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e Basics of Cosmology and the Hubble tension

e Gravitational waves as standard sirens

e Mapping the expansion history of the Universe:
o Brightsirens
o Dark sirens

o Utilizing the large scale clustering

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 2
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e How oldis mankind?
e What are we made up of?
e How did we come into existence?

e Whatis the fate of mankind?

Age old questions in the domain of religion

Gravitational wave cosmology | ICTS Summer school | 7-11July2025  Flammarion's L'atmosphére : météorologie populaire (Paris: Hachette, 1888)
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e How old isthe Universe?

e Whatisit made up of?

e How did the Universe come into
existence?

e Whatis the fate of the Universe?

Now can be addressed scientifically

Gravitational wave cosmology | ICTS Summer school | 7-11July2025  Flammarion's L'atmosphére : météorologie populaire (Paris: Hachette, 1888)
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— “Planets”

) “Dwarf
Planets“

e Solar system: Light travel time of a few hours to a day!

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 httos://en.wikipedia.ore/wiki/Solar sLstenE%
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Ross 128 | jlande 21185
DX Cancri

Wolf 359

Procyon
Luyten's
Star

Ross 154

| EZ Aquarii

GJ1061 : Lacaille 9352

Status: January 2003

e Solar neighborhood: Light travel time of years (d ~ parsecs)

https://www.eso.org/public/images/eso0303¢/ 6
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Observing the Universe
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e The Milky way galaxy: Light travel time of 30000 years (d ~ 10 kpc)

o https://solarsystem.nasa.gov/system/resources/detail files/285 ssc2008-10b1l.jpg
Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 7
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Local Galactic Group

e The galactic neighborhood: Light travel time of millions of years (d ~ Mpc)

o https://miro.medium.com/max/1920/0*820P09fTzI10V9hy.jpg
Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 | 8
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Observable Universe

e The Sloan digital sky survey: Billions of light years (d ~ Gpc)

https://www.youtube.com/watch?v=08LBltePDZw&t=6s 9
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e Homogeneity:

. . /\
o Invariance under translations. -
e Isotropy:
o Invariance under rotations.
v

e Our location in the Universe is not special and neither is
any direction.
e The universe does change with time though!

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 10
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e Homogeneity:
o Variance in matter overdensity when smoothed on radius R
e Isotropy:
o The cosmic microwave background radiation has the same
temperature in any (non-contaminated) direction we observe it.
e Time asymmetry:

o Galaxies evolve with time though

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 11
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o
ds® = Gupd dz”
o
goo = —c?
goi =0 o
o

ds® = —c*dt* + a*(t)dl’

10 independent numbers in general
describe the metric

Time set to proper time for
fundamental observers

Isotropy implies no favored direction
Foliate spacetime into time and
homogeneous and isotropic space

slices

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025



INTERNATIONAL

| CENTRE /s
‘q’ ICTS THEORETICAL
SCIENCES

TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT

............................

ooooooooooooooooooooo
..............

..........................................
..........................................
............................
............................
..............
R I I I ST S S P P S NP S ST S P S S P S
............................
............................

..........................................
..............
oooooooooooooo
..............

oooooooooooooo

Time

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025



INTERNATIONAL
CENTRE /s
THEORETICAL

&D | | .
Maximally symmetric surfaces Q@en|ii

YYD

2
d?2 = da® + dy? + d22 ay

R2 — (L‘Q -+ ’(}2 -+ 22 Surface of a sphere
R?dA* + R? sin? 0d¢*

I~
T~

Do
|

L e [Easier to imagine two dimensional surfaces embedded in three dimensions. }

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 Curvature: https://www.feynmanlectures.caltech.edu/Il_42.html |
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.UA Maximally symmetric 3d metrics b | Sciivces
di* = da*+dy* +dz”
di* = do®+dy* +dz* + dw” I
2 2 9 9 5 4d space with a constraint equation

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025 |
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Maximally symmetric 3d metrics

e Maximally symmetric 3d metrics  © I
di* = dy*+ x*[d6* + sin® 0d¢’] ot sace
dI* = dx*+ R’sin’(x/R)[d0* + sin® Od¢p?]  Fosielvcunec
dI> = dx*+ R*sinh®(x/R)[d0? + sin® 0d¢?®]  Nesatively cunes

space

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025
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dl* = a*(t) [(1X2 + fz(x)(d()z + sin® 6’(1(/)2)]

(Rsin(x/R), Positive curvature
X Flat

Fx) =4 %
| Rsinh (x/R), Negative curvature

N

No equations of general relativity used yet, only homogeneity and isotropy!

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025



: : & crs TR
Expansion of the Universe ~ ~ \INCR
o = dRphys L d [a(t)Rcom] / \
dt dt
da R ssm e \Velocities of galaxies consist of a
= —Reom + a(t) - cosmological recession velocity
fit det and peculiar velocity
a com
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Velocity-Distance Relation among Extra-Galactic Nebulae.

= H, 0 d
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o ?
DISTANCE
o ©0*PARSECS 2210® PARSECS
Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 |
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O ®
Observer Galaxy
C (5t = a,(t) (SX Light moving radially towards us.
t, oot 0t

b ot J\
Do oo =N By o )

— a(t)
te+Ots

cot

tc+(5tc P
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e Angular distance:
o Relation between angles (solid size) and physical size (physical area) of

objects.

O Dang -

[A] v [47rf2(x)a2(t)] RN (09

QO 4

e Luminosity distance:

o Relation between luminosity of an object and the flux received from it.

Ll)ol
4ﬂ-Fl)ol

O

Diym = [ ]1/2 = f(x)(1+2)

Gravitational wave cosmology | ICTS Summerschool | 7-11July 2025 22
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Cosmic Distance ladder
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Standard candles: Cepheids
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Henrietta Leavitt found the Period Luminosity
relation for Cepheid variables

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
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Extragalactic distance ladder

k INTERNATIONAL
CENTRE for
‘,’ ICTS | THEORETICAL
SCIENCES

TATA INSTITUTE OF FUNDAMENTAL RESEARCH

73.0,do o)

u (3H0=

Cepheids — Type Ia Supernovae *L
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Type Ia Supernovae — redshift(z)
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Riess et al. (2011)

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
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e Einstein’s field equation relates the energy density content to the metric
derivatives
o Use the python package called EinsteinPy to define the FRW metric, and
compute the Einstein tensor for the FRW metric.
e Theright hand side requires us to specify the constituents of the Universe.
o Usethe Energy momentum tensor of an ideal fluid

| T = (pc® + P)upty +pc2glﬂ/

https://surhudmorg.github.io/Cosmology March21/FRW_models.html

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
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IUCAA R =
a 4G 3p
3 c
E 2+k_c2 :87er . ﬁ_‘_ 2 2_|_k_62 287I'G£
a a? 3 a a a? c2
S -

e The 00 component and the ij th component of Einstein’s equations give the
Friedmann equations.

o If all the constituents of matter have positive definite pressure, then

acceleration is negative.

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025
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e Specify the relationship between the pressure and the density (equation of

state) and obtain density as a function of scale factor.

e The first equation then can be solved for scale factor as a function of time.

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025
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f : s O _3

Pmat /Omat X a

2
PradC —4
Prad — T Prad X a4

Matter density falls down as the volume of the Universe.
Redshifting of photons causes radiation density to fall down faster.

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
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« \ 2
<g> = H(? [Qm,oa_3 + Qrad,Oaz_4 U Qw,Oa_3(1+w) i Qka_ﬂ = H(?E2(a)

e Specify the constituents of the Universe
e Compute a(t)
e Compute Chi(a)

e Compute age of the Universe, distances in the Universe

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
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- e Accidental discoveryin 1964
of an irreducible source of
noise observed during

transatlantic communication

e Impossible to eliminate,

uniform in direction and time

e The temperature of this

background corresponded to

Arnos Penzias and Robert Wilson about ~3 K
Gravitational wave co olor%y bICTSS school | 7-11 July 2025 |
https://d1p0gxnqcullvz.clo u dfront.ne |mage38 89001big_bang_confirmed.original.jpg



COBE: Cosmic Background Explorer
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FiG. 4.—Uniform spectrum and fit to Planck blackbody (T). Uncertaintics arc a small fraction of the line thickness.

One of the best naturally

observed black body spectrum.

Relic photon background from
the Universe’s hot and dense
past, a direct observational proof
of the thermal equilibrium in the

early Universe.

Discovery of inhomogeneities in
the CMB.

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
https://science.nasa.gov/science-red/s3fs-public/thumbnails/image/COBEBIG.GIF

https://aether.lbl.gov/iwww/ projects/cobe/COBE‘_Home/
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COBE Cosmic Microwave background
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e Extremely isotropic emission, the first evidence of

anisotropic behavior only at the milli Kelvin level.

e Thedipole corresponds to our peculiar velocity

with respect to the CMB.

T = 2.728 K

e Fluctuations observed only at the level of 1in 10°.

e The seed fluctuations which result in the

formation of structure in the Universe.

e Physics of sound wave propagation in the early

Universe.

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025 ) | )
https://aether.lbl.gov/www/projects/cobe/COBE_Home/m_d_53s_1111.gif
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COBE collaboration 1990 Planck collaboration 2015

The origin of the inhomogeneity of the Universe

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
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Gravity
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. Potential .

Hill

. Potential . . Potential ‘

Well Well

Gravitational wave cosmology | ICTS Summer school 7-11 July 2025
: kground.uchicago.edu /~whu/|ntermed|ate/I
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Oscillations
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Cosmic microwave background

INTERNATIONAL
CENTRE for
THEORETICAL

J:VICTS
SCIENCES

TATA INSTITUTE OF FUNDAMENTAL RESEARCH

The photons and baryons are coupled

as a fluid.

The speed of sound in such a medium is
approximately equal to ¢/v/3 and the

sound horizonis givenbyc t .
S rec

Modes with wavenumbers
corresponding to integral multiples of
t/(sound horizon) give rise to

fluctuation enhancements.

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025
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Electron

W.Hu 11700 10 1000

Typical size of CMB spots: a standardizable ruler
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Initial Conditions
(Maximal Rarefaction)
A
Even
Peaks

AT=0

Odd
Peaks

R

Maximal [ A . I
Compression W.Hu11/00° " 1q 100 1000

http://background.uchicago.edu/~whu/intermediate/baryonspring .Pif
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IUCAA

W.Hu 11700 1 1000

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025 http://background.uchicago.edu/~whu/intermediate/cimatter.gif
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W.Hu 11700 | 1000
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The power spectrum
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e The location of the first peak
informs us about the

geometry of the Universe

e The relative heights of the

(Millionths of a Kelvin)

Temperature deviation from average

peaks about dark matter and

baryon densities

[Geometry and the constituents in the early Universe }

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025 Planck collaboration |



The cosmological model
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Atoms Dark
4.9% Er?zrgy
Dark 68.3%
FICE | S— . H
26.8% 1 e TheUniverse is flat and has
L critical density
:_t TODAY
e Baryons make up about 15
: Dark ]
e s Mater T percent of the matter sector,
) 63% b
51 Photons " ?gg rest is dark matter.
s 002500
= . — Planck collaboration 2015
12% 13.7 BILLION YEARS AGO O
(Universe 380,000 years old) e n e o u S U n Ive rse

Gravitational wave cosmology | ICTS Summerschool | 7-11July 2025 Planck collaboration |
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‘10 mean 1o

10

50 40 30 20 20 30
> : : : :
= 0.5F : : : :
» : : -
g Planck : . ; :
2018 : . Baseline :
= samples : : : samples : :
0.0 f & t —F = %
i ' 04 _ :
10tk 67.4 72.03 74.06
P 71.04 75.10
O : '
8 70.07 76.16
R 2 :
= 69.10 77.25
21073 ' ,
‘D 68.14 . 78.36
2 -
8 g
105}
0.9 0.97 : 097 : 099 : 1.01 1.02 ¢ 1.04 : 106 : 109 : 1.11 :
L : L t v > = - A
66 68 70 72 74 76 78

Hy (km/s/Mpc)

What could have gone
wrong?

e The Universe is not
flat LCDM?

e Some exotic early
dark energy?

Systematics:
e Standard candles?
Calibrations?

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025

Riess et al. (SHOES collaboration)
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Gravitational waves

Hanford, Washington (H1) Livingston, Louisiana (L1)

. . . . | : : . e Gravitational waves were

1l i directly detected for the first
Il ] time by the LIGO Virgo

= [| — L1 observed

; [ ot e ‘ : : collaboration in 2015 -

% I GW150914.

. e Aloud nearby event where two
Vlemm.) ) 2R black holes of mass ~ 30 solar
00 -\ A M o S g masses merged.

Cleme . JE=s ], e Eventdetected in both the

;22 2% Hanford and Livingston

5 128 4§ interferometers

g z*‘cg‘: e Opened a new era for

030 035 040043030 03 040 045 E Gravitational wave astronomy

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025 Abbott et al. 2016 | 51
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Understanding Gravitational waves

I

As the compact objects spiral inwards, the orbital time period decreases (frequency
increases), leads to generation of gravitational waves, and loss of further energy.

Gravitational wave cosmology | ICTS Summerschool | 7-11July 2025 MPI for Gravitational physics | 52
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For two bodies of masses M and m, separated from their center of mass by Randr,
respectively, we have:

s G(M+m)
W =
(R+7r)3
. . . . . 2/3 0/
The sum of kinetic plus potential energy is given by: B s o WD

2(M + m)1/3w

The power radiated is proportional to the square of the moment of inertia, and is related
to G, ¢, and the angular frequency itself. Dimensional analysis will show that:

mM GT%w* _dbey 1 2/3 Mm _13dw

— Y R = = — =
m + ﬂff(r 8 Praq = @ S dt 3 (M + m)l/‘)’w dt

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025 See e.g. Mathur et al. 2016 | 53
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Chirp mass

(mM)3/° A (1 1173 dw 35

64
32

~ (m+ M)Y/5 -G \3a” dt
512
\IN; 256
2T fow = Waw = 2w 2 128 g

0.30 0.35 0.40 0.45
Time (s)

Frequency starts to diverge after a finite amount of time.
The observed signal yields the chirp mass.

Gravitational wave cosmology | ICTS Summerschool | 7-11July 2025 See e.g. Mathur et al. 2016 54
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Q\\P Effect of redshift 9

(m + M)1/5 ~ G \3a”

(mM)3/5 (1 s dw 2
3a dt

wg =w/(1+ 2)
ty = t(l —|-Z) Mg = M(1+2)

Replacing the above, one gets the same equality between the detector frame quantities
as well. Thus the observed signal gives a degenerate combination of these quantities.
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D, [Mpc]
M. [Mg]
q

t[rad]
P [rad]

Y [rad]

RA[rad]
Dec. [rad]
tc[s]

ay

a

Luminosity distance Dy, chirp mass Mc, Mass ratio q, inclination t,
Orbital phase at coalescence ¢, Polarization phase {, right
ascension RA, declination Dec., time at coalescence tc, spin

magnitude on the heavier BH ai, spin magnitude on the lighter BH az,
spin tilt angle on the heavier black hole 63, spin tilt angle on the
lighter black hole 62, the angle between the two spin vectors ¢1,2,

and the angle between the orbital and total angular momentum ¢.,.

Gravitational wave cosmology | ICTS Summer school

| 7-11 July 2025
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GW signal amplitude
IUCAA
2
ho(f) = A, M) %‘exp(f\l’(ﬁmn
() = AGMleostlexp (5 + (M)

T
o 3 =2 m~— & = Y
(fs M) =2nft AT

3 (aGM\? 1
f5/3

c3

1 5 (GM)Y6 1
d24m*3 32 fIl6”

A(f. M) =

Two polarizations of GWs
Amplitudes inversely
proportional to the distance,
and related to the chirp
mass.

Degeneracy with the
inclination angle.

A global network can better
constrain each of the
polarizations and help
reduce the degeneracy.

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
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GW150914
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Chirp mass from the chirp, Dl from the amplitude, source mass assumes the redshift
from fiducial cosmology
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e Bayestheorem:
o P(A,B)=P(A|B) P(B) = P(BJA) P(A)
e Marginalization:
o P(A)=\intP(A, C)d C=\int P(A|C) P(C) dC
e Any of these equations you can add information to the right hand side of all
probabilities, for example:

o P(A|B, C) P(B|C) = P(BJA, C) P(A| C)
o P(All) = \int P(A, C|1) d C =\int P(A|C, 1) P(C|1) dC

e These will be quite useful manipulations and should be kept as cheat sheet with us

Gravitational wave cosmology | ICTS Summerschool | 7-11July 2025 | 62
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Normalized amplitude
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Abbott et al. 2017

IPN Fermi /
INTEGRAL

10 0 GW events localized with an electromagnetic counterpart
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Bright siren: EM follow up
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NASA/ESA Hubble space telescope

Typical localizations are 100s of sq degrees.
Optical telescopes have order 1 sq degree
field of view

Optimum plan to target galaxies to look for

transients.
o  Weight galaxies by their luminosity to decide
targeting priorities
o Butsome fields set earlier and some later due to
rotation of the Earth

GW170817 progenitor discovered after 11
hours of search

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
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NGC 4993: Redshift from spectrum % Isciences
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Palmese et al. (2017) 6dF spectrum
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Hubble constant from nearby bright sirens
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e Nearby Universe the Hubble law reducestov___ =H d

e But peculiar velocities can make it difficult to discern the cosmological recession

velocity from the peculiar velocity

e Remember that the peculiar velocity here is not the velocity of GW event, but the

galaxy itself.

e The frequency shift in the GW waveform comes from:

o Cosmological recession velocity of the host galaxy.
o  Peculiarvelocity due to the galaxies neighbours.

o Velocity of the GW event with respect to the host galaxy.

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 67
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NGC 4993

IUCAA

NGC 4993 part of
galaxy group with
velocity

v, = 3327+ 72kms!

. Peculiar velocity:
Centaurus y

vp = 310 &= 150 km g1

'y P ._“ ’

NASA/ESA Hubble and DSS
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p(CEGW7/U'r7 <'Up> | d, COS L, 'Up, Ho) =

p(zaw | d,cost) p(v, | d,vp, Ho) p({vp) | vp)

p (v, | d,vp, Hy) = N v, + Hod, 07, | (v;)
w —

p({vp) | vp) =N [Upa 012;,,] ({(vp))

Formalism allows to account for uncertainties in all of the measurements

Abbott et al. 2017

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 69
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p(Hy, d, cos 1, vp | Taw, Ur, {Up))

p(Hy)
X ./\/;(Ho) p(zaw | d,cost) p(v, | d Up 0)

X p((vp) | vp) p(d) p(vp) plcosi),

Also need to account for selection effects, not all GW events will be observable

Abbott et al. 2017
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Very long baseline interferometry can be used to detect the superluminal motion

Mooley et al. 2018
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lucana
COR
. . . .
The jetis chasing the
@ radiation

e So the blob emitting the
radiation may have already

. travelled closer to us and

N has to cover smaller

- " distance.

P ® Apparent motion can seem
superluminal for a
relativistic jet.
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Measurements breaks degeneracy
between distance and inclination
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o Fundame nd velocity dispersion.

-0.05

Residuals again correlated with peculiar velocities
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Intermediate-mass
black holes

z=0.01

Solar masses

GW190425 |
lGw170817

04 candidates
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e

Neutron stars

e 0B 0 ® o conihm @ o o

40 50 100

200 300 400 500 1000 2000 3000

4000 5000

10000

Distance (megaparsecs)

Many candidates,
but only a single
EM counterpart
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Abbott et al. 2016 75 Redshift ?

Merging binary black holes give luminosity distance
Redshift information not readily available as no electromagnetic counterparts
Consider galaxies (with known redshifts) in the localization region as potential hosts.

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 Schutz 1986 | 77
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Hubble constant from GW+galaxies

If we accept that H, is less than some H,,, (say 120 kms™'

Mpc™'), then the error box can be surveyed for bright galaxies
(up to ~15 mag) with velocities below H,,,,r, where we consider
at first only events with r <100 Mpc. Existing surveys (see ref.
8) show that galaxies with velocities <12,000 kms™' cluster
strongly, with ~1 cluster per square degree, and that bright
galacies are good tracers of these clusters. In our error box,
therefore, the source ought to be in one of ~36 clusters. Each
cluster redshift gives a candidate value for H,. As r is known

Gravitational wave cosmology | ICTS Summerschool | 7-11July 2025 Schutz 1986 78
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e Ignores the clustering of galaxies

e If we assume that the potential host of the GW event is in the galaxy catalog, then
the method of Schutz et al. 1986 will still work.

e Use every galaxy in the localization as a potential host, and use its redshift to obtain
Hubble constant.

e Thereis always one galaxy with the correct Hubble constant, rest are randomly
distributed.

e Asyou get more and more events the correct Hubble constant will coherently arise
from the random distribution of the Hubble constants inferred from other unrelated
galaxies.

e Butneeds to deal with incompleteness in real galaxy catalogs

Gravitational wave cosmology | ICTS Summerschool | 7-11July 2025 A 80
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Spectral sirens

IUCAA

Intrinsic distribution Luminosity distance bin 1 Luminosity distance bin 2

I:)(mlnt)
I:)(mdet)
I:)(mdet)

mint (1+Z1)mint:mdet

Gravitational wave events measure the detector frame mass
Relies on the universality of the mass distribution of BBH merger events
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e Masses measured by gravitational wave events have errors, and are degenerate with
a number of other parameters.

e Simplest would be to make histograms, but clearly that cannot work

e Histograms are still better than distributing masses based on their errors

e Need to carry out full Bayesian analysis.

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025 LVK Collaboration, 2023 82
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/ :
\ = {Q) \ ’N} Cosmological parameters,

Rate parameters, Shape parameters

-~ pdY)T(h)
(Aldi}) = =
FipIa) p(d )

Bayes’ theorem

%].91 (X) :l Nppop (§|X/) Normalization and shape

Ilgnore cosmology and normalization for the moment

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 Mandel et al. 2018 | 83



C@) & et S
No measurementerrors & SCIENCES
IUCAA
Nobs 5. |3/ Parameters of individual
P 6; 1)) arameters of individua
p({6:}IA) = H Poop (6] events drawn from sample

i=1 fd9 Ppop(0]2) properties

But due to selection effects, we only observe events which have been detected.

> - N Nobs =i

Lo N G pa@) 1—"[ Ppop(6: 1)
pGI) =] ===l Ty a3
YL 1 40) ppop @) pac@) izt J d©O)Ppop(O11) pacer(6)
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3 5 5 . _ Think about d as a noisy data vector
Pdet(0) = [ p(d|0)dd = /I(d)P(d|9)dd from GW events, and we only see
d >threshold

events with some SNR threshold.

(j 3 — fdé)p(j@)ppop(éﬁ\,) a(l) E[ dd /dép(j@)pmp(éﬁ‘/)
p | ) - O((X’) d >threshold
= / do [ / djp@@] Poop(B11)
5 5 5 - - d>threshold
il fd@p(d Ie)p 0] (9|)",) = - >
p(di}IN) = H fdepdet(e)pjoj(elk’) = /d@pdet(Q)ppop(QM).
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Prior to our meta analysis, parameter estimation runs are already performed as soon as
an event is detected.

C_l; é’ . P(Qi |dz)p(dl) Remove priors which were already
p( [ | i) = TL’(é) imposed to get the likelihood itself

Nobs L J@. (37 P
p({g}li“,) — H o Zj:l ppop( 91 IA ) () Can reuse existing “S” PE
: o = = - —
i—1 f d@pdet(é)ppop(g 1) samples and perform

Monte-Carlo integral
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=¥ | Si 0 (j§i|;\,) 3
(L) ]ﬁ 5%2,‘:1 = 2(5) p(d;)
p({dz}) 2 q fdepdet(g)ppop(el)‘,)

Nobs 1 ZS: Ppop(inM/)
Si j=1 7 (0)

i=1 fdgpdet(g)ppop(gl)\,)

p(|{d;})

|
2
>1
i —

Explicit dependence of priors on the hyperparameters, and PE runs can be seen here
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— Nye N s Poisson likelihood
P(Ngps) = exp™ “'det NysP

2 dN -
Nget ()\) = [ dd d6 p(d|9) (A) - NO(()\.) Average
d >threshold

expectation

Nobs i Si Ppop(j 51‘ |X,) ) .
; j=1 n(g) Final expression for
()\ N|{d D = ﬂ()\ )T (N) H d9 (9 (0 )\,) hyperparameters
f Paer(0) Ppop (0| of CBC population
Xe—Ndet(Ndet)NobS . given data!
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\ Nobs i Si /ppop(j éi |X,)
_1 é‘
p(X, N|{d:}) = m(x )n(N)H (@)

P d9pdet(9)ppop(9|w)

X e_Ndet (]vdet)NObS .

Prior information Selection effect
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10%

. —— GWTC-3
- GWTC2 | | e . GWTC-2
r 10? ;

10°

—jGWIgs ;| ¢

3 -
5 -

LVK Collaboration, 2023

q
T —
This is for fixed cosmology though!

20
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@) GWcosmo: Joint spectral sirenand e
HEORETICAL
alaxy catalog method ... s
IUCAA

Prior Population sampling

AN DN

Ndet [ p(zawild, A, Dp(6|A, I)d6

p(AHxGW}a {DGW}’I) Ocp(All)p(Ndet|A71) H fp(DGWileaA I)p(9|A,I)d9’

—Z—?

Poisson distribution pdet(é)

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025 Gray et al. 2023 921
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Sl galaxy catalog method L. N
Npix
This introduces sky pixel [/ Z p(zawil€;, 0, A, I)p(0|;, A, I)p(€Y; |1)d9]
J

dependent information :

Ndet . .
p(Al{zaw}, {Daw}, 1) & p(AIDp(NawlA, 1) [T fﬁ&i"&'@’ A %&lﬁ’ ?ffz@e’

)
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Statistical host identification & SCIENCES
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IUCAA

plX

// > plwawily, 2,0 A, I)p(0'19, A, I)p(z|Qy, A, I)db'dz

L S

N,
5 p(zawil0, A, Ip(O|A, I)do
p(A{zaw}, {Daw}, I) o p(AIT)p(Nget|A, T) H [p(Dawild, A, Dp(0]A, T)do

The line-of-sight redshift prior can be used to introduce information from galaxy
catalogs.
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&

IUCAA

Redshift prior

p(z|2, A, s, 1) = // Z p(z, M,m, g%, A, s, I) dMdm,
9=G.G In catalog

— p(G|%, A, 5, 1) / / ol M]G0 X, 5, T M

—|—p(G|Qi,A,S,I) //p(z,M,mK_}’, Q;, A, s, 1) dMdm,
out of cata[og

e The redshift of the GW event could be related to galaxies with apparent magnitude
m, absolute magnitude M, that are either in the catalog or not in the catalog

e The symbol s denotes the presence of a GW event, which was hidden inside
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p(z, M,m|G,Q;, A, s, 1)
_ p(z, M, m|G, 4, A, I)p(s|z, M, m,G,$, A, I)
B p(S|G7 QuAal) ’

1
~ p(s|G, i, A, 1)p<

1
= GG 1)5(M — M(z,m,N))p(z,m|G,Q;, [p(s|z, M, A, I).

M|z,m,G,Q;, A, Ip(z,m|G,Q;, A, Ip(s|z, M, A, IT),

Connecting apparent and absolute magnitude via cosmological parameters
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In catalog term

//p(zv M,m|G,QZ,A,3,]) dM dm

|
— p(8|G Q. A I) /p(zamlGa inl)p(‘SlZ?M(zava)aAaI) dm.
— 1 1 Ngal(Qz’) -

— z|2 slz, M(z,myg,A), A, I
GG AT Nan(@) 2 PEFRR(s] Mzt ), A, 1)

Allows incorporation of redshift uncertainty of galaxies in the analysis
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IUCAA

p(Z, M) m|é7 in A7 S, I)
B p(z, M, m|G,Q, A, Dp(s|z, M,m,G,Q, A, I)
p(5|éa Q’LaAal) ’

= = 7 p(Z,M,m|é’QiaAaI)p(S|z7M7A7[)7

1 Tz, M,om, QAL T M. m|Q;, A
— B p(G|Z7 7m7 7_ bl )p(z7 7m| bl ’I)p(8|z, M,A,I)
p(8|G7 QZ7A7I) p(G|Q’uAaI)

Again similar mathematics as before for the in catalog term until here
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IUCAA

p(é|z, M,m,Q;, Hy, I) = O[m — myp(€)]O[2cut — 2] + Oz — 2zcut]

Galaxies fainter than magnitude Galaxies outside
threshold but within redshift range redshift range

1
0 0.05 0.1

TR M mIA, T) = §(m — m(z, M, A))p(z, MIA, T)

Purely cosmology dependent term
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Out of catalog term
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IUCAA

//p(zaMam|G;Qi,A,8,I) dMdm
B 1

 p(s|G, 4, A, )p(G|Q, A, T)
ST il du,

/ (O[m(z, M, A) —man (9410 [zens — 2] + Oz — zeut])

I

|

i 1

-22 [
i 1

I
I

—21 [

Mmax(HO)
[@[zcut—z]/ p(z, M|A, D)p(s|z, M,\,T)dM
M(Z,mth(ﬂi),A)

M, 20 - : Mmax(HO)

+@[z—zcut]/ p(z, M|A, Dp(s|z, M,A, I) dM
Mmin(HO)

-19

-18 |

0 0.06 0.1
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&

IUCAA

Redshift prior

p(z|2, A, s, 1) = // Z p(z, M,m, g%, A, s, I) dMdm,
9=G.G In catalog

— p(G|%, A, 5, 1) / / ol M]G0 X, 5, T M

—|—p(G|Qi,A,S,I) //p(z,M,mK_}’, Q;, A, s, 1) dMdm,
out of cata[og

e The redshift of the GW event could be related to galaxies with apparent magnitude
m, absolute magnitude M, that are either in the catalog or not in the catalog

e The symbol s denotes the presence of a GW event, which was hidden inside
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p(ZlQi,A,S,I)
p(G’QZ‘,A,S,I)
~ p(s|G, AL D)
p(s|G, i, A, Dp(G|, A, T)
~ p(s|G, Qu, A, Dp(sQ, A, T)
p(s|G, Qi, A, I)p(G|Qi, A, T)

* e = OUT OF CAT),
p(s|Q, A, Ip(s|G, Qi,A,[)p(G’QZ-’A’I)f( )

_ p(8|Q'1 17 [P(GI9% A, I)f(IN CAT) + f(OUT OF CAT)].

p(é|Qu A7 S, I)
p(s|G, Qi, A, Dp(G|%, A, T)

F(IN CAT) + f(OUT OF CAT)

F(IN CAT)

Zcut M(z mth(Q ) A)
p(GI%, A, T) / / p(z, M|A, T) dMdz
mm(HO)
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Galaxies from a catalog

Nal(Qi)
1 1 3
2|, A, s, 1) = G|, A ) ———— z|Zp)p(s|z, M (z,mg,N),A, T
p(e ) p(smz.,A,n[p(‘ W@y L ARl M e )AL

Mmax(HO)
+ (@[zcut—z]/ p(z, M|A,I)p(s|z, M,A,I) dM
M (z,mn (:),A)
Mmax HO)
+6[z— zcut]/ p(z, M|A, T)p(s|z, M, A, T) dM)].
mm HO)

Requires prior information about galaxies not in the
catalog that could potentially be hosts of GW events
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Separate parameters: cosmological, or

A — {Acosmm Amass» Arate} correspond to normalization or shape

of mass distribution

P(s|lz, M,A,I) = P(s|z, M, Asate, I)

P(s|z, Avate, I)P(s|M, I)

p(s|M,I) x {L(M ) if using luminosity weighting

const if assuming uniform weighting.
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Q\\P LOS redshift prior (precomputed) e

p(Z‘Qi,A, 37-[)

p(S|Z7Arateaj) gal
G|Q, A ) ———— 21 (8| M (215 Neosrno s
(s A D) p(G] Ngal Z p(z|2k)p(s| M (2, T ), 1)
Mmax(HO)
+p(Z’Acosm07 I) <@[zcut - Z]/ (M‘Z,Acosmm I)p(slMa I) dM
M(Z 7nth(Q ) Cosmo)

Mmax(HO)

—f—@[z—zcut]/ p(M|z, Acosmo, I)p(s| M, I) dM)]

min (HO)

This LOS prior can be pre-computed to save runtime. This is the approach used in
GWcosmo.
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Calculation of selection effects

Neg
=2(0) = [ [ [ p(Dawlms, ms, 2, A, Dp(mi, ms, 2|, Tdmidmsdz,
1 % p(miivmg,ivzi|A?I)
Nsim = min;(mi 5, m3 ;, zi| A, )’

Inject large population of GW event with a wide coverage in parameter space, these
injections allow one to compute the probability of detection of events with a given set of
parameters
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POWER LAV MERGER RATE SHAPE PARAMETERS
Parameter Description Parameter Description Prior
MBE Minimum mass of the PL comyj Ry Local merger rate. 1/Ry (implicit)
hole mass distribution. ~y Power-law index describing the merger rate at low U(0,12.0)
e Maximum mass of the PL com redshift.
hole mass distribution. K Power-law index describing the merger rate at high U(0,6.0)
o Spectral index for the PL of th redshift.
distribution. 2p The redshift where the slope of the merger rate changes. (0,4.0)
Ibg Mean of the Gaussian componc
mass distribution. T I
oy Width of the Gaussian component in the primerv  74(0 AN 10 OM )
mass distribution.
Ag Fraction of the model in the Gaussian compone 1+ (]_ + zp) —(v+5)
Om Range of mass tapering on the lower end of the R(Z) = RO (1 + Z)’y Tr
mass distribution. 1+ ( 142 )’)’
Ié] Spectral index for the PL of the secondary mas 142,
distribution.
MNS Minimum mass of the uniform neutron star mam
distribution.
MNS. Maximum mass of the uniform neutron star mass U(2.0Mg,5.0Mg)
distribution.
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= Bl )
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® & L & ,{?59(:@9 A I I O -9 CREAY

Ho Y Hg MBH mBH

max

LY ©
4]

Note degeneracy between the Hubble
constant and features in mass

distribution space
o the mean of the Gaussian
o  Maximum mass of black hole

Earlier analysis used fixed mass
model parameters, so they can yield
better Hubble constant
measurements, although the
posterior will be prior dominated.
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e largeimaging or spectroscopic
Galaxy surveys have flux limits

e Brighter galaxies can be seen out to
higher redshifts

e Survey inhomogeneities can be
severe

e The host galaxy of the GW event may
actually not be inside of the catalog.

e Inthis case, the statistical host
identification method can runin to
problems if it does not account for

0 0.05 0.1 o .
7 such missing galaxies.

SDSS: Spectroscopic galaxies
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Galaxy surveys: flux limit

IUCAA

30°
15° £ : :
0° 14h 16h 18h 20h 22h Oh 2h 4h 6h 8h
T3 . vig? 3 Jv <" y —'-e,“,'- . - -
15°

-30°

R.A.

e Surveys are also non-homogeneous, can contain holes, or galaxies could be
compiled from heterogeneous surveys with varying magnitude thresholds.

Gravitational wave cosmology | ICTS Summerschool | 7-11July 2025 Bustamente et al. 2023, Dalya et al. 2018 109



INTERNATIONAL
CENTRE for
THEORETICAL

bICTS
SCIENCES

TATA INSTITUTE OF FUNDAMENTAL RESEARCH

10.378 m 14.327 10.965 m 14.494
th th

(a) m¢p map for nmap = 32. The sky is divided (b) m¢, map for nmap = 64. The sky is divided
into 12,288 pixels, each covering an area of 3.36 into 49,152 pixels, each covering an area of 0.84
deg?. deg?.

Shows the magnitude threshold in various regions of sky at different resolutions
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Computing magnitude threshold = SCENCES
Pixel 9000
0.225 1 ' - B_mag
J_mag
0.200 1 H_mag
m = —2.5log F' + my | T e
g 0.150 ; ; e
2 . 5 dF g 0125 _
O‘ — 5 0.100 - i : -
e ln(].()) F \50.075_ _#‘ff
0.050 ' = ,rg e
A BT it
0.025 - —
12 13 14 15 16 17 18
Magnitude

e However currently adopted: use the median of galaxy magnitude in any given pixel
to be the threshold.

o  Phenomenological
o Isnot necessarily well motivated
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J Band; SNR: 10 J Band; SNR: 15

Galaxies removed:
60.52%
L

Das, SM, et al. (in prep)

EARCH
|

SNR: 10
Galaxies removed:
26.56%

Median values
Galaxies removed:50%
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p(z, M,m|G,Q;, A, s, 1)
_ p(z, M, m|G, 4, A, I)p(s|z, M, m,G,$, A, I)
B p(S|G7 QuAal) ’

1
~ p(s|G, i, A, 1)p<

1
= GG 1)5(M — M(z,m,N))p(z,m|G,Q;, [p(s|z, M, A, I).

M|z,m,G,Q;, A, Ip(z,m|G,Q;, A, Ip(s|z, M, A, IT),

Connecting apparent and absolute magnitude via cosmological parameters
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Q ™y ICTS
Q\\P LOS redshift prior (precomputed) e

p(Z‘Qi,A, 37-[)

p(S|Z7Arateaj) gal
G|Q, A ) ———— 21 (8| M (215 Neosrno s
(s A D) p(G] Ngal Z p(z|2k)p(s| M (2, T ), 1)
Mmax(HO)
+p(Z’Acosm07 I) <@[zcut - Z]/ (M‘Z,Acosmm I)p(slMa I) dM
M(Z 7nth(Q ) Cosmo)

Mmax(HO)

—f—@[z—zcut]/ p(M|z, Acosmo, I)p(s| M, I) dM)]

min (HO)

This LOS prior can be pre-computed to save runtime. This is the approach used in
GWcosmo.

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025 Gray et al. 2023 114



INTERNATIONAL
CENTRE for
THEORETICAL
SCIENCES

TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT

Magnitudes of galaxies: k-corrections

M:m—5logDL _25_Kcorr

10 T T T T v T T RS ] B

_ e Exact same rest frame galaxy

: k k spectrum will give a different

: ' value for the magnitude in
the observed band pass,
when galaxies are at different
redshifts.

e K-corrections allow you to
put galaxies on the same
footing by eliminating this
effect.

Flux (10" ergcm2s™ A™)
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1.0F + 1
0.8F + E
ey
& 0.6F * E
S 04F ] ]
0.2F T

06} *
oA LM_‘_L__;—
0.2 +

)

4000 5000 6000 7Aooo 8000 9000 4000 5000 6000 ';ooo 8000 9000
A (A) A (A)

Library of PCA templates in order to
capture the diversity of spectra in SDSS
Given any broadband photometry
information in a series of bands, fit the
photometry as a sum of these spectra
weighted by non-negative coefficients
Reconstruct the spectrum of the galaxy
which allows the calculation of the

k-correction
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Blanton et al. 2007 |116



INTERNATIONAL
CENTRE for

~
‘..V ICTS | THEORETICAL
SCIENCES

TATA INSTITUTE OF FUNDAMENTAL RESEARCH

El T LA T ]
S S =
0 Fxe o ___emmm———— - =
A T T e e e T T T T T T T eeea@eareeemesmessesassssessesosssaniazaecy
- \\ O e @ b -
A NS = 2
AN S e hememem T
I Qe "'\::3_"«.-.‘ ______________________ E
1 LR R ol L
A\ . Wb
-1 \‘ N T e ==
L SN i
AN
- \Q N, '\,._ -
YN R
i A -
NN R
- \\ .\A N ) —
LT § P "i. AN '\_ '\.‘_ —
ui 2 R e
g ;. Ay S g
L D i S i
Q . g e i
B N ",
- N X .
N Ry
\ <

o) r N B =
% il T 7
oo -©----- Elliptical \;Q SEls .. 4
oy = e S0 SO T —— i

- ——t-—- Sa ‘43;:::::‘ %‘
- —w-- Sb TEREQu N 5
- LA E(B-V)<0.10 TS T -
A s - EB-V)0.16 Taa O e
F ——a-—- E(B-V)=0.44 kol R
| —w-- E(B-V)=0.66 e i
i | L " L | ) ! 1 | L 1 T L

0.0 0.5 1.0 15 2.0
4

K-corrections depend upon
the type of the galaxy and
the galaxy redshift

Often times redshifts are
estimated using photometric
redshift, so one has to worry
if the K-corrections are
reliable or not

There are publicly available
codes which compute these
corrections as a function of
redshift and color of galaxies

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
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Lumin OSIty function AL Y R wAS
' IR e The number of missing galaxies at any
. given redshift can be found by
HE integrating the expectation for these
o number of galaxies below the flux
i limit of the survey.
M, —z0 |
~19 :_ Lthr Lmax =1
: _ / (L, 2)dL / (L, 2)dL
:‘- Lmin Lmin
i S —————_—_
L
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—-22

-19

I_I‘lll.ll

-18

Fainter galaxies can be seen only to
small redshifts, while brighter galaxies
can be seen further out.

Account for the difference by counting
the number of galaxies in a given
luminosity bin, using the maximum
volume out to which the galaxy would
have been detected.

If the luminosity function does not
evolve substantially this method can
establish a good baseline for the
missing galaxies.

Gravitational wave cosmology | ICTS Summer school | 7-11 July 2025
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Luminosity function of galaxies o IscieNCEs

Bj-band K-band
1072 4 : : i 1072
L 3
w3 wl Q -3
84 1073 i 2, 10
) ] =
~ ~
(}:d 0.00 0 t:é:)
i — (0.00<z<0.1 .
5[5 107 4 —— 0.10<2<0.20 S 107 4
— 0.20<7<0.30
— 0.30<2<0.40
: - =« LF assumed :
1075 - T T — T T 102 —— T T T T T
-22 -21 -20 -19 -18 -17 -27 =26 =25 =24 =23 =22 =21 =20 -19

M- 510910"’047

M - 510g10h0.7
T —

Schechter function fit: Power law at the faint end, and exponential drop at the bright end

Gravitational wave cosmology | ICTS Summerschool | 7-11July 2025 LVK collaboration 2023 |120



INTERNATIONAL
CENTRE (47/'
ﬁICTS THEORE%ICAL
I nCO m p leteness Of ga laXy Cata log TATA INSTITUTE OF FSUSJIAEI':ITS:LERSESEARCH
K-band . . .
10 p— e K-band luminosity function related to the
— 10% sky with my,, = 13.0
0.8 4 e 23% sky with my, = 13.3
B s = SNSRI 1348 stellar mass, but heavily incomplete at
R . —— 83% sky with my,, < 13.7
g 0.4 - —— 95% sky with my,, = 13.9 . .
o higher redshifts.
0.2 4
0.0 4 . .
e = = = = e B band has more galaxies spanning out to
B-band larger redshifts but uncertainties in the LF
194 _— % sky with my,, = 2 . .
ol e e determinations
= Hia — 53% sky with my,, = 19.7
T 0.6 —— 83% sky with my,, = 19.¢ oy
o] e e The GW event probability could depend
Zz upon either, or some completely different
o e e combination.
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3.0

2.5 A

2.0

1.5 A

—— Nmap = 32

—— Nmap = 64

p(z)/p(zlempty catalogue)

1.0 ﬂv SaN\E—

0.5 A

0.0

Gravitational wave cosmology | ICTS Summerschool | 7-11 July 2025

There is some dependence
on what resolution the line of
sight prior is computed using
Results should therefore be
verified for convergence by

changing the resolution.
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0.05 - e Mass model
Broken Power Law
e ~—— Power Law + Peak parameterization
5 — = Truncated
Q . . o
& SWIH81% uncertainties can bias the
m -l A : . . 0 .
7 003 ,, Planck posterior distribution of the
£ SHOES |
% 002 expansion rate.
% e Models can be ruled out
0.01 -
based on Bayesian evidence
0.00 . , ratios in favor of others.
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Threshold selection can also impact the posteriors, important to perform blind an

alysis
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Issues with current methods

e Spectral sirens:

o Isthe mass distribution of BBH events expected to be invariant with redshift?

o Could it carry over when the Hubble constant can be measured to percentage precision?
e Galaxy catalogs:

o  Currently impactis dependent upon galaxy catalog incompleteness
o  Obtaining spectroscopic redshifts for galaxies within localization regions is difficult
o Do GW events really follow the luminosity of galaxies, or star formation rate, or something entirely
different?
e Schutzetal. 1986 seemed to talk about clustering of galaxies, which is completely

ignored in the statistical host identification. Can we do better with more
information?
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Galaxy distribution in the Universe is not entirely homogeneous.
Brighter galaxies tend to cluster strongly compared to fainter galaxies.

e This behaviouris driven by brighter galaxies living in massive dark matter halos
which are highly clustered with respect to the matter distribution.
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Galaxies borrow the bias of the dark matter halos in which they reside
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e Merging BBHs share the same large scale structure as the galaxies.

e Possible to statistically obtain the redshift of the merging BBHSs.
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e Even with Incomplete galaxy catalogs, the Hubble constant can be accurately recovered.
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Select galaxies based on their color to select luminous red galaxies
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The missing galaxies at the faint end
could be filled in by using the large
scale structure traced by the brighter
galaxies.

Measure the overdensity of galaxies on
a grid, and assign missing galaxies
based on this overdensity and the
ratio of the biases of the two
populations.

Can reproduce the clustering
measurement and hence a low
resistance way of incorporating the
clustering information.
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Gravitational lensing time delays
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e How old isthe Universe?

e Whatisit made up of?

e How did the Universe come into
existence?

e Whatis the fate of the Universe?

Now can be addressed scientifically
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