi )∇Tn(u

ε
i )

)
* S(u1)(∇Tn(u1)+∇y ûi ), weakly in L2(Ω×Yi ),

T
ε
i

(
S(uεi )

)Tε1(Tn(u
ε
1
)
)−Tε2(Tn(u

ε
2
)
)

ε
* S(u1)(û1− û2), weakly in L2(Ω×Γ),

where u1 :Ω−→R is measurable and �nite a.e., and ûi :Ω×Yi −→R, for i = 1,2
with ûi (x , ·) ∈H1(Yi ) for a.e. x ∈Ω, and MΓ(û1)= 0.
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The unfolded homogenized problem

Theorem (The unfolded homogenized problem)

Let u1, û1, and û2 be functions as in the previous lemma. Let ψ1,ψ2 be functions
in C1(R) (or equivalently, ψ1,ψ2 ∈W 1,∞(R)) with compact supports. Then the
triple (u1, û1, û2) satis�es

2∑
i=1

1

|Y |
∫
Ω×Yi

A(y ,u1)(∇u1+∇y ûi )(∇(ψ1(u1)ϕ)+ψ2(u1)∇yΦi )dx dy

+ 1

|Y |
∫
Ω×Γ

h(y)ψ2(u1)(û1− û2)(Φ1−Φ2)dx dσy =
∫
Ω
f (x)ψ1(u1)ϕ(x)dx

∀ϕ ∈H1

0
(Ω)∩L∞(Ω), Φi ∈ L2(Ω,H1

per (Yi )), i = 1,2.
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In addition, for k > 0, the following limits hold:

lim
k→∞

1

k

∫
{|u1|<k}×Yi

A(y ,u1)(∇Tk(u1)+∇y ûi )(∇Tk(u1)+∇y ûi )dx dy = 0,

for i = 1,2, and

lim
k→∞

1

k

∫
{|u1|<k}×Γ

(û1− û2)
2dx dσy = 0.

Theorem

Using the assumptions and notations of the previous theorem, the function ûi ,
i = 1,2, can be expressed as

ûi (x ,y)=−
N∑
j=1

χ
j
i (y ,u1(x))

∂u1
∂xj

(x), i = 1,2,

where χj = (χj
1

,χj
2
) is the unique solution of the cell problem presented below

written for λ= ej with {ej }
N
j=1 being the canonical basis.
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The cell problem

De�ne the space Wper (Y1), by

Wper (Y1)= {u ∈H1
per (Y1) |MΓ(u)= 0} with ‖u‖Wper (Y1) = ‖∇u‖L2(Y1).

The cell problem that corresponds to the homogenization of (P) is the following:

Find χλ(·,t)= (χλ
1
(·,t),χλ

2
(·,t)) ∈Wper (Y1)×H1(Y2) such that

2∑
i=1

∫
Yi

A(y ,t)∇yχ
λ
i (y ,t)∇yvi dy +

∫
Γ
h(y)(χλ

1
(y ,t)−χλ

2
(y ,t))(v1−v2)dσ

=
2∑

i=1

∫
Yi

A(y ,t)λ∇yvi dy

for any v = (v1,v2) ∈H1
per (Y1)×H1(Y2),

for all t ∈R and λ ∈RN .
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The homogenized matrix A0

De�ne the homogenized matrix A0(t), for every t ∈R, by

A0(t)=A0

1
(t)+A0

2
(t),

where

A0

i (t)λ= 1

|Y |
∫
Yi

A(y ,t)∇yw
λ
i (y ,t)dy , i = 1,2, ∀λ ∈RN ,

with
wλ
i (y ,t)=λ ·y −χλi (y ,t),

and χλ = (χλ
1

,χλ
2
) the solution of the cell problem.

Theorem (P. Donato and R.F. (2020))

Suppose that the matrix �eld A(y ,t) satis�es the assumptions (A3) and (A4).
Then the homogenized matrix A0 is locally Lipschitz, that is, for every r > 0, there
exists a positive constant Cr such that

|A0(s)−A0(t)| ≤Cr |s − t| ∀s ,t ∈ (−r ,r).
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The homogenized problem

Theorem (The homogenized problem in Ω)

Let u1 be a cluster point of the sequence {Tεi (u
ε
i )}, i = 1,2, as above. Then u1 is a

renormalized solution of {
−div(A0(u1)∇u1)= f in Ω

u1 = 0 on ∂Ω,

that is,

Tk(u1) ∈H1

0
(Ω), for any k > 0,

lim
k→∞

1

k

∫
{|u1|<k}

A0(u1)∇u1∇u1dx = 0,

Rheadel Fulgencio Homogenization results 35



and for every ψ ∈C1(R) (or equivalently, ψ ∈W 1,∞(R)) with compact support,∫
Ω
ψ(u1)A

0(u1)∇u1∇ϕdx

+
∫
Ω
ψ′(u1)A0(u1)∇u1∇u1ϕdx =

∫
Ω
fψ(u1)ϕdx ,

for every ϕ ∈H1

0
(Ω)∩L∞(Ω).

If in addition, (A4) holds, then u1 is the unique renormalized solution of the
equation above and all of the sequences in the convergence lemma above
converge (not just a subsequence).
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Thank you very much for your attention.
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