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Nonlinear PDEs play a fundamental role in describing physical processes starting from
atmospheric circulation to Einstein's gravity. While they are ubiquitous in physics, they
play a pivotal role in modern differential geometry. For example, Hamilton's Ricci flow
equations that arise as the 1-loop renormalization group flow equation for the non-linear
sigma model in physics (or wave map in mathematics literature) gave us proof of the
Poincare Conjecture. The study of vacuum Riemannian Einstein's equations made a
significant contribution to the field of complex geometry through Yau's resolution of the
Calabi Conjecture. One of the most important aspects (and notoriously difficult) in the
study of non-linear PDEs from a physical ground is understanding the notion of
singularity or for evolutionary equations, long-time dynamics i.e., whether the smooth
solutions of these equations exist for all time or blow up in finite time. Here | will talk
about the most recent advances in the study of non-linear evolutionary PDEs as well as
my recent work on some of these equations. | will focus on Einstein, Yang-Mills, and
incompressible Euler equations. Towards the end, | will discuss how the latter can be
cast into a system of geometric PDEs (a type of geodesic equation on an infinite-
dimensional Lie group) and how such geometric formulation yields sharp new estimates
that is conducive to addressing long-time dynamics and otherwise inaccessible without
a geometric formulation.
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