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Summary. Busemann processes of random growth models and directed
polymer models, properties and usefulness.

‚ mainly in the exponential corner growth model

‚ time permitting directed landscape

Collaborators: Márton Balázs (Bristol), Ofer Busani (Bonn), Chris Janjigian
(Purdue), Louis Fan (Indiana), Firas Rassoul-Agha (Utah), Xiao Shen (Utah), Evan
Sorensen (Madison).
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Corner growth model (directed last-passage percolation)
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IID random medium ω “ pωx : x P Z2q.

Exp CGM: Ppωx ě tq “ e´t for t ě 0.

γ

u

v

Point-to-point last-passage percolation process:

Lpu, vq “ max
γ : uÑ v

ÿ

x Pγ

ωx for u ď v in Z2

A maximizing path is a geodesic. Unique when ωx assumed continuous.
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Semi-infinite geodesics

A semi-infinite geodesic is an infinite up-right nearest-neighbor path
pxkqkě0 that is the geodesic between any two of its points:

Lpxm, xnq “
n
ÿ

i“m
ωxi @m ă n

Semi-infinite geodesics trace the path of the infection all the way to
infinity, so relevant for a global view of the evolution.

Questions:

‚ Are semi-infinite geodesics directed: D ξ “ lim
nÑ8

xn
n ?

‚ Given x and ξ, existence and uniqueness of ξ-directed semi-infinite
geodesic from x ?

‚ Given x , y and ξ, do the ξ-directed geodesics from x and y cross ?
Coalesce ?
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Early work to set the stage

Given a direction ξ: techniques of Newman et al. (1990s) adapted to
Exp CGM (Ferrari, Pimentel, Coupier 2000s) proved almost surely:
‚ D unique ξ-directed semi-infinite geodesic from every x P Z2.

‚ @ x , y the ξ-directed geodesics from x and y coalesce.

Exceptional directions: @ x D random direction ξ˚pxq such that D at
least two semi-infinite geodesics from x in direction ξ˚pxq.

No contradiction: The good full-probability event depends on ξ, and @
fixed ξ, Ppξ˚pxq “ ξq “ 0.

Question: What is the global picture and how to access it?
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Busemann function and Busemann process

Busemann function Bξ in direction ξ P se2, e1r is defined by

Bξpx , yq “ lim
nÑ8

rLpx , vnq ´ Lpy , vnqs x , y P Z2

for a sequence vn Ñ8 s.t. vn{n Ñ ξ.

Busemann process combines these simultaneously in all directions:

tBζ�px , yq : ζ P se2, e1r , � P t˘u, x , y P Z2u

Construction. For example:
(1) Prove Busemann limits for a countable dense set of ξ .
(2) Take left/right limits ξ Ñ ζ˘ to construct full process.
(1’) If almost sure limits not available, start with a weak limit on a larger
probability space.
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Can we understand distribution of tBξ˘ : ξ P se2, e1r u ?
Take advantage of directedness: level-by-level evolution.

@ t P Z let ωt “ pωpk,tqqkPZ and B ξ

t “ pB
ξ
pk,tq,pk`1,tqqkPZ.

Take directions ξ1, . . . , ξn P se2, e1r .

D mapping D on sequences such that
`

B ξ1
t , . . . ,B ξn

t
˘

“
`

D
`

B ξ1
t`1, ωt

˘

, . . . , D
`

B ξn
t`1, ωt

˘˘

Level-by-level Busemann process is a (backward) Markov chain.

Theorem [Fan, S; PMP 2020] Given pρ1, . . . , ρnq P p1,8qn, this Markov chain
has a unique invariant distribution ergodic under spatial translations and
with means EBξi

pk,tq,pk`1,tq “ ρi .

Queueing-theoretic features of D give access to explicit properties.
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Exponential case, nearest-neighbor edge

Theorem. tBξ`px , x ` e1q : ξ P se2, e1r u is a nonincreasing jump
process.
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Exponential case, nearest-neighbor edge

Theorem. tBξ`px , x ` e1q : ξ P se2, e1r u
d
“ tX pαpξqq : ξ P se2, e1r u

where X is a jump process constructed on a marked point process:

‚ Parametrize directions ξ “ pξ1, 1´ ξ1q P se2, e1r with

αpξq “

?
ξ1

?
ξ1 `

?
1´ ξ1

P p0, 1q

‚ N “ Poisson p.p. on p0, 1q with intensity r´1dr , and Nt1u “ 1.

‚ To each r P N attach independent Zr „ Expprq.

‚ X pαq “
ÿ

r PNpα,1s
Zr for 0 ă α ď 1. X pαq „ Exppαq.

Corollary. ξ ÞÑ Bξ˘px , yq is a jump process.
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Busemann singularities ðñ geodesic nonuniqueness
Starting point: w.p.1 D countable dense set D0 Ăse2, e1r of directions
ξ with unique coalescing geodesics tγ x , ξ : x P Z2u.

Let zξpx , yq “ coalescence point of γ x , ξ and γ y , ξ.

Then Bξpx , yq “ L
`

x , zξpx , yq
˘

´ L
`

y , zξpx , yq
˘

Continuous ωx ùñ Bξpx , yq and zξpx , yq determine each other.

ξ ÞÑ Bξpx , yq and ξ ÞÑ zξpx , yq share constant intervals and jump points.

Left and right limits give ξ-directed geodesics γ x , ξ˘ with coalescence
points zξ˘px , yq.

Bξ˘px , yq jumps at ζ ùñ zξ˘px , yq jumps at ζ

ùñ nonunique ζ-directed geodesics exist.

Works the other way also.
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Global existence, uniqueness and coalescence in the
exponential corner growth model

Theorem [Janjigian, Rassoul-Agha, S; JEMS 2022]

The following holds with probability one. D a countable dense random set
Vω Ă se2, e1r of exceptional directions with these properties:

‚ If ξ R Vω, then from each x P Z2 there is a unique ξ-directed geodesic
and all these geodesics coalesce.

‚ If ξ P Vω, then out of each x P Z2 there are exactly two semi-infinite
geodesics γ x ,ξ` and γ x ,ξ´ in direction ξ that eventually separate. These
form two distinct coalescing trees of geodesics.

‚ Vω = the set of jumps of the Busemann functions ξ ÞÑ Bξ˘px , yq over
all x , y P Z2.

‚ Vω “ tξ˚pxq : x P Z2u “ the random set of asymptotic directions of
competition interfaces.
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‚ If ξ P Vω, then out of each x P Z2 there are exactly two semi-infinite
geodesics γ x ,ξ` and γ x ,ξ´ in direction ξ that eventually separate. These
form two distinct coalescing trees of geodesics.

‚ Vω = the set of jumps of the Busemann functions ξ ÞÑ Bξ˘px , yq over
all x , y P Z2.

‚ Vω “ tξ˚pxq : x P Z2u “ the random set of asymptotic directions of
competition interfaces.
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Global existence, uniqueness and coalescence in the
exponential corner growth model (cont.)

This accounts for all the semi-infinite geodesics on Z2, except the trivial
ones tx ` kei : k ě 0u with direction ei . In particular:

‚ Every semi-infinite geodesic has a direction in re2, e1s.

‚ There do not exist three disjoint semi-infinite geodesics with the same
direction anywhere on the lattice, except the trivial ones.

In addition to the Busemann process, this last point relies on
D. Coupier’s [ECP 2011] result that ruled out 3 geodesics in the same
direction out of the same lattice point.

Open problem: Prove Coupier’s result without relying on computations
on the TASEP speed process from [Amir, Angel, Valkó; AOP 2011] !
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What about general continuous i.i.d. weights?

What are the precise assumptions used for the previous global
description?

EXCEPT for Coupier’s result on the nonexistence of triple geodesics in
the same direction, the full picture follows under TWO assumptions:

‚ Shape function is strictly concave or differentiable at the endpoints of
its linear segments

‚ Busemann functions ξ ÞÑ Bξpx , yq are jump processes whose jumps
accumulate only at the extremes e1 and e2.

In all cases of i.i.d. LPP where these issues have been resolved, both
assumptions are valid.
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Distribution of Busemann jumps on the x -axis

Abbreviate Bξ˘
k “ Bξ˘

pk,0q,pk`1,0q. Let ¨ ¨ ¨ ă τξ
´1 ă 0 ď τξ

0 ă τξ
1 ă ¨ ¨ ¨

be the ordered set of indices k such that Bξ´
k ‰ Bξ`

k .

Theorem. [Janjigian, Rassoul-Agha, S; JEMS 2022]

Condition on Bξ´
0 ą Bξ`

0 in the Palm sense. Then
tτξ

i`1 ´ τ
ξ
i , Bξ´

τξpiq ´ Bξ`
τξpiq : i P Zu is i.i.d. with marginal

P
 

τξ
i`1 ´ τ

ξ
i “ n, Bξ´

τξpiq ´ Bξ`
τξpiq ą r

ˇ

ˇ

ˇ

ˇ Bξ´
0 ą Bξ`

0
(

“ Cn´1
1

22n´1 e´αpξqr @ i P Z, n P N, r P R`.

|| is Palm conditioning. Catalan numbers Cn “
1

n`1
`2n

n
˘

„ 4n

n3{2?π
.

Jump locations come like the zeroes of simple random walk!

For example, J´N,NK contains order
?

N occurrences of each ξ P Vω.
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Applications: coalescence estimates

Start semi-infinite ξ-geodesics from k2{3e1 and k2{3e2.

Theorem. [Shen, S; EJP 2019]

For large R ą 0:

C1R´2{3 ď Pt coalescence after distance Rk u ď C2R´2{3plog Rq2{3.

For small R ą 0:

e´C1R´2
ď Pt coalescence before distance Rk u ď e´C2R´2

.

Proof uses joint Busemann distribution (among other inputs).

The wrong correction plog Rq2{3 is the price we pay for not using
integrable probability. Sharp result by [Basu, Sarkar, Sly 2019].
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Non-existence of bi-infinite geodesics

Theorem. With probability one, there are no nontrivial bi-infinite
geodesics in the Exp CGM.
[Basu, Hoffman, Sly; CMP 2022 (FIRST). Balázs, Busani, S; Forum Sigma 2020.
Geometric CGM by Groathouse, Janjigian, Rassoul-Agha.]

Proof idea. Control the probability that a long geodesic goes through
the origin. Control comes from comparison with stationary LPP
processes, constructed with boundary conditions distributed as joint
Busemann process.

Approach generalizes to positive temperature.
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Non-existence of bi-infinite polymers

From zero temperature LPP to positive temperature polymers: finite
geodesics are replaced by quenched point-to-point polymer distributions:
the probability of a path γ between points u and v is

Qu,vpγq “
1

Zu,v

ź

x Pγ

ωx .

A polymer Gibbs measure is a probability measure µ on semi-infinite or
bi-infinite paths whose finite-dimensional conditional distributions are
given by the quenched point-to-point polymer distributions:

µpγ |u, v lie on the path q “ Qu,vpγq.

Theorem. [Busani, S; EJP 2022] With probability one, there are no nontrivial
bi-infinite Gibbs measures in the inverse-gamma directed polymer model.
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Directed landscape

Directed landscape Lpx , s ; y , tq is the 4-parameter scaling limit of
last-passage percolation models in the KPZ class in the KPZ scaling
window: time increments of order N, spatial increments of order N2{3,
fluctuations of order N1{3. [Dauvergne, Ortmann, Virág; Acta Math]

Limit of Exp CGM, along the diagonal from time level sN to tN, with
lateral spatial deviations xN2{3 and yN2{3:

Lpx, s; y , tq “ lim
NÑ8

1
24{3N1{3

!

L
`

psN ` 25{3xN2{3, sNq, ptN ` 25{3yN2{3, tNq
˘

´ 4Npt ´ sq ´ 28{3N2{3py ´ xq
)

.

[Dauvergne, Virág]
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Directed landscape and the KPZ fixed point

KPZ fixed point is a height function that evolves in the DL
environment: for s ă t,

htpyq “ sup
xPR
thspxq ` Lpx, s ; y , tqu

[Matetski, Quastel, Remenik; Acta Math 2021. Nica, Quastel, Remenik; Forum Sigma 2020]
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Busemann process in DL

Busemann function in a fixed direction ξ constructed by Rahman-Virág:

Wξpx , s ; y , tq “ lim
uÑ8

“

Lpx , s ;uξ,uq ´ Lpy , t ;uξ,uq
‰

Extend to full Busemann process as before:
 

Wξ�px , s ; y , tq : ξ P R , � P t˘u, px , s ; y , tq P R4(

Busemann process evolves as a backward KPZ FP: for s ă t,

Wξ�px , s ; y , tq “ sup
zPR

 

Lpx , s ; z, tq `Wξ�pz, t ; y , tq
(

.

Question: Can we find the joint Busemann distribution as the invariant
distribution of the KPZ FP?
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Stationary horizon
Stationary horizon (SH) is a cadlag process tGξuξPR with paths ξ ÞÑ Gξ

in DpR,CpRqq whose finite-dimensional distributions pGξ1 , . . . ,Gξnq for
ξ1 ă ¨ ¨ ¨ ă ξn can be constructed as follows.

Let fipxq “
?
2Bpxq ` 2ξi x be independent p1 ď i ď nq.

Then

pGξ1 ,Gξ2 , . . . ,Gξnq
d
“

`

f1,Ψ2pf1, f2q, . . . ,Ψnpf1, . . . , fnq
˘

where Ψk : CpRqk Ñ CpRq is the centered k-level Brownian last-passage
value:

Ψkpf1, . . . , fkqpxq “ sup
´8ăxk´1ď¨¨¨ďx1ďx

" k´1
ÿ

i“1
pfipxi´1q ´ fipxiqq ` fkpxk´1q

*

´ sup
´8ăxk´1ď¨¨¨ďx1ď0

" k´1
ÿ

i“1
pfipxi´1q ´ fipxiqq ` fkpxk´1q

*
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pfipxi´1q ´ fipxiqq ` fkpxk´1q

*

21/29



Stationary horizon: immediate properties

tGξuξPR is a process of monotonically ordered coupled Brownian motions
with drift: marginally

Gξpxq
d
“
?
2Bpxq ` 2ξx

Each pair Gξ1 ,Gξ2 agrees in a neighborhood of the origin.

Ordered increments: for x ă y , ξ ÞÑ Gξpyq ´ Gξpxq is a nondecreasing
jump process.

Ofer Busani derived SH as a limit from the Busemann process of Exp
CGM and baptized it. SH arose concurrently and independently as the
Busemann process of Brownian LPP [S, Sorensen].
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Each color marks the graph of Gξpxq d
“
?

2Bpxq ` 2ξx for a particular value ξ.
Any two graphs coincide on a nondegenerate interval around 0.
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Invariance of SH under KPZ fixed point

Theorem. [Busani, S, Sorensen]

Run KPZ fixed point with coupled initial data thξ
0p‚qu

d
“ tGξp‚qu:

hξ
t pyq “ sup

x PR

 

hξ
0pxq ` Lpx , 0; y , tq

(

Invariance. @t ą 0: thξ
t p‚q ´ hξ

t p0quξPR
d
“ tGξp‚quξPR.

Uniqueness. pGξ1 ,Gξ2 , . . . ,Gξnq is the unique invariant distribution on
CpRqn such that

lim
|x |Ñ8

x´1Gξipxq “ 2ξi p1 ď i ď nq.

Proof. DL & CGM coupling [Dauvergne, Virág] and SH limit of CGM [Busani].

Case n “ 1 improves on Pimentel’s earlier uniqueness result.
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Busemann process in DL

Corollary. Joint distribution of Busemann process on a time level:

tWξ`p‚, t ; 0, tquξPR
d
“ tGξp‚quξPR

as random elements of DpR,CpRqq.
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Discontinuities of the Busemann process

For p, q P R2 : Ξl pp; qq “ tξ P R : Wξ´pp; qq ‰ Wξ`pp; qqu

Set of all discontinuities: Ξl “
ď

p,qPR2

Ξl pp; qq.

Theorem. [Busani, S, Sorensen] With probability one:

@p ‰ q, Ξl pp; qq is discrete, so ξ ÞÑ Wξ˘pp; qq is a step function.

Ξl is countably infinite and dense in R.

Picture analogous to CGM arises.
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Uniqueness and coalescence

Ξl “ dense countable set of directions where Busemann process jumps.

When ξ R Ξl , all semi-infinite geodesics in direction ξ coalesce. BUT @ ξ
and on each time level D countably infinitely many points from which the
ξ-directed geodesic is not unique before the point of coalescence.

When ξ P Ξl , there exist two coalescing families of semi-infinite geodesics
in direction ξ. BUT presently we cannot rule out additional ξ-directed
semi-infinite geodesics.
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Geodesic separation points

S “ tp P R2 : Dξ P R s.t. Ddisjoint geodesics in direction ξ from pu

Theorem. [Busani, S, Sorensen]

@p P R2: Ppp P Sq “ 0.
S is almost surely dense in R2.
For fixed s P R, tx : px , sq P Su almost surely has Hausdorff dim 1{2.

CGM: every lattice point x has disjoint geodesics in direction ξ˚pxq.
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Busemann difference profile

fξpxq “ Wξ`px , 0; 0, 0q ´Wξ´px , 0; 0, 0q.

fξ is nondecreasing and vanishes in a neighborhood of the origin.

fξ ” 0 ðñ ξ R Ξl .

τξ “ inftx ą 0 : fξpxq ą 0u ă 8 ðñ ξ P Ξl .

Theorem. [Busani, S, Sorensen]

Conditionally on ξ P Ξl in the Palm sense, the restarted function

x ÞÑ fξpτξ ` xq, x ě 0,

is equal in distribution to Brownian local time.

29/29



Busemann difference profile

fξpxq “ Wξ`px , 0; 0, 0q ´Wξ´px , 0; 0, 0q.

fξ is nondecreasing and vanishes in a neighborhood of the origin.

fξ ” 0 ðñ ξ R Ξl .

τξ “ inftx ą 0 : fξpxq ą 0u ă 8 ðñ ξ P Ξl .

Theorem. [Busani, S, Sorensen]

Conditionally on ξ P Ξl in the Palm sense, the restarted function

x ÞÑ fξpτξ ` xq, x ě 0,

is equal in distribution to Brownian local time.

29/29



Busemann difference profile

fξpxq “ Wξ`px , 0; 0, 0q ´Wξ´px , 0; 0, 0q.

fξ is nondecreasing and vanishes in a neighborhood of the origin.

fξ ” 0 ðñ ξ R Ξl .

τξ “ inftx ą 0 : fξpxq ą 0u ă 8 ðñ ξ P Ξl .

Theorem. [Busani, S, Sorensen]

Conditionally on ξ P Ξl in the Palm sense, the restarted function

x ÞÑ fξpτξ ` xq, x ě 0,

is equal in distribution to Brownian local time.

29/29


