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Gyp

cohomology-EEgyo-ffi-mtegroupsletcrb.ee
a finite group . A G- module is an

abelian
group ra together with an action of Gi ,

i. e. a map

G X M → M

(o
,

m ) → on

such that

(a) 0cm +m
' ) = om f om

'

(b) (re ) (m) = o ( Tm ) for all 9T C- Gs
,
MEM ;

(e) Im = m for all 7h
.

equivalently
,

Gs → Aut (M)

• → Go

with 01
, (m ) = om is a group homeomorphism ,

E×amp1e_ I

Let L be a finite Galois esetension of a field K with

Galois group G. Let E be an elliptic curve one.sk
.

Then E- ( L ) is a Gs -module via the co - ordinate wise

action
.

Let m be a G- module
.
we define

,

1-10 ( G
,
M ) = MG

= { on C- M / rm=m to c- Gi } .

In particular , for the G- module E- ( L) in Example 1
,

1-196
,
ECL ) ) = E. ( K2

.

- Hola, Ms) is called the zeroth cohomology group of Gi - module M
.



A ← h⇒Iophism_ is a function f- : or → m such that

f- ( • E) = f- ( o) + •FCT) , for
all 9T C- Gg .

For any me M
, f(→ =

• M -M for all
• c- Gg is a cross

homomorphism called as principal cross homomorphism.

The set of cross homomorphism is a group uncles pointwise
addition of functions and principal cross homomorphisms form a

subgroup .

- The ist cohomology group 1-1 '(G. M) of G- module

M is defined as

H' ( G
,
M) :=ÉÉIphisms}_

{ principal cross homomorphism}

- Note that when G acts trivially on 141 then

1-1
'
( G

,
M ) = Horn (G , M)

.

-

c-o-nectin-g.to#-phism-
✓

Let o → ME NIP → • be an exact sequence of
G- modules . Let § C- PG c- P

.

Let me N such that

↳ Cm ) = § .
Since for> - n) = • to - Is = 0 at • c- Gs

,

on - on = Cmo) for some Moe M .

↳ C- Hola,PJ→ hikes
,
.rs)we define ,

Scp) (o) __ Mo
.

Then S ( fo ) is a cross homomorphism .
Further

,

modulo

principal Cross homomorphisms, Scp ) is independent

of choice of n such that yen) =p .



Proposition £

For an exact sequence

o → ya → N → P → 0
,

there is a canonical exact sequence

• → tier
,
M) → 1-solos

,
is ) → vicar

,
pj-tilbs.MJ-sticcr.ms) → H' Los

,
P)

.

Here s is the connecting homomorphism .

I-nf-latiz-srestoict.io#

Let 1-1 I G be a subgroup .

The restriction map

Res : tt
'
( G. 59 ) → It '(s¥

,
is )

g- → f) ¥

is a
group homomorphism .

Suppose that H ⇐ Gs be a normal subgroup , and let 1-9 be a G- module
.

Then path is a G /↳
- module

.
A Gross homomorphism

f- : Gi /* → M
"

. defines a crossed

homomorphism f- : G
-

→ M via

f- : a → G. In → M
"

E M
,

which further
induces a homomorphism

Inf : tickets
,
ra
" ) →

'H' ( G
,
M) cared

Inflation
'

homomorphism .

.pro/oosition-I: For a G-module M and a normal

subgroup H ⇐ Gi
,
the sequence

0 → H' ( G /µ
,
MH) ¥-1T

'
Cor
,
) H'(1--1,19)%-1 is exact

.



cohom-ologyof-infi-itea-aisgoou-ps.le.tk
be a perfect field , and let IT be an algebraic closure of It .

Let J C- IT be a normal extension of K , non necessarily

finite over K
.

Let Coral ( IIIs) be the Galois group of 511£ ,
i - e . the

group of automorphisms of J fixing K
.

The
group

'

Gal LJIK) is a topological group for which open subgroups are those

fishing some finite eaeteusion of K
. we have

,

Gale) = him
←

Gs .at ( 4K )
LEJ

where
,
L varies over finite normal extensions of K and

limit is taken with respect to the natural projection

maps of quotients group .

Let "M be a discrete Gal
> (%) - module , i - e . the

corresponding map
Gal %) ✗ M → M is continuous when M

is given discrete topology .

1--1 U M
"

1-1
open in Goat (%)

.Equivalently ,
1-1

,

or Equivalently ,
stabilizer of every element in M is

an open subgroup of G. al(%k7
.

F-x-am.pk -

- For an Elliptic curve F- over over K
,
E- (J) is a discrete

Goral ( Jfk ) - module .

- the torsion subgroup F- G)to , C- ECT) is a discrete submodule
.

ECs→= F- (A)



For an infinite Galois group
Gsat (%) and a discrete

G(%) - module 19
,

1--1
"

cos
,
M ) is defined as the group

of all continuous crossed product homomorphisms
f- ios → M modulo the subgroup of principal crossed

homomorphisms .

. Equivalent,

↳ (JL) )1-1
'

(UGA)
,
1-9 ) := him ticcrasc -4--1*3,1-9

LET

where
, L varies over finite Galois extensions of K

and direct limit is taken with respect to the

- ^

inflation snaps .

Note that since stoiblm) is an open sieb
group of GEEK)

for every me M
,

the principal cross homomorphism

g- (a) = - m -m is continuous

Notation : For the Sep closure keep in analog closure 1T
,

tick
,
M) :=H'(Gall "%% )

,
M )

.

Propositions-3 For a continuous discrete Geckos) - module M
,

1-1 '(G(%),M) is torsion .

p_ooof : let ft H' ( G(%),M ) .

Then 3- a finite Galois extension 21k

Such that f- c- H
' EG c)

,
ma ' "" ) ) c- H' (↳ (Jha)

,
M) .

Let n= 141471
.

\

For a g c- G
,

E- g- Ch) = Efcgh) = g Etch tnf.gg
htG(4K) qEGC4⇒ hfG(4k)

=) n f- (g) = gon - m for me Efchs

hEG(4K)

=) nf = o in 1-114 ( Jha )
,
M ) .

☐
.



P-oineip-ak.om-z-e.ES space .

( of set )

Let It be an abelian group .
A sight - set

Iori ✗ It -→ IN

( w , a) → cota

is called a principal homogeneous space for A if lol I and the

map

W ☒ A → IN ✗ IN

( w
,
a) → ( w

,
w + a)

is bijective ,
i - e . given w

, , we C- 1×1 , there
is a unique a c- A such that

W
,
+ a = Wz .

A morphism of principal homogeneous spaces
is a map of A - sets .

Examples : 1) Addition A ✗ A → It makes A into a principal homogeneous

space .

2- For a field K
,
the affine line 1A !, is a principal homogeneous space for K .

P-posi-ion41.at
IN and 1×1

' be two principal homogeneous space for A ,

Then for every
w

,
c- H and W

,
E W

'

,
there eseists a

unique morphism 4 : lost → Hi
'
such that 41W.)= wa

.
Moreover

,
=

every morphism from 1<-1 → Ks
' is an isomorphism .

.pro# 9 (w ) = wz t.es for w=w
,
+ -a satisfy 91W ,)=we .

Let y : E-I → 4-1
'
be a morphism with

'
,

YC EU , ) = Wz .
Since 4 is a morphism

µ Cos = 4 ( co
,
+ a) = ↳ Cco , > + a

= we t.ae
'

it we sat
.

This
proves uniqueness of 9 .



There is a unique morphism 40 : fat
'
→ 1*1 with

YCWzS=w , . Again uniqueness implies • 4=1.dk, ,

and Yo = Id in
.

⇒ & Up ase isomorphisms . ☐

- As a consequence , for a principal homogeneous

space IN and we Kil
,
there is a unique isomorphism

§ : A → by such that Cos = w
.

-

we have
.

A = A- wtf 1--11

a → ( w → out a)

EEipal-ho-r-n-geneo-us.si#eo-feurres-

Let E be an elliptic curare over a field Is
.

A principal homogeneous

space for E is a Carre w over K together with a right action of

F- given by a snap of varieties

↳ ✗ E- → ↳

( co
, P ) → wt p

such that

IN ✗ E →
'

IN ✗ 1×1

( w
,
p) → ( w

, cut P)

is an isomorphism of algebraic varieties .

- If 1/-1 is a principal homogeneous space of E then for

every field extension 4k
,

INCH is either empty

or a principal homogeneous space of F- (↳ as sets .



A- morphism 9 : IN → 1×1 ' of principal homogeneous spaces over E is a

morphism of algebraic varieties such that
,

1<-1 ✗I → £-1

I 1
IN

'
✗ E → w

'

commutes .

Proposition 4 and its consequences applies to principal homogeneous spaces

over elliptic curves . In particular , we have

-

Addition F- ✗ F- → E snakes E into a principal homogeneous space called

trivial principal homogeneous space .
- let IN & Sas' be principal homogeneous spaces fo F-

.
For any

W C- IN (K ) and W' C- Kick) there exist a unique morphism w → IN '

of
u

principal homogeneous spaces sending w to w
'

. Further
,
such a

morphism is in fact an isomorphism .

- Since ↳ ( L) I for a finite extension 4k
,

there is an isomorphism

from
'

IN → E over L
. In particular IN is trivial over a finite

extension of K .

- For a point P c- ECK)
,
w → cot P is an automorphism of W

,
and every

automorphism of his over K is of this form for a unique P C- E- CKS
.

classifications EE PÉho=ge÷{ spaces -

Let W be a principal homogeneous space for E-
,
and

w c- fat (E) .

For
any of Giallklk) ,

ow C- KICK )
. .

There is a unique f- (o) E E- (E)
,

such that ow = w -+ f- (o)
.
we heave

w w

← E) (WS = • ( Tw) = • ( co # ft) ) = out of CT > = w + g- (a) + Ofc -4
w w w w

⇒ g- ( •⇒ = fco) f- off -4
.

W w w

Henie fw : Gsat ( Ilia ) → F- CTC ) is a cross homomorphism .

Since we k-ICLIIE.CL) for a finite extension -4K
,

f-( 0=0
w

* • c- Gas(4k)
.

This implies that f is continuous .

w



Let w
,
w

' C- 4-1 ( K ) and f , f be corresponding
w WI

cross homomorphism respect- rely .

Let w =w
'
+ P for some P C- F- ETC )

.

=) oceo) = - o Coo ' ) - t ocp)

=) wt f-(o) = ee
'

t-fw.fr) to ( p )
w

=) W' + Pt f- (o) = wt t f (o) + OCP )
w w

'

f- • • (o) - f (E) = OCP ) - p f o
,

w

Cross homeomorphism few ruodnlo principal cross h-olo.ouorphe.sn
associated to a point W is independent of w .

Now suppose that
'W' &

'W' ' be principal homogeneous of F-

with an isomorphism Cf : 1×1 → IN
'

over K
.

Let we KHE)

and we = QCW) .

Then ow = w + g- Cos =) Glow) = Ulcer ) f- f- ( o)
w w

⇒ 0cg Cws) = ↳ Ceos + fwco) =) ow
'

= w
'

t.s-a.co .

⇒ fool -0) = fw.co ) it • e- Graef%)
.

⇒ w → fw is a well defined function

from ¢
} Principal homogeneous spaces for E }/y

→ tick
, E)

.

Suppose that f- (o)
= • CP) - P for some P c- E- (E)

.

w

Then ofw - P) = ow - op = wt ocpj - P - op = w - p
.

=) W - P C- KICK)
.

This shows that if the cohomology class of fw is zero then
,

loss is trivial over K
.

Theorem_5_

The function of defined above is a bijection .

.pro# let kid and bit
'

be principal homogeneous space of

F- over K
.

let w Eta (E) and co
'

e- 1×1 (E)
.

✓

,



-

suppose that f-w = fw , in tick , E)
.

⇒ These is PE ECE ) such that

twice ) = f-
•
Cost GP - P f o

.

• ( w '
- P ) = w

'
- P + tw ,

- plo )
⇒ • ( w

' ) - ocp) = w
'
- P + fw;- pl

⇒ w/ + fw , / o ) - ocp) = w
'
- Pt fw :p(a)

⇒ f- wi - p
lo) = fw.to ) - • CPI -18 ⇒ fwi_p=- fw

by replacing w
' by co :p we assume two) = fw.co) it 0

.

There is a unique isomorphisms Q : IN
.

→ w
'

e

over IT with C W ) = co
'
.

let ← c- IN and write are -_ w to

9km) ± ( Aw + Q)) = 91 wtfwlo> too ) = w
'
+ f- cos + • a

w

= wl + fw,
to) too

= ow
'
too

= 01W '
+ Q ) .

= E- ↳ Ise ,

=> ⑤ : IN → 1*1 is defined over K
.

⇒ § is
'

injective .

Surjective ( a boief Sketch )

:<moves defined
←

objects : finitely generated

g-over K extensions Jfk of transcendenceYaps.im no , constant /gun,#g.ee one win sing ⇒ µ
.

rational maps Maps : field homomorphisms fixing Is

defined over 12 .



Let f C- H'( K ,
E ) . Let ICE) be the function field of

'

F- over it
.

For every 0 C- GotCÑIK)
,
we have an

automorphism Tµ•g : E
→ E

se → setters

which in turn induces an automorphism of
the f.u-nctionfiet.dk (E) of E over is .

~

Let F- :-. T<EEj↳•K¥k )
.

As a consequence of sp-ES.lemm.es ( theory of
Galois descent )

,
we have an isomorphism

ÑF=T⑦F → ICE)
K

m⑦✗ → on>

This implies that F has transcendence degree one over K
.

Let 1N

be the curve corresponding to the field F.

From the fact that IF = ECE)
, we get that there is an -

isomorphism
4 : 1×1 → E over IT

.

Then by construction 4%45 ' : F- → E is

given by T
- '

= -1-+6) , where yo = • • sooo?
f- G)

we define
ex : W ✗ E → 1/-1

(w
,
p ) → 4-

' ( 4- car + P ) [ Mlw.to) Wtp]

µ induces an structure of principal homogeneous space

of F- over K
-



Let Coo C- IN such that
,

4 ( Wo ) = O -E E
.

Then ow
,

= (4-540)
= 4-to £10 ) = 4-

'

( Ot fears)

= 4-
" ( ↳fwostfco )

E- µ( was
, f-

Cos ) = ooo + f- Cos

=) 0/(1^1) = f
÷ ¢ is surjective .

It 5ha# groups

Let K be a number field .
For a prime u of K

let Ku denote the completion of K at v.

'

Let F- be an elliptic curve defined over K
.
Then

-

F- is also a curve ones Ku

The Tatie shafasevich group WIE Iss) of F- over K is

defined as

res

W CE / is) := kerf tick, E)→ IT ticker
, E) )

v

Equivalently , UCE / K ) is the set of all principal
homogeneous spaces of E- over K which are

trivial over over Ku tt it
.

Thus UCE/K) measures the failure of Hasse

principle for principal homogeneous spaces of E.



Conjecture CBSD)

WILE /K ) is finite for every number field K
.

- It is know that if ↳ (Eds ) is finite
then it is a perfect square ( Cassels ) .

H'(k,E[nI)-

Let. K be a perfect field of characteristic to cosprime
to an integer n

.

Let E- be an elliptic curve over K
.

Being an isogamy multiplication by a

map , F- → F-

is a a surjective map.

Consider the exact sequence

• → E-Cris → E Is F- → o

where E.Csis denotes the n- torsion points of E.

we get the - following associated enact sequence

o → Elk)[ m3 → E- ( K) # F- ( K)→ H'( K
, Eci) → H'( is , E)→ H'( ISE)

=) o → Easy → ↳
'

(K
,
Een] ) → HYK,EJ[n3→o

.

NECK?



Geometric interpretation of H'CK, F- In ] )
-- --

n-covesing-e.AM n - covering is a pair (-6-1,4) Consisting

of a principal homogeneous space IN for F- and a

morphism of varieties ✗ : IN → E over K such that

for some W C- IN (E)
,
✗ (w + P ) = up for an p c- F- fits

.

- A morphism ( lot ,x ) → Cini
,
a

') of n - coverings is

a morphism 9 ! K-1 → bit
'

of principal homogeneous
spaces such that a- ✗

'

og .

Let (1×1,2) be a n- covering of E. Let WE INLÑ )
.

For of Gat( ÑIK)
,

let ow = cut f- ( o)
.

The equation oxcw) = a@a) implies that nfCoI=o .

we get
a

map
f- : Coral ( KIK) → F- [ n3
w

o → -5 Co)

As before , f- is a cross homomorphism .

W

This
.

induces a map

On :{ n - coverings } → tick ,
F- EM )

Theorem G
-

: On is
a bijection .

Proof of Theorem G is similar to the proof of

Theorem 5
.



s-elmgrgooupletk.be
a number field and Elk be an elliptic curve

.

Let m > I be an integer . Consider the exact sequence

0 → F- (Ky
£ HICK,E[rig ) → H' ( K

, E) In>
→ 0

,

NECK)

The
group tick, E- In> 9 is always infinite for any elliptic

curve Elk and integer sit .

We next define a smaller subgroup in H
' ( k

, EEN]) called

nI
.
-84 which is always finite and also contains

F- ""Greco
.

Definition ! The n- Selmer group of E- over a number field K

is defined as

seen LEIK ) := Ker (tick , F- In] ) ⇒ Its'(Ko ,
E- ) )

where v varies over the set of primes of K .

Thus n- Selmer group is the set of n - coverings which fails to

satisfy Hasse principal .

Psoposition7_
we have an enact sequence

o →
Elk)/nE(kg→ SINCE / K ) → ↳ (Else )[n > → 0

.

Proof. Proposition is an immediate consequence of
the following commutative diagram and snake lemma

.

~



:
Elk )/nElk)
1

0 → seln ( Eas ) → H' ( K ,
F- In] ) → IT ticker

,
E) [n]

er

*I t
o → we ( E- 1k )[n]→ th

' CK
, E) [ m3 → IT H' (Ku

, E) [m3
~

:
☐

Lem-m.IN._8 - Let it be a discrete valuation of K with Wen > =o .

suppose that E has good reduction at it
.

Let Eun be the

reduced curve modulo u
.

Then the seduction snap induces

an injection Elk)[on ] → ÉL(1Fu)[n3
,

where He is the residue field

at

v.pro#:
From the structure of structure of rational points of elliptic curves

over local fields , and using the assumption that E has good reduction

at v
,
we have an exact sequence

,

i.

0 → E
, ( K)
→ F- ( K) → E~u ( Ifv ) → 0

Here E
,
(K) I ÉM) where

'

É is the formal group of E

and in = } a c- Kul Wca 5203
.

Fionn the assumption that Ulm)=o and general theory of
formal group ,

we have ÉCM)[nI=o
.

This
proves the lemma

.



I

Definition let K be a number field ,
ee be a prime of

K and In be the inertia subgroup at it
.

we say
an element g- c- H' ( Ku

,
M ) is

zenrarnified if f) In C- H' ( Iu
,
M) is trivial

.

Consider the exact sequence

o → Elka)/nEe,,
H'( Ku ,EEn3) → H' ( Ku

, E) Cns → 0

Here Su be the connecting homomorphism defined as

Socp) G) = Of - Q where nQ =P
,
PE Efku )

,
Q C- F- Ctu)

.

Lemma__9 : suppose that F- has good reduction at u and ucn) =o .

Then for every PE Ecscu)
,
Sw ( p) is uvnrevmified.

Proof : Let • c- In
. Let

-

Qf Eesti such that

n Q =P
.

Then Q°- Q C- F- En]
.

Let TO be the image of Q in ÉCTFu) .

Then Q_
•
= Q .

⇒ -05 -I =o in F- (Eu)
.

f-som Lemma 8
,
⑨ - Q = 0

.

⇒ so CPJII- = -0

⇒ sucp) is venrasrrified . ☐
.

we have f C- Sela CEIK) iff flame!
, )

-_ 0

for every prime er
.

This implies that

f- C- Seta CE /K ) iff f C- Im Sae
.



As a consequence ,
we have an equivalent

definition of n - Selmer group :

o → self Elk ) → tick
.
Eli ) →I H'(÷m÷)

- fee is also called local Kummer snap at
ee

.

Theories

selfElk ) is finite .

Éf : Let s be a finite set of primes of K containing
the set of bad primes of E , primes dividing n and infinite primes .

Let ks be the smaseimaf extension of K uonramified outside S
.

Then KSIK is a Galois extension of K .

From Lemma 9
,
we get that ,

seen (F- 1k ) I Kes ( H'(ki EEN ) IT ¥( Iv
,

F- In]) IT €l÷÷É))
v45 ues

sees

This implies that Se1n(Elk) £ Isis ( th '( Is ,E[n3) → ticks ,E[n])

= 1-1
'

( Gall 15% )
,
F- In ] )

.

From Lamma 8
,

Ice acts trivially on Elin] it U¢s
.

⇒ ks.li:[ns) = Ks ⇒ G(%s) acts trivially on F- In ]
.

Let L =k( F- [ñ)
'

be the field extension of K obtained . by adjoining
co-ordinates of EEN] in K

.

Then LE Ks as Gatlñlks) acts trivially on F- In]
.
Further since Gia ( "%) is

kernel of the action of Gial(%) on F- In]
,
4k is a Galois extension .



Consider the exact sequence

• → H' ( Gsat ( LIK) ,E[a] ) → ↳
' ( GH (

"
%) ,E[ns) → H' (40-14%1,1--63)

.

since Galcha ) is finite ,
tic Golf 4K) ,E[n] ) is also finite .

Let f c- H' (Gaul"%? EG) . Let it be the fixed field of Keslf) .
Then T is unramified outside a finite set of

primes 5 and CT :L ] far
.

From Hermite - Minkowski theorem bounding degree of
extensions by discriminant in algebraic number theory),

we get that there are finitely many such extensions
.

=) to / ( Gsallks/L)
,
Elvis ) is a finite group .

=) Seton (Elk ) is finite .

D

Cosrollasy ( weak. Hasdell - wait theorem)
.

For a number field K and and elliptic ensre F-

over K
,

F- ( K )/nE(µ,
is finite

.

☐
.

Kerner pairing
Let K be a number field and I 1K be an elsptie curve with K = K( F- { NJ ) .

The Kummer pairing

K : F- ( K ) ✗ Gal fÑAs ) → F- En}

is defined as follows .

Let P C- Elias and choose any point q c- ECI) satisfying in =P
.

Then

v. (Peo ) = QI Q
.



i. e. KIP
,
as = SCPJC where S is the converting homomorphism

F- ( K) -8s HICK
,

F- [ n] )
.

late have the following :

- The Kummer pairing is bilinear
.

- kernel of K on left is n F- (K)
.

- Kernel of K on right is Gal /%) where ↳ KMIEC 's )) Eks
.

As a consequence x induces a perfect pairing .

Elk)/nE(⇒
✗ Gal (4K) → F- In]

.

In particular ,
this also implies that E- fkynf.ci,

is finite .

Kull ) Selmer group .

We have so far only discussed in - Selmer group .

The Selmer group of F- over K is defined as

5e1(EI.ie ) :-c him
,
Seton ( Edie) where

limit is taken with respect to multiplication by
n - maps .

We again have

•→ set ( Elsa) → H' ( k
, ELIS ,→ , )

→ TH't Ku
, E)



and

0 → F- ( K) ④ Q/z→ set ( Elks → Wi ( Edc ) → 0

Conjecture CBSD)

set CE / K ) = (Oyzjr
( Elsa )

where Else) ⑦ ① =
"Elk)

Also recall the exact sequence

0 → SINCE /e) → H' CK ,EEn3) →Ttt
'

(K[n3)
u

Isnfsu)

where

Su
-

: F- lkuynf.nu,→ H
'

( Ku
,

F- En])

Taking direct limit over n
,
we get an injective snap

su : F- ( Ku)④ Qfz → H
' LK

,
F- ( Euston )

Sa is also called local Kummer maps .

As a consequence ,
we have

o → sale/ a) → tick
,
F- (E) tors → ITH



Her⇒ of p-# Is representation ( brief sketch )

Let p be a prime number and E be an elliptic curve defined

over a number field K
.

We have Epo := F- (Ts) ( P - primary past )

E pfzp⑤ ☒%zp
The Tate - module

Tp E := .li#nEfp%E2p-+0-ZpT

where inverse limit is taken with respect to multiplication

by p - maps .

Then VpE:= Tp E ④ Qp is a rank two continuous representation of Got ( %)
Zp

and Epo?
•

VP TpE .

The f- fooimaoy Selmer group 5elpoCE/K ) of Elk is defined as the p - primary

subgroup of set CEIK) . We have an exact sequence

0-5 Sdlp@ ( Elk ) → tick, Epo) → IT 1-1
' ( Ku

,
E)

✓

Equivalently
,

0 → selp, (Elk)→ H' ( K
, Epo)

→ ItEµ)
Isnsae

where Su is the connecting homomorphism
a

Sue : F- ( ko) ④ ①

pfgp → 1¥ '( Ku
, Epa )



Remark : As a consequence of Fastings isogamy theorem isogeuy
class of E is determined by VPE . Therefore Morelli - latest

rank is also determined. by TPE .

Remark : From the structure of rational point of elliptic curves over

local fiends , if
• is a finite prime of K then Elka) is a finitely

generated Gi module, where ou is the ring of integers of Ku . As a

consequence Elko)④QYzp=o tufts . If u is an infinite prisoner then

either Eckel is divisible or a product of .az/zz with a divisible group.

Homie
, p -primary selmer group of F- over K is defined as .

0 → sefpo (Ehc) → H' (Kc Epa )→ IT ¢-1
'

¢15m
,
F-pay IT H'(ko,Ep•)_

utp v11. Im Su

Problem i. To describe Spa ( F- 1K ) purely in terms of VPE .
-

A solution to this problem Lies in the notion of Bloch - Kato

Selmer group .
We shall only briefly sketch the definition

For more details readers are referred to the original
article of Bloch and Kato .

" •

be theFor a finite prime v

,
let Ku

maximal cenramified extension of Ku .

Let 11 be a finite dimensional p-adic
representation of oialcklicl , cenramified outside

a finite set of primes 5 of K containing
primes dividing p and unoramified primes .



IEEE
suppose that u ✗ to . Let Io denote the inertia subgroup at v.
consider the subgroup tin

,
(Ku ,v ) c- H

' ( Kuru) defined
as

HL
,

( Ku , KJ : -_ Kesel
-flickr.ve) %>

1-1
'
( Kir

,

V .)
.

there
,

tell Ku
,
V ) consists of classes of eofiuinoos cross

homomorphisms from Gallina
,) -4 .

Let T E V be a Creal (%) - invariant
Lattice

.

Put A = VIT .

late define ,
1-11 ( Ku

,
A) := To ( til Ku ,V)) e- H'( Ku

, A)Use ur

a. ere Tim : H' Chu
, v ) → H'Cku

, A) is induced by
ITU : si → A.

Note that Image of a-
u is divisible .

Example : Let ✓ = VPE for an elliptic Cerone E

defined over K
.
then using Eke fact that ticker

, Epa )

is finite and Tate duality it can be shown that

H '
( Ka, , ↳E) =0 It vk.la . As a consequence t

'

( Ku
, .Ep-3--0 .

us

Remark : 1-1 '( Ku ,vpE) = is equivalent to the assertion that

H' ( Ku .Eµ ) is finite .



In fact , for a finite prime •Xp of good
reduction of F-

,

# Hickie
, Epa )

= I LWCE
,
1) 1
,

where Lule,s) is the local L - factor of F-

at u and I - I denote the f- adic norm

with 1k1g. -_ IT. .

If F- has bad reduction at wtf then

# H' Cku
, Epa ) = | ↳{EnI /

Is

where Cu denote the tamagawa number of
F- at u .

=Ée

Local condition for Bloch Kato Selmer
group at princes diving § is defined

using the crystalline p-adic period sing B.orgs

by Fontaine . He omit details here and refer the

readers to the original article of Fontaine on to - adic periods .

For primes offs of K , the local Bloch- Kato conditions

are defined as
✓

1-ftp.KC/cu,v):=ker(tlCKu,U) → H
'

Cku
,

✓④ Bergs )
Qp

H'
☐ * ( Ku , A)

: __ Tv ( H '

,gk( Ku , V7)



Example : Let F- be an elliptic curve defined ones Is
.

Then for every v1 f
,

t1fgkLKuyEpaoJ-ImagaCSuJ-ECKod@QiYzp.The
-Bloch - Kato selves group of 11 over K

is defined as

H
'

☐ ←
Cia ,v):= Kes @

'
liens → 'T ÑlkI_ IT

, ,I"¥;;÷÷)•

Xp H'www.v)

and

ft
"

.gg,
CK , A) = Ker @ '

CK , A)
→ IT H'( Ku

, A)
vii.TF

IT HYk#_ )usfku, A) .
" It H'Buckie, A) .

aÉÉ . For an elliptic curve F- /Is comparing

the local conditions we see that E-iosnckif-p-J-selpa.IE/k7 .

-

Kie have a natural homomorphism
*

His,fk , 'D -7 th
'
lis

, A) induced by V -7 A
BK

and Im CTS = divisible part of ftp.kck , - Ad
.

BIEco-je-twresa.nl
ftp.gack , Y.E))

= Nordell - Heil rank of E.
Qp



Redfish with BI foomuta_
( Ref : Greenberg 's Notes on Iwasawa Theory of elliptic curves)

Let K be a number field ,
F- 1K be an elliptic

curve over K and § be an odd prime .

we have already seen

# H' ( Kar
, Epa)

= 1 LUCE
,
1) I

1 I/ µ
f-• - every finite prime of p .

If F- ( K) is finite then BSD predicts

# VICE /K ) = JET ✗ # (ECK7tos5×1_ ✗ 1- ✗ L(Elk , d)
REIK sock

1 disc
,< I
:= modulus of discriminant of F- 1k

.

OLE/µ
:= global period of Elk .

Finiteness of Elk) -1 Bsa ⇒ IWCE /ie) (A) = selpaf F- 110 .

Suppose that E has good and ordinary
seduction at primes of K dividing 1s .

This assumptions implies that there is an escort

sequence

0 → Ép, → Epo -2 Epa → 0

of Gallieni module for every v1 Is .

Ipo = E.CI?po where fu is the residue field at it
.



Let Kao E Kl Mpa ) be the unique extension of K

with T := Gall "•/K) EZP
.

Here repo denote the

union of f-power roots of unity . There is a

tower of extensions of number fields

K= Ko E K
, E Kz E - - Ekin E - - . Kao

with Gall
"

4K ) = Zlpnz
.

For every
n 70 Gas ( km/h) acts on setp•(Ellen) continuously

As a consequence
f- acts continuously on

sell Elko) : -_ him selpa.IE/Kn) .
I:O

Control theorem ( Maemo)
-

kernel and co - kernel of
Ves

selpa.IE/kn)--iset+a.( Elko )
"

is bounded
.

independent of n for Fn : -- Grad ( kalian )
.

In particular control theorem + finiteness

of se1poCE / K) =) Set
,→

( Elko )
' is finite

.

From the fact that r is fsrocyctic ,
we

get that Selpo (Elko ),
( co - invariance)

is also finite .



A precise version of control theorem implies that

the Eccles characteristic

✗ fE%<
→ ) :=#eS%t•)F

# Sept (Elkind
,

= #- (F-/KICK)

-2
✗ 1- ✗ tT(#ÉuCfu)p•}

•

ftp.#fECKlpo)1I1culp
(BSD or Iwasawa main conj . for elliot:c curves ⇒ )

✗ ( Elko) =p LlE1k←i)_ ✗ Fill,s IT# ( film}
atME


