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Common thread across scales of 
organisations?

I N T E R A C T I O N S !



EGT and PopGen are not just tools but 
also research lines in themselves

Techniques 

physics, mathematics, computational techniques, 
experimental biology

Ecological 
interactions

Population 
Genetics

Evolutionary 
Game 
Theory



G A M E  T H E O R Y

Oskar  
Morgernstern

John  
von Neumann

Theory of games and economic behaviour, 1944
Deals with human decision-making 

among interacting individuals.



E V O L U T I O N A R Y  G A M E  T H E O R Y ?

Possible population states
x = 0 x = 1



E V O L U T I O N A R Y  G A M E  T H E O R Y ?

Fitness
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In the land of the blind, the one-eyed is king



E V O L U T I O N A R Y  G A M E  T H E O R Y ?

Dynamic fitness landscape
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E V O L U T I O N A R Y  G A M E  T H E O R Y

x = 0 x = 1
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–  M AY N A R D  S M I T H

“Evolutionary game theory is a way of thinking 
about evolution at the phenotypic level when 
the fitnesses of particular phenotypes depend 

on their frequencies”

M AY N A R D  S M I T H ,  E V O L U T I O N  A N D  T H E  T H E O R Y  O F  G A M E S  ( 1 9 8 2 )  

(a1 a0
b1 b0)



D Y N A M I C S ?

There are different rules by which the 
strategies can change over time 

We will focus on something closely 
emulating biological evolution 

Replicator dynamics



D Y N A M I C S ? (a1 a0
b1 b0)

fA = ax + b(1 − x) fB = cx + d(1 − x)

x frequency of type A

A will increase if the average fitness is greater 
than the average population fitness

f̄ = xfA + (1 − x)fB

All AAll B

·x = x(1 − x)( fA − fB)
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Classical outcomes of the replicator 
dynamics for two player and two 

strategies

dominance bi-stability

co-existence

neutrality



G A M E S  T O  G E N E S ?

dominance over-dominance

under-dominance neutrality



H O W  D I D  W E  G E T  H E R E ?

Δq =
pq (q(W2 − W1) + p(W1 − W0))

W̄

q Allele 2

p Allele 1

W0

W1
W2

·q = (1 − q)q (qfq + (1 − q)fp)



But genetics can be quite 
complicated!



M E D E A

Medea in a fresco from Herculaneum.

Medea is a naturally occurring selfish 
genetic element. Natural Maternal 
effect dominant embryonic arrest.

https://en.wikipedia.org/wiki/Herculaneum


G A M E S  T H AT  A L L E L E S  P L AY

AAA AAa Aaa aaa

A

a

a3 a2 a1 a0

b3 b2 b1 b0

G O K H A L E ,  C .  S .  &  T R A U L S E N ,  A .  E V O L U T I O N A R Y  M U LT I P L AY E R  G A M E S .  
D Y N  G A M E S  A P P L  4 ,  4 6 8 – 4 8 8  ( 2 0 1 4 )

A and a are two alleles



a1 = β + (α + β)/2 + (α + β)/2
3 = α + 2β

3

α
β γ

AA Aa aa

AAA AAa Aaa aaa
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a3 a2 a1 a0

b3 b2 b1 b0
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AAA AAa Aaa aaa

A

a

2α + β
3

α + 2β
3

2β + γ
3

β + 2γ
3

α

β

β

γ

πA = αx + β(1 − x)
πa = βx + γ(1 − x) (α β

β γ)A
A a

a

…in retrospect!

α
β γ

AA Aa aa



B A C K  T O  M E D E A

Medea in a fresco from Herculaneum.

MMM MM+ M++ +++
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https://en.wikipedia.org/wiki/Herculaneum


B A C K  T O  M E D E A

Medea in a fresco from Herculaneum.

πM = νx + ω(1 − x)

π+ = ωx + (1 − xt)(1 − x)

The nonlinearity, which is brought about in the 
dynamics of the  allele arises naturally from 
considering a four player game.  

Looking for a two player game which reflects 
this scenario would make the payoff entries 
themselves frequency dependent.

+

https://en.wikipedia.org/wiki/Herculaneum


M U LT I P L AY E R  G A M E S



I N C L U D I N G  M O R E  P L AY E R S ?

(a1 a0
b1 b0)

fA = ax + b(1 − x) fB = cx + d(1 − x)
A will increase if the average fitness is greater 

than the average population fitness

x frequency of type A
All AAll B

A
B

# of other A 
players

1 0
T W O  

P L AY E R  
G A M E

·x = x(1 − x)( fA − fB)



I N C L U D I N G  M O R E  P L AY E R S ?

(ad−1 ad−2 … a1 a0
bd−1 bd−2 … b1 b0)

fA =
d−1

∑
k=0

(d − 1
k ) xk(1 − x)d−1−kak fB =

d−1

∑
k=0

(d − 1
k ) xk(1 − x)d−1−kbk

A will increase if the average fitness is greater 
than the average population fitness

x frequency of type A
All AAll B

A
B

# of other A 
players d-1 d-2 1 0

 P L AY E R  
G A M E

d −

·x = x(1 − x)( fA − fB)



I N C L U D I N G  M O R E  P L AY E R S ?
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T W O  
P L AY E R  
G A M E

At most one internal 
equilibrium

At most  
internal equilibria

d − 1

 P L AY E R  
G A M E

d −

H A N ,  T.  A . ,  T R A U L S E N ,  A .  &  G O K H A L E ,  C .  S .  O N  E Q U I L I B R I U M  
P R O P E R T I E S  O F  E V O L U T I O N A R Y  M U LT I - P L AY E R  G A M E S  W I T H  R A N D O M  

PAY O F F  M AT R I C E S .  T H E O R  P O P U L  B I O L  81 ,  2 6 4 – 2 7 2  ( 2 0 1 2 ) .  

G O K H A L E ,  C .  S .  &  T R A U L S E N ,  A .  E V O L U T I O N A R Y  G A M E S  I N  T H E  
M U LT I V E R S E .  P R O C  N AT I O N A L  A C A D  S C I  107 ,  5 5 0 0 – 5 5 0 4  ( 2 0 1 0 ) .

P L AY E R  F I L E



M U LT I P L E  S T R AT E G I E S ?  M U LT I P L E  
A L L E L E S ?

All AAll B

All C



d = 4
n = 3

A

B C

(d − 1)(n−1)

Maximum number of 
internal fixed points

G O K H A L E ,  C .  S .  &  T R A U L S E N ,  A .  E V O L U T I O N A R Y  G A M E S  I N  T H E  
M U LT I V E R S E .  P R O C  N AT I O N A L  A C A D  S C I  107 ,  5 5 0 0 – 5 5 0 4  ( 2 0 1 0 ) .

dn − 1
d − 1

Maximum fixed 
points



F E L D M A N ,  M .  W.  S A M  K A R L I N  A N D  M U LT I - L O C U S  P O P U L AT I O N  
G E N E T I C S .  T H E O R  P O P U L  B I O L  75 ,  2 3 3 – 2 3 5  ( 2 0 0 9 ) .  

K A R L I N ,  S .  T H E  N U M B E R  O F  S TA B L E  E Q U I L I B R I A  F O R  T H E  
C L A S S I C A L  O N E - L O C U S  M U LT I A L L E L E  S E L E C T I O N  M O D E L .  
J O U R N A L  O F  M AT H E M AT I C A L  B I O L O G Y  9 ,  1 8 9 – 1 9 2  ( 1 9 8 0 ) .

B A C K  T O  G E N E T I C S



F E L D M A N ,  M .  W.  S A M  K A R L I N  A N D  M U LT I - L O C U S  P O P U L AT I O N  
G E N E T I C S .  T H E O R  P O P U L  B I O L  75 ,  2 3 3 – 2 3 5  ( 2 0 0 9 ) .  

K A R L I N ,  S .  T H E  N U M B E R  O F  S TA B L E  E Q U I L I B R I A  F O R  T H E  
C L A S S I C A L  O N E - L O C U S  M U LT I A L L E L E  S E L E C T I O N  M O D E L .  
J O U R N A L  O F  M AT H E M AT I C A L  B I O L O G Y  9 ,  1 8 9 – 1 9 2  ( 1 9 8 0 ) .

B A C K  T O  G E N E T I C S

dn − 1
d − 1

Maximum fixed 
points



B A C K  T O  G E N E T I C S

dn − 1
d − 1

Maximum fixed 
points

The number of players d 
corresponds to the ploidy level. 

Hence, we provide estimates 
for polyploid systems!

H A N ,  T.  A . ,  T R A U L S E N ,  A .  &  G O K H A L E ,  C .  S .  O N  E Q U I L I B R I U M  
P R O P E R T I E S  O F  E V O L U T I O N A R Y  M U LT I - P L AY E R  G A M E S  W I T H  

R A N D O M  PAY O F F  M AT R I C E S .  T H E O R  P O P U L  B I O L  81 ,  2 6 4 – 2 7 2  ( 2 0 1 2 ) .  

R O W E ,  G .  W.  T O  E A C H  G E N O T Y P E  A  S E PA R AT E  S T R AT E G Y — A  
D Y N A M I C  G A M E  T H E O R Y  M O D E L  O F  A  G E N E R A L  D I P L O I D  S Y S T E M .  

J O U R N A L  O F  T H E O R E T I C A L  B I O L O G Y  134 ,  8 9 – 1 0 1  ( 1 9 8 8 ) .





PA G E ,  K .  M .  &  N O W A K ,  M .  A .  U N I F Y I N G  E V O L U T I O N A R Y  D Y N A M I C S .  J O U R N A L  O F  
T H E O R E T I C A L  B I O L O G Y  219 ,  9 3 – 9 8  ( 2 0 0 2 ) .

Extend to genetic evolution



A  C A S E  F O R  P L U R A L I T Y

PA G E ,  K .  M .  &  N O W A K ,  M .  A .  U N I F Y I N G  E V O L U T I O N A R Y  D Y N A M I C S .  J O U R N A L  O F  
T H E O R E T I C A L  B I O L O G Y  219 ,  9 3 – 9 8  ( 2 0 0 2 ) .

A broad strategy coming from diverse fields 
enriches the approaches themselves

It can speed up the progress in one field by the 
ideas and methods ported from another

Interpretation is paramount as assumptions may 
get lost in translation!

C AV E AT !



T H A N K  Y O U !


