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The Kac-Moody algebras are natural generalizations of finite dimensional
simple Lie algebras. They were introduced independently by Kac and Moody in
the late 1960’s via a finite set of generators and relations.

Unlike the general Kac-Moody algebras, the affine Kac-Moody algebras also
admit an alternative definition which is quite explicit. It is the interplay
between these two definitions that makes the study of these algebras and their
representations tractable. The explicit realization is what we need for this talk,
which | shall now describe.
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U(g) = universal enveloping algebra of g.
Fix any A € a*.
M\(A) = Verma module over g of highest weight A;

— ~

M(A) = U(E)mfh h.ma = A(h)m/\7 a+'mA = (0)7 heh.

-~

@ V(A) = unique irreducible quotient of ]/\/[\(A)

Dominant integral weights: ﬁg‘ ={Aebh :AaY)eZsoVa¥ e I}

~

V(A) is an integrable g-module if and only if A € ﬁg
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Integrable modules

A g-module V is called integrable if
@ V is a weight module with respect to b, i.e. V = @ V.. where
A HED™
Veo={veV|hv=uh)vVhebh}, h=haoCK & Cd,
@ Foreach a € A and r € Z, go ® Ct" acts locally nilpotently on V.
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@ V is a weight module with respect to b, i.e. V = @ V.. where
A HED™
Veo={veV|hv=uh)vVhebh}, h=haoCK & Cd,
@ Foreach a € A and r € Z, go ® Ct" acts locally nilpotently on V.

® Weights of a representation: (V) = {u € b* | V. # (0)}.
V,. is called the H—weight space corresponding to p € Ps(V).

@ Question: Classify irreducible integrable g-modules with
finite-dimensional h-weight spaces.

Examples: R

1. Highest weight modules: V/(A), A € Py

2. Lowest weight modules/restricted dual:

V(A)* = @#ea*(ﬁ(A)u)*, A€ 135 These modules can be obtained by
twisting V(A) by an automorphism of g.

3. Adjoint representation, which is not irreducible.
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Some more examples of integrable modules

@ Question: Can we construct other examples of irreducible integrable
modules of g other than highest weight or lowest weight modules?
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@ Question: Can we construct other examples of irreducible integrable
modules of g other than highest weight or lowest weight modules?

Example: For a finite-dimensional irreducible g-module V(X)) (A € P;"),
we can define a g-module structute on V(\) ® C[t, '] by setting

@t . (vt = (zv) @, K.(v®t®) =0,
dvet)=set’)Vreg, veV, rseZ.

Then V()\) ® C[t,t™'] is an irreducible integrable g-module with
finite-dimensional h-weight spaces, which is neither a highest weight nor a
lowest weight module.

@ Question (ill-formulated): Does there exist other examples of irreducible
integrable modules with finite-dimensional h-weight spaces over g “like”
V(A ®@Clt,t']?

® Recall that Z(g) = {z €3 | [z,y] =0V y €7} =CK.

If V is an irreducible integrable g-module, then there exists ¢ € Z such
that Kv =cv Vv € V. Then c is said to be the level of V.

@ Question (re-formulated): Does there exist other examples of level zero

irreducible integrable g-modules with finite-dimensional h-weight spaces?
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Evaluation modules

@ For each 1 < i< m, let V(\;,b;) be the irreducible g-module V();)
(N € P;'7 b; € C*) equipped with the following action of L(g).
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V(s bs) is an irreducible L(g)-module for each 1 < i < m.

@ Denote the m-fold tensor product of a family of evaluation modules by
VALmM) =V(A,01)®... 8 V(Am, bm)

with b= (b1,...,bm) € (C*)™ and A = (A1,...,Am) € (P)™.
We can now give an L(g)-module structure on V (), b, m) by extending
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m

@@ )1 ®...0vn) = fb)(01 @ @Tv;®...Q V).

i=1

Souvik Pal, 11Sc Bangalore 10 / 16



Evaluation modules

@ For each 1 < i< m, let V(\;,b;) be the irreducible g-module V();)
(N € P;'7 b; € C*) equipped with the following action of L(g).

(z® f(t).v = f(bs)zw
In the literature, these modules are referred to as evaluation modules.
V(s bs) is an irreducible L(g)-module for each 1 < i < m.

@ Denote the m-fold tensor product of a family of evaluation modules by
VALmM) =V(A,01)®... 8 V(Am, bm)

with b= (b1,...,bm) € (C*)™ and A = (A1,...,Am) € (P)™.
We can now give an L(g)-module structure on V (), b, m) by extending
the evaluation action of L(g) on the whole space, i.e. more precisely,

m

@@ )1 ®...0vn) = fb)(01 @ @Tv;®...Q V).

i=1

Remark: V (), b,m) is irreducible <= all the b;'s are distinct non-zero
complex numbers.
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Integrable loop modules

@ Foranyye€C, meN, b= (b1,...,bm) € (C*)™ (b; #b; Vi #j) and
A=Aty Am) € (P)™, let § act on V(A b,m)" ® C[t,t™!] via
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Integrable loop modules

@ Foranyye€C, meN, b= (b1,...,bm) € (C*)™ (b; #b; Vi #j) and
A=Aty Am) € (P)™, let § act on V(A b,m)" ® C[t,t™!] via

2@t (1®... QU @) =D b1 ®...® (2.0) @ ... vm D,
=1

K(un®...0u,®t)=0,
d®...0 v, @t )=+ (11 ®... vy ®°).
V(A b,m)? ® C[t,t "] is a level zero integrable module with

finite-dimensional h-weight spaces. These modules were introduced by
Chari—Pressley and are known as integrable loop modules.

@ V() b,m)” ® C[t,t 7] need not be irreducible, but can be always
decomposed as a direct sum of finitely many irreducible g-modules.
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Classification of irreducible integrable modules

Theorem (Chari, Invent. Math., 1986 and Chari—Pressley, Math. Ann., 1986)

Let V be an irreducible integrable g-module with finite-dimensional E—weight
spaces. Then:
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Classification of irreducible integrable modules

Theorem (Chari, Invent. Math., 1986 and Chari—Pressley, Math. Ann., 1986)

Let V be an irreducible integrable g-module with finite-dimensional E—weight
spaces. Then:

@ V has positive level => V = V(A), A € 1/3\; \ C§.
@ V has negative level = V =V (A)*, A € ﬁg \ Cd.

@ V has zero level = V is isomorphic to an irreducible summand of an
integrable loop module.

Observation: All the above modules have finite-dimensional Z-graded
components, i.e. they have finite-dimensional weight spaces with respect to Cd.
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Quasi-finite modules

A g-module V is said to be quasi-finite if

@ V is a weight module with respect to Cd, i.e. V =
w={v eV |dv=nv};

Q dmV,<ocoVneZ.

nez Vn, Where
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Quasi-finite modules

A g-module V is said to be quasi-finite if

@ V is a weight module with respect to Cd, i.e. V =
w={v eV |dv=nv};

Q dmV,<ocoVneZ.

nez Vn, Where

@ Question: Does there exist quasi-finite modules which are not integrable?

Example: Recall that h = h & CK & Cd and ILY = {a'}i_o is the set of
all simple co-roots of 9, where [ = dim h and af = K — 6.

Define A € h* by setting A(e)) =iV 1<i<land A(K)=X(d)=0
and consider the irreducible highest weight module V(A).
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Example: Recall that h = h & CK & Cd and ILY = {a'}i_o is the set of
all simple co-roots of g, where [ = dim h and oy = K — V.
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Quasi-finite modules

A g-module V is said to be quasi-finite if

@ V is a weight module with respect to Cd, i.e. V =
w={v eV |dv=nv};

Q dmV,<ocoVneZ.

nez Vn, Where

@ Question: Does there exist quasi-finite modules which are not integrable?

Example: Recall that h = h & CK & Cd and ILY = {a'}i_o is the set of
all simple co-roots of g, where [ = dim h and oy = K — V.

Define A € h* by setting A(oY) =iV 1<i<land A(K)=\d) =0
and consider the irreducible highest weight module V(A).

Then A(ag) < 0 and thus V(A) is not integrable, but it can be shown
that ‘7(A) is quasi-finite.

Problem
Classify irreducible quasi-finite modules over g.
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Weakly integrable modules

The following definition is inspired from the work of Kac—Wakimoto where they
introduced the so-called “weakly integrable modules” in the context of affine
Lie superalgebras.
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@ V is a weight module with respect to f)\ ie. V= @ V.. where
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Weakly integrable modules

The following definition is inspired from the work of Kac—Wakimoto where they
introduced the so-called “weakly integrable modules” in the context of affine
Lie superalgebras.

Definition

A g-module is said to be weakly integrable if
@ V is a weight module with respect to f)\ ie. V= @ V.. where
A pneph*
Vi={veV|hv=phvVheh}, h=hadCK & Cd;
@ For each a € A, g, acts locally nilpotently on V, i.e. V is g-integrable.

Lemma

| \

Let V be a g-module. Then V is weakly integrable with finite-dimensional
h-weight spaces if and only if V' is quasi-finite.
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Classification of irreducible weakly integrable modules
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Classification of irreducible weakly integrable modules

Theorem (P.)

Let V' be an irreducible weakly integrable g-module with finite-dimensional
h-weight spaces. Then V is isomorphic to one of the following.

@ An irreducible summand of an integrable loop module;
@ A highest weight module V(A), Aly € Py;
© A lowest weight module V(A)*, Al € Pyt

Conversely, all the above mentioned irreducible modules are weakly integrable.
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