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Kardar-Parisi-Zhang (KPZ) Equation
Let h = (ht(x), x € R)¢>0 denote the solution of

Och = 302h + 3(9<h)? + ¢
ho(x) = o W(x),

& space-time white noise, W = standard two-sided BM.
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Kardar-Parisi-Zhang (KPZ) Equation
Let h = (ht(x), x € R)¢>0 denote the solution of

Och = 302h + 3(9<h)? + ¢
ho(x) = o W(x),

& space-time white noise, W = standard two-sided BM.

Two-Point Function
Find C:(x) such that

E [/Rsblﬁxho/Rcbzaxht] = //R2 P1(x)d2(y) Ce(y — x)dxdy .
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Integration by Parts (IP) from Malliavin Calculus
Let W(¢) = [ ¢dW, and X = X(W) be a random variable. Then

E [W(9)X] =E [(DX,¢)] ,

where DX = (DX(u), u € R) is the Malliavin derivative of X with
respect to W.
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Integration by Parts (IP) from Malliavin Calculus
Let W(¢) = [ ¢dW, and X = X(W) be a random variable. Then

E [W(9)X] =E [(DX,¢)] ,

where DX = (DX(u), u € R) is the Malliavin derivative of X with
respect to W.

Malliavin Derivative
If X =f(W(é1),..., W(dq)) then

d

DX(u) =Y O F(W(d1),..., W(da))$j(u) € L? (2 x R) .

j=1

In particular D(W(¢))(u) = ¢(u).
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Thus, for X = fR P20xhy,

E [ [ oot [ mht] — 0B [W(61)X] = oF [(DX, 61)]
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Thus, for X = fR D205 hy,
E [/ (;518Xh0/ ¢28Xht] =oE [W(¢1)X] = oE [(DX, ¢1)] .
R R

Since we can write X = — [, ¢5(x)h¢(x)dx, then

DX(u) =~ [ 5()D(he(x))(u)ek.



Thus, for X = fR D205 hy,

E [ [ oot [ mht] — 0B [W(61)X] = oF [(DX, 61)]

Since we can write X = — [, ¢5(x)h¢(x)dx, then
DX(u) = —/Rgblz(x)D(ht(x))(u)dx.

How to compute D(h:(x))?



Thus, for X = [ ¢20xhe,
E [/Rgslaxho/R@axht] — oF [W(¢1)X] = oE [(DX, é1)] .
Since we can write X = — [, ¢5(x)h¢(x)dx, then
DX() =~ [ S5()D(hi(x))(0)ex-

How to compute D(h:(x))?

Look at the Cole-Hopf solution of the KPZ.
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Stochastic Heat Equation
Let Z;(x, y) be the fundamental solution of (y fixed)

nZ =1302Z + Z¢
Zo(x,y) =d(x —y).
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Stochastic Heat Equation
Let Z;(x, y) be the fundamental solution of (y fixed)

Cole-Hopf Solution
Then

he(x) = log </R Zr(x7y)e"W(”dy> :

is the free energy associated to the end-point density

. Zt(X7y)eUW(y)
o Ze(x, z)e" W@ dz

px,t()/)

o
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Thus,

D(he(x))(u) = o /R G ()P (Y)dy = oExc [Cy (1))

where

11(07y](u) ify >0,
ueR — ¢ (u) = 0 ify=0,
—]1(y70](u) ify<0.
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Thus,

D(he(x))(u) = o /R G ()P (Y)dy = oExc [Cy (1))

where
11(07y](u) ify >0,
ueR — ¢ (u) = 0 ify=0,
—]1(y70](u) ify<0.
Therefore,

DX(0) =~ [ G5(0Bce o ()] dx.




Denote Ey ¢ [[] =E [Ext[]], pt = pot and E¢ =Eq ;. Then

B(OX.a)] = o [ ( / ¢g<x>Et[cx+y<u>1dx> o (u)d
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Denote Ey ¢ [[] =E [Ext[]], pt = pot and E¢ =Eq ;. Then

B(OX.a)] = o [ ( / ¢g<x>Et[cx+y<u>1dx) o (u)d

_ _oE, [/R (x) </R ¢1(u)Cx+y(u)du> dx}



Denote Ey ¢ [[] =E [Ext[]], pt = pot and E¢ =Eq ;. Then

B(OX.a)] = o [ ( / ¢g<x>Et[cx+y<u>1dx) o (u)d

_ _oE, [/R (x) </R ¢1(u)Cx+y(u)du> dx}

_ oE, UR@(X)@(H Y)dx] .



Hence,

E {/R ¢13Xh0/R¢23xht] =0’E¢[¢2*x ¢1(Y)] ,

where ¢z * ¢1(y fR 2(x)p1(x + y)dz, and then

Ci(x) = o”E [pe(x)] -



Hence,

E {/R ¢18xho/R¢2axht] =0’E¢[¢2*x ¢1(Y)] ,

where ¢z * ¢1(y fR 2(x)p1(x + y)dz, and then
Ce(x) = 0°E [pe(x)] -

How to compute E [p:(x)]?



Hence,

E {/R ¢13Xho/R¢2axht] =0’E¢[¢2*x ¢1(Y)] ,

where ¢z * ¢1(y fR 2(x)p1(x + y)dz, and then
Ce(x) = 0°E [pe(x)] -

How to compute E [p:(x)]?
Denote g:(x) = Var [h¢(x)]. We use that

g+(x) = Var [h:(0)] — 02|x| + 2E [ho(x)h(x)] ,

and apply IP to compute G¢(x) = E [ho(x)he(x)].



IP implies that

Gi(x) = E [he(x)ho(x)] = 0B [W(C)he(x)] = oE [(D(he(x)), C)] -



IP implies that
Gi(x) = E [he(x)ho(x)] = o [W(C)he(x)] = o [(D(he(x)), Cx)] -

(recall that D(h¢(x))(u) = 0Ex ¢ [Cy(u)]).




IP implies that
Gi(x) = E [he(x)ho(x)] = o [W(C)he(x)] = o [(D(he(x)), Cx)] -

(recall that D(h¢(x))(u) = 0Ex ¢ [Cy(u)]).

Since

/RCY(U)CX(u)du — {mi”{’“ Yit, x>0

—max{x, Y_}, x <0,

we have that

B E ¢ [min{x, (x + Y)+}] if x>0,
Ge(x) = o { Eo [ maxix, (x £ Y) )] #fx<0.
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For x >0

E¢[min{x, (x + Y)1 H =E¢ [(x + Y)Livexo + XLiy>o))
=E; [Y]I{Ye(—x,o]}] + xP: [Y > —x]
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For x >0

E¢[min{x, (x + Y)1 H =E¢ [(x + Y)Livexo + XLiy>o))
=E; [Y]I{Ye(—x,o]}] + xP; [Y > —X]

—  G/(x) = °P;[Y > —x] = 0P, [Y < X]
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For x >0

E¢[min{x, (x + Y)1 H =E¢ [(x + Y)Livexo + XLiy>o))
=E; [Y]I{Ye(—x,o]}] + xP; [Y > —X]

—  G/(x) = °P;[Y > —x] = 0P, [Y < X]

— gl(x) = =02+ 20°P:[Y < x] =02 (2P [Y < x] — 1) .
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For x <0

E¢[-max{x,(x + Y)_H=E [-(x + Y){yeo,-x3 — XI{v<op]
= —Et [Y]I{Ye(o,fx]}] — XPt [Y S —X]
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For x <0

E¢[—max{x,(x + Y)_} =E¢ [-(x + V) iyeo -3 — XLiv<op]
= —Et [Y]l{yG(07,X]}] — XPt [Y S —X]

= Gj(x) = —0°P,[Y < —x] = 0? (P:[Y < x] - 1)
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For x <0

E¢[—max{x,(x + Y)_} =E¢ [-(x + V) iyeo -3 — XLiv<op]
= —Et [Y]l{Ye(O,fx]}] — XPt [Y S —X]

= Gj(x) = —0°P,[Y < —x] = 0? (P:[Y < x] - 1)

— gi(x) =02 +20% (P [Y <x] 1) =0? (2P, [Y < x] - 1) .




For x <0

E¢[—max{x,(x + Y)_} =E¢ [-(x + V) iyeo -3 — XLiv<op]
= —Et [Y]l{Ye(O,fx]}] — XPt [Y S —X]

= Gj(x) = —0°P,[Y < —x] = 0? (P:[Y < x] - 1)

— gi(x) =02 +20% (P [Y <x] 1) =0? (2P, [Y < x] - 1) .

— Blp(0l =57 and G = i) = 557



Previous Work
For the stationary regime o = 1.

» Using stationary weakly ASEP approximations (due to
Bertini-Giacomin) Baldzs-Quastel-Seppaldinen showed that
g:(0) ~ t2/3, C(x) = #, and that C¢(x) can be written in
terms of a symmetric probability measure on R.
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terms of a symmetric probability measure on R.

» Imamura-Sasamoto derived exact formula for g¢(x).
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» Using stationary weakly ASEP approximations (due to
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g:(0) ~ t2/3, C(x) = #, and that C¢(x) can be written in
terms of a symmetric probability measure on R.

» Imamura-Sasamoto derived exact formula for g¢(x).

» Maes-Thierry indicated the connection between g;’ and the
polymer end-point distribution (nonrigorous argument).
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Previous Work
For the stationary regime o = 1.

» Using stationary weakly ASEP approximations (due to
Bertini-Giacomin) Baldzs-Quastel-Seppaldinen showed that

g:(0) ~ t2/3, C(x) = #, and that C¢(x) can be written in

terms of a symmetric probability measure on R.
» Imamura-Sasamoto derived exact formula for g¢(x).

» Maes-Thierry indicated the connection between g;’ and the
polymer end-point distribution (nonrigorous argument).

» Gu-Komorowski proved that g+(0) = Eq+[Y] to show that
g+(0) ~ t?/3 (Malliavin calculus).
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Previous Work
KPZ universality.

» 1:2:3 scaling eh.—3;(xe™2) + C.t — h:(x) (KPZ Fixed Point).
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Previous Work
KPZ universality.

» 1:2:3 scaling eh.—3;(xe™2) + C.t — h:(x) (KPZ Fixed Point).

» References: Amir-Corwin-Quastel, Sasamoto-Spohn,
Borodin-Corwin-Ferrari, Borodin-Corwin-Ferrari-Véto,
Matetski-Quastel-Remenik, Dauvergne-Ortmann-Virag,
Quastel-Sarkar, Virag.
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Previous Work
KPZ universality.

» 1:2:3 scaling eh.—3;(xe™2) + C.t — h:(x) (KPZ Fixed Point).

» References: Amir-Corwin-Quastel, Sasamoto-Spohn,
Borodin-Corwin-Ferrari, Borodin-Corwin-Ferrari-Véto,
Matetski-Quastel-Remenik, Dauvergne-Ortmann-Virag,
Quastel-Sarkar, Virag.

» Two-point function (stationary KPZ FP): Ci(x) = g”2(t)-<2t/23/3)

INSTITUTO DE MATEMATICA
Universidade Federal do Rio de Janciro



Previous Work
KPZ universality.

» 1:2:3 scaling eh.—3;(xe™2) + C.t — h:(x) (KPZ Fixed Point).

» References: Amir-Corwin-Quastel, Sasamoto-Spohn,
Borodin-Corwin-Ferrari, Borodin-Corwin-Ferrari-Véto,
Matetski-Quastel-Remenik, Dauvergne-Ortmann-Virag,
Quastel-Sarkar, Virag.

//(Xt2/3)

> Two-point function (stationary KPZ FP): Ci(x) = £557

» References: Prahofer-Spohn, Ferrari-Spohn,
Baik-Ferrari-Péché.
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KPZ Fixed Point (h:(x), x € R);>0 and ho = oW
Let g(x) = Var [h1(x)] and

Z = arg max {oW(z) + Ax(2) — 22} .



KPZ Fixed Point (h:(x), x € R);>0 and ho = oW
Let g(x) = Var [h1(x)] and

Z = arg max {oW(z) + Ax(2) — 22} .

Then

> E [ [z 910xbo [ 920xb¢] = 0%E [¢2 * ¢1(t*32)].

> g'(x) =02 (2P[Z < x] - 1).

o g// xt—2/3
> Ct(X)— (2t2/3 )-

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,



The Flat Case 0 =0
In both models (KPZ - Eq & FP) one obtains

gi(x,0) = o2 (2F:(x,0) — 1) .

For o = 0 one gets [F;(x,0), the corresponding end-point
distribution for the flat initial data. Therefore

F(x,0) = % (Iim gilx0) | 1> .

ol0 o2

o

miversidade Federal do Rio de Janciro



Wasserstein Distance from Independence

Let (X1, X2) be a random vector with probability law 6 = Px, x,,

and let n = Px, ® Px, be the product measure induced by the
marginals of 6.

Wass(6,1) = sup {‘/ Ed@—/ Edn‘}.
£€Lip; R2 R2
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Wasserstein Distance from Independence

Let (X1, X2) be a random vector with probability law 6 = Px, x,,

and let n = Px, ® Px, be the product measure induced by the
marginals of 6.

Wass(6,1) = sup {‘/ Ed@—/ Edn‘}.
£€Lip; R2 R2

Malliavin-Stein method for Asymptotic Independence
Denote 6 = PUW(@)’X and n = PaW(qﬁl) ® Px. Then

Wass(6,7n) < Hdib\/Z‘E [(DX, ¢1)] ) :
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Asymptotic Independence for KPZ

(Eq) Wass(6¢,m:) < ’¢1||2\/7‘/¢2 * ¢1(x X) ‘

g" Xt 2/3) ‘

(FP) Wass(0:,1:) < H¢1H2\/7}/¢2 qbl(x 2 —am
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Stein Method for Asymp. Independence
For f : R? — R (nice) and Xi ~ N(0,0%) let

Nf(x1,x) = U%@le(xl,XQ) — x1f(x1, x2) .

There exists a unique bounded solution f; : R — R of the
equation
Nf(x1,x2) = U(x1, %) — E [((X1,x)] .
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Stein Method for Asymp. Independence
For f : R? — R (nice) and Xi ~ N(0,0%) let

Nf(x1,x) = U%@le(xl,XQ) — x1f(x1, x2) .

There exists a unique bounded solution f; : R — R of the
equation
Nf(x1,x2) = U(x1, %) — E [((X1,x)] .

Furthermore,
> ||f€||oo < ”8X1£||oo?

> 0 filleo < 24/2 0100 l0
> [Bfillso < 2v/Fl00 o
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Malliavin-Stein Method for Asymp. Independence
We want to bound

/M@—/ ¢dn =K [Nf(X1, X2)]
R2 R2

for X1 = UW(¢1) with U% = 02”(]51”% and Xp = X.
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Malliavin-Stein Method for Asymp. Independence
We want to bound

/ec/e—/ ¢dn =K [Nf(X1, X2)]
R2 R2

for Xy = o W(¢1) with 02 = 02||¢1]3 and Xo = X.

Use the chain rule,

Df(Xl, X2) = 8X1 f(Xl, XQ)DXl + 8X2 f(Xl, XQ)DXQ s
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Malliavin-Stein Method for Asymp. Independence
We want to bound

/ec/e—/ ¢dn =K [Nf(X1, X2)]
R2 R2

for Xy = o W(¢1) with 02 = 02||¢1]3 and Xo = X.

Use the chain rule,
Df (X1, Xa) = Ox, f(X1, X2) DX1 + 0, f (X1, X2) DXz ,

combined with IP:

E [X.f (X1, Xo)] = o [(DF(X1, Xs), 61)]
— o2E [3X1f(X1,X2)] +oE [6X2f(X1,X2)(DX2, ¢1>] .
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Malliavin-Stein Method for Asymp. Independence
Since N'f(x1,x) = Ufaxlf(xl,xz) — x1f(x1,x2), we have

E [Nf(X1, X2)] = —oF [8X2f(X1,X2)(DX2, ¢1)] .
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Malliavin-Stein Method for Asymp. Independence
Since N'f(x1,x) = afaxlf(xl,xz) — x1f(x1,x2), we have

E [Nf(X1, Xo)] = —oE [8X2f(X1,X2)<DX2, ¢1)] .

Recall the upper bound ||0x, fr||cc < o%\/g to conclude that

Wass(6,n) < sup |E [N (X1, X2)] \/7‘]E DX2,¢1 ‘
¢ H<Z51H2
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References for this work

» (P) Integration by parts and the KPZ two-point function. To
appear in the AOP.

» (Lopez-P) On the two-point function of the one-dimensional
KPZ equation.
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