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Kardar-Parisi-Zhang (KPZ) Equation

Let h = (ht(x) , x ∈ R)t≥0 denote the solution of{
∂th = 1

2∂
2
xh + 1

2 (∂xh)2 + ξ

h0(x) = σW (x) ,

ξ space-time white noise, W ≡ standard two-sided BM.

Two-Point Function
Find Ct(x) such that

E
[∫

R
φ1∂xh0

∫
R
φ2∂xht

]
=

∫ ∫
R2

φ1(x)φ2(y)Ct(y − x)dxdy .
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Integration by Parts (IP) from Malliavin Calculus

Let W (φ) =
∫
R φdW , and X = X (W ) be a random variable. Then

E [W (φ)X ] = E [〈DX , φ〉] ,

where DX = (DX (u) , u ∈ R) is the Malliavin derivative of X with
respect to W .

Malliavin Derivative
If X = f (W (φ1), . . . ,W (φd)) then

DX (u) =
d∑

j=1

∂xj f (W (φ1), . . . ,W (φd))φj(u) ∈ L2 (Ω× R) .

In particular D(W (φ))(u) = φ(u).
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Thus, for X =
∫
R φ2∂xht ,

E
[∫

R
φ1∂xh0

∫
R
φ2∂xht

]
= σE [W (φ1)X ] = σE [〈DX , φ1〉] .

Since we can write X = −
∫
R φ
′
2(x)ht(x)dx , then

DX (u) = −
∫
R
φ′2(x)D(ht(x))(u)dx .

How to compute D(ht(x))?

Look at the Cole-Hopf solution of the KPZ.
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Stochastic Heat Equation

Let Zt(x , y) be the fundamental solution of (y fixed){
∂tZ = 1

2∂
2
xZ + Zξ

Z0(x , y) = δ(x − y) .

Cole-Hopf Solution

Then

ht(x) = log

(∫
R
Zt(x , y)eσW (y)dy

)
,

is the free energy associated to the end-point density

px ,t(y) =
Zt(x , y)eσW (y)∫

R Zt(x , z)eσW (z)dz
.
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Thus,

D(ht(x))(u) = σ

∫
R
ζy (u)px ,t(y)dy = σEx ,t [ζY (u)] ,

where

u ∈ R 7→ ζy (u) =


1(0,y ](u) if y > 0 ,
0 if y = 0 ,
−1(y ,0](u) if y < 0 .

Therefore,

DX (u) = −σ
∫
R
φ′2(x)Ex ,t [ζY (u)] dx .
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Denote E x ,t [·] = E [Ex ,t [·]], pt ≡ p0,t and E t ≡ E 0,t . Then

E [〈DX , φ1〉] = −σ
∫
R

(∫
R
φ′2(x)E t [ζx+Y (u)] dx

)
φ1(u)du

= −σE t

[∫
R
φ′2(x)

(∫
R
φ1(u)ζx+Y (u)du

)
dx

]
= σE t

[∫
R
φ2(x)φ1(x + Y )dx

]
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and apply IP to compute Gt(x) = E [h0(x)ht(x)].
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IP implies that

Gt(x) = E [ht(x)h0(x)] = σE [W (ζx)ht(x)] = σE [〈D(ht(x)), ζx〉] .

(recall that D(ht(x))(u) = σEx ,t [ζY (u)]).

Since ∫
R
ζY (u)ζx(u)du =

{
min{x ,Y+} , x ≥ 0

−max{x ,Y−} , x ≤ 0 ,

we have that

Gt(x) = σ2

{
E t [min{x , (x + Y )+}] if x ≥ 0 ,
E t [−max{x , (x + Y )−}] if x ≤ 0 .
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For x ≥ 0

E t [min{x , (x + Y )+}] = E t

[
(x + Y )1{Y∈(−x ,0]} + x1{Y>0]}

]
= E t

[
Y1{Y∈(−x ,0]}

]
+ xPt [Y > −x ]

=⇒ G ′t(x) = σ2Pt [Y > −x ] = σ2Pt [Y ≤ x ]

=⇒ g ′t(x) = −σ2 + 2σ2Pt [Y ≤ x ] = σ2 (2Pt [Y ≤ x ]− 1) .
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Previous Work
For the stationary regime σ = 1.

I Using stationary weakly ASEP approximations (due to
Bertini-Giacomin) Balázs-Quastel-Seppäläinen showed that

gt(0) ∼ t2/3, Ct(x) = g ′′t (x)
2 , and that Ct(x) can be written in

terms of a symmetric probability measure on R.

I Imamura-Sasamoto derived exact formula for gt(x).

I Maes-Thierry indicated the connection between g ′′t and the
polymer end-point distribution (nonrigorous argument).

I Gu-Komorowski proved that gt(0) = E 0,t [Y ] to show that
gt(0) ∼ t2/3 (Malliavin calculus).
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Previous Work
KPZ universality.

I 1:2:3 scaling εhε−3t(xε
−2) + Cεt → ht(x) (KPZ Fixed Point) .

I References: Amir-Corwin-Quastel, Sasamoto-Spohn,
Borodin-Corwin-Ferrari, Borodin-Corwin-Ferrari-Vëto,
Matetski-Quastel-Remenik, Dauvergne-Ortmann-Virag,
Quastel-Sarkar, Virag.

I Two-point function (stationary KPZ FP): Ct(x) = g ′′(xt2/3)

2t2/3 .

I References: Prähofer-Spohn, Ferrari-Spohn,
Baik-Ferrari-Péché.
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Matetski-Quastel-Remenik, Dauvergne-Ortmann-Virag,
Quastel-Sarkar, Virag.

I Two-point function (stationary KPZ FP): Ct(x) = g ′′(xt2/3)

2t2/3 .

I References: Prähofer-Spohn, Ferrari-Spohn,
Baik-Ferrari-Péché.



KPZ Fixed Point (ht(x) , x ∈ R)t≥0 and h0 = σW

Let g(x) = Var [h1(x)] and

Z = arg max
z∈R

{
σW (z) +A2(z)− z2

}
.

Then

I E
[∫

R φ1∂xh0

∫
R φ2∂xht

]
= σ2E

[
φ2 ? φ1(t2/3Z )

]
.

I g ′(x) = σ2 (2P [Z ≤ x ]− 1).

I Ct(x) = g ′′(xt−2/3)

2t2/3 .
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The Flat Case σ = 0
In both models (KPZ - Eq & FP) one obtains

g ′t(x , σ) = σ2 (2Ft(x , σ)− 1) .

For σ = 0 one gets Ft(x , 0), the corresponding end-point
distribution for the flat initial data. Therefore

Ft(x , 0) =
1

2

(
lim
σ↓0

g ′t(x , σ)

σ2
+ 1

)
.



Wasserstein Distance from Independence

Let (X1,X2) be a random vector with probability law θ = PX1,X2 ,
and let η = PX1 ⊗ PX2 be the product measure induced by the
marginals of θ.

Wass(θ, η) = sup
`∈Lip1

{∣∣ ∫
R2

` dθ −
∫
R2

` dη
∣∣} .

Malliavin-Stein method for Asymptotic Independence

Denote θ = PσW (φ1),X and η = PσW (φ1) ⊗ PX . Then

Wass(θ, η) ≤ 1

‖φ1‖2

√
π

2

∣∣∣E [〈DX , φ1〉]
∣∣∣ .
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Asymptotic Independence for KPZ

(Eq) Wass(θt , ηt) ≤
1

σ‖φ1‖2

√
π

2

∣∣∣ ∫
R
φ2 ? φ1(x)

g ′′t (x)

2
dx
∣∣∣ .

(FP) Wass(θt , ηt) ≤
1

σ‖φ1‖2

√
π

2

∣∣∣ ∫
R
φ2 ? φ1(x)

g ′′(xt−2/3)

2t2/3
dx
∣∣∣ .



Stein Method for Asymp. Independence

For f : R2 → R (nice) and X1 ∼ N(0, σ2
1) let

N f (x1, x2) = σ2
1∂x1f (x1, x2)− x1f (x1, x2) .

There exists a unique bounded solution f` : R2 → R of the
equation

N f (x1, x2) = `(x1, x2)− E [`(X1, x2)] .

Furthermore,

I ‖f`‖∞ ≤ ‖∂x1`‖∞ ;

I ‖∂x1f`‖∞ ≤ 1
σ1

√
2
π‖∂x1`‖∞ ;

I ‖∂x2f`‖∞ ≤ 1
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