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Universal few-body physics and cluster formation
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A recent rejuvenation of experimental and theoretical interest in the physics of few-body systems has
provideddeep, fundamental insights into a broad range of problems. Few-body physics is a cross-cutting
discipline not restricted to conventional subject areas such as nuclear physics or atomic or molecular
physics. To a large degree, the recent explosion of interest in this subject has been sparked by dramatic
enhancements of experimental capabilities in ultracold atomic systems over the past decade, which now
permit atoms andmolecules to be explored deep in the quantummechanical limit with controllable two-
body interactions. This control, typically enabled by magnetic or electromagnetically dressed Fano-
Feshbach resonances, allows, in particular, access to the range of universal few-body physics, where
two-body scattering lengths far exceed all other length scales in the problem. The Efimov effect, where
three particles experiencing short-range interactions can counterintuitively exhibit an infinite number of
bound or quasibound energy levels, is themost famous example of universality. Tremendous progress in
the field of universal Efimov physics has taken off, driven particularly by a combination of experimental
and theoretical studies in the past decade, and prior to the first observation in 2006, by an extensive set of
theoretical studies dating back to 1970. Because experimental observations of Efimov physics have
usually relied on resonances or interference phenomena in three-body recombination, this connects
naturally with the processes of molecule formation in a low-temperature gas of atoms or nucleons,
and more generally with N-body recombination processes. Some other topics not closely related to
the Efimov effect are also reviewed in this article, including confinement-induced resonances for
explorations of lower-dimensionality systems, and some chemically interesting systems with longer-
range forces such as the ion-atom-atom recombination problem.
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for all TLSs, it can only be observed for TLSs that
have their symmetry-point energy splitting in the
accessible range limited by the tunability of the
phase qubit. The other TLSs have tunnel energies
∆0 much smaller than what is experimentally
accessible; hence, only the nearly linear tails of
their energy hyperbolas are observed. Data taken
in the same way on another sample (fig. S4) (23)
reveal five TLS traces obeying a hyperbolic fre-
quency dependence on strain, showing that this is
a common property of TLSs.

Another interesting trace in Fig. 4A, appearing
between –30 and –10 V, indicates a TLS whose
resonance frequency shifts at the rate of ~50MHz/V
and jumps randomly, within hours, between two
traces ~100 MHz apart. Most likely, the local po-
tential landscape of the coherent TLS under obser-
vation changes abruptly due to a nearby incoherent
TLS fluctuating slowly and randomly between its
localized states.

The basic idea of the above experiment has
some similarity to earlier experiments (30, 31)
in which static strain was used to change the
dwell times of individual incoherent TLSs (two-
level fluctuators) in disordered metallic nano-
structures. The experiments here are performed
with individual coherent TLSs that have tun-
neling energies ∆0 on the order of kBT (where kB
is the Boltzmann constant and T is temperature)
and asymmetry energies ∆ tunable by strain from
values on the order of kBT to zero. The TLS en-
ergies E are measured directly, and their strain
dependence given by Eq. 2 is confirmed.

All results presented above are explained read-
ily by the tunneling model and, therefore, provide
firm evidence of the hypothesis that atomic TLSs
are the cause of avoided level crossings in the
spectra of JJ qubits. Mechanical strain offers a
handle to control the properties of coherent TLSs,
which is crucial for gaining knowledge about their
physical nature. Our method can also be used to

tune TLS frequencies away from the qubit res-
onance and, thus, to optimize the coherence of a
qubit circuit at its operation point. Moreover, the
knowledge of how individual coherent TLSs are
modified by strain opens an opportunity to ma-
nipulate TLSs via ultrasonic excitation.
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Observation of Resonances in Penning
Ionization Reactions at Sub-Kelvin
Temperatures in Merged Beams
A. B. Henson, S. Gersten, Y. Shagam, J. Narevicius, E. Narevicius*

Experiments have lagged theory in exploring chemical interactions at temperatures so low that
translational degrees of freedom can no longer be treated classically. The difficulty has been to
realize in the laboratory low-enough collisional velocities between neutral reactants to access
this regime. We report here the realization of merged neutral supersonic beams and the
manifestation of clear nonclassical effects in the resulting reactions. We observed orbiting
resonances in the Penning ionization reaction of argon and molecular hydrogen with metastable
helium, leading to a sharp absolute ionization rate increase in the energy range corresponding
to a few degrees kelvin down to 10 millikelvin. Our method should be widely applicable to
many canonical chemical reactions.

Theoretical quantum chemistry suggests that
at low-enough collision energies, where
reactants’ de Broglie wavelength approaches

the characteristic interaction length scale, quan-
tum effects, such as tunneling through reaction or
centrifugal barriers, will dominate the reaction
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Fig. 4. Tuning two-level systems by strain. (A) At each value of Vp, a spectroscopic line like that shown in
Fig. 3B is recorded. The resonance frequencies of the TLSs ( fTLS = E/h as a function of Vp) appear lighter in
color. The frequency dependence of the TLS showing a broad nonmonotonic behavior is extracted and
fitted to a hyperbola given by Eq. 2 in (B). The error bars correspond to the width of the resonance dips.
The inset in (B) shows the distribution of the linear frequency changes of the TLSs with respect to the
voltage change; the solid line shows a Gaussian distribution for comparison.
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values on the order of kBT to zero. The TLS en-
ergies E are measured directly, and their strain
dependence given by Eq. 2 is confirmed.

All results presented above are explained read-
ily by the tunneling model and, therefore, provide
firm evidence of the hypothesis that atomic TLSs
are the cause of avoided level crossings in the
spectra of JJ qubits. Mechanical strain offers a
handle to control the properties of coherent TLSs,
which is crucial for gaining knowledge about their
physical nature. Our method can also be used to

tune TLS frequencies away from the qubit res-
onance and, thus, to optimize the coherence of a
qubit circuit at its operation point. Moreover, the
knowledge of how individual coherent TLSs are
modified by strain opens an opportunity to ma-
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Observation of Resonances in Penning
Ionization Reactions at Sub-Kelvin
Temperatures in Merged Beams
A. B. Henson, S. Gersten, Y. Shagam, J. Narevicius, E. Narevicius*

Experiments have lagged theory in exploring chemical interactions at temperatures so low that
translational degrees of freedom can no longer be treated classically. The difficulty has been to
realize in the laboratory low-enough collisional velocities between neutral reactants to access
this regime. We report here the realization of merged neutral supersonic beams and the
manifestation of clear nonclassical effects in the resulting reactions. We observed orbiting
resonances in the Penning ionization reaction of argon and molecular hydrogen with metastable
helium, leading to a sharp absolute ionization rate increase in the energy range corresponding
to a few degrees kelvin down to 10 millikelvin. Our method should be widely applicable to
many canonical chemical reactions.

Theoretical quantum chemistry suggests that
at low-enough collision energies, where
reactants’ de Broglie wavelength approaches

the characteristic interaction length scale, quan-
tum effects, such as tunneling through reaction or
centrifugal barriers, will dominate the reaction
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Fig. 4. Tuning two-level systems by strain. (A) At each value of Vp, a spectroscopic line like that shown in
Fig. 3B is recorded. The resonance frequencies of the TLSs ( fTLS = E/h as a function of Vp) appear lighter in
color. The frequency dependence of the TLS showing a broad nonmonotonic behavior is extracted and
fitted to a hyperbola given by Eq. 2 in (B). The error bars correspond to the width of the resonance dips.
The inset in (B) shows the distribution of the linear frequency changes of the TLSs with respect to the
voltage change; the solid line shows a Gaussian distribution for comparison.
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Observation of Attractive and Repulsive Polarons in a Bose-Einstein Condensate

Nils B. Jørgensen,1 Lars Wacker,1 Kristoffer T. Skalmstang,1 Meera M. Parish,2 Jesper Levinsen,2

Rasmus S. Christensen,1 Georg M. Bruun,1 and Jan J. Arlt1
1Institut for Fysik og Astronomi, Aarhus Universitet, 8000 Aarhus C, Denmark
2School of Physics & Astronomy, Monash University, Victoria 3800, Australia

(Received 17 May 2016; revised manuscript received 13 June 2016; published 28 July 2016)

The problem of an impurity particle moving through a bosonic medium plays a fundamental role in
physics. However, the canonical scenario of a mobile impurity immersed in a Bose-Einstein condensate
(BEC) has not yet been realized. Here, we use radio frequency spectroscopy of ultracold bosonic 39K atoms
to experimentally demonstrate the existence of a well-defined quasiparticle state of an impurity interacting
with a BEC. We measure the energy of the impurity both for attractive and repulsive interactions, and find
excellent agreement with theories that incorporate three-body correlations, both in the weak-coupling limits
and across unitarity. The spectral response consists of a well-defined quasiparticle peak at weak coupling,
while for increasing interaction strength, the spectrum is strongly broadened and becomes dominated by the
many-body continuum of excited states. Crucially, no significant effects of three-body decay are observed.
Our results open up exciting prospects for studying mobile impurities in a bosonic environment and
strongly interacting Bose systems in general.

DOI: 10.1103/PhysRevLett.117.055302

The behavior of a mobile impurity interacting with its
environment has provided deep insight into quantummany-
body systems. Since Landau and Pekar first proposed that
the coupling between electrons and lattice phonons leads to
the existence of quasiparticles termed polarons [1], this idea
has systematically been developed [2]. The concept of the
polaron is now central to our understanding of a wide range
of systems, including technologically important semicon-
ductors [3], 3He − 4He mixtures [4], and high temperature
superconductors [5]. Indeed, even elementary particles of
the standard model acquire their mass by coupling to the
bosonic Higgs particle.
Because of the great flexibility of atomic gases, the

experimental realization of the impurity problem in a
degenerate Fermi gas [6–8] has led to a dramatic improve-
ment in our theoretical understanding of this fundamental
problem [9–16]. The bosonic counterpart has been subject of
intense theoretical investigation [17–25] and some specific
cases have been studied experimentally: impurities interact-
ing with an uncondensed bosonic medium [26], charged
or fixed impurities in a Bose-Einstein condensate (BEC)
[27–31], and impurities confined to a lattice [32]. However,
despite the importance of the impurity problem in a bosonic
reservoir, there has not yet been a realization of the canonical
mobile impurity in a BEC—the Bose polaron.
We investigate the Bose polaron using a harmonically

trapped BEC of 39K atoms initially prepared in the j1i≡
jF ¼ 1; mF ¼ −1i state. To introduce impurities, we apply
a radio frequency (rf) pulse, which transfers a small fraction
of atoms into the j2i≡ j1; 0i state, such that they can be
regarded as isolated mobile impurities. The transition
frequency ωrf is changed from its unperturbed value ω0

due to the impurity-BEC interaction. This interaction,

characterized by the s-wave scattering length a, is highly
tuneable using a Feshbach resonance. Thus, spectroscopy
of the impurity state is performed, as shown schematically
in Fig. 1. We measure the energy of the impurity state and
find a well-defined Bose polaron both for attractive and
repulsive interactions, in good agreement with theories that
incorporate three-body correlations. This constitutes the
first observation of the Bose polaron for both attractive and
repulsive interactions, in parallel with work at JILA [33].
Figure 1 illustrates the behavior of the zero-momentum

impurity in a uniform BEC. We parametrize the interaction
strength as kna with the wave number kn ¼ ð6π2n0Þ1=3,
where n0 is the average BEC density. The energy scale of the
system is En ¼ ℏ2k2n=2m, where m is the mass of 39K. For
weak interactions, 1=kna ≪ −1 and 1=kna ≫ 1, the impu-
rity forms well-defined quasiparticle states termed attractive
and repulsive polaron, respectively. These have mean-field
energy 4πℏ2n0a=m, plus medium corrections that have
recently been determined up to order a3 [24]. On the
attractive side of the Feshbach resonance, the zero-momen-
tum attractive polaron is the ground state. In the absence of
Efimov physics [34–36], the attractive polaron state exhibits
an avoided crossing with the molecular state beyond
unitarity [20,25]. Above the ground state there is a con-
tinuum of many-body states, which in the weakly interacting
limit is formed by polarons and Bogoliubov excitations with
zero total momentum (see Supplemental Material [37]). On
the repulsive side 1=kna > 0, the polaron becomes increas-
ingly damped when approaching the Feshbach resonance,
since it can decay into a continuum of lower lying many-
body states, and it is inherently metastable.
The experimental apparatus used to produce BECs is

described in detail in [38]. Briefly, a dual-species

PRL 117, 055302 (2016)
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Bose Polarons in the Strongly Interacting Regime

Ming-Guang Hu, Michael J. Van de Graaff, Dhruv Kedar, John P. Corson, Eric A. Cornell, and Deborah S. Jin
JILA, NIST, and University of Colorado, Boulder, Colorado 80309, USA

and Department of Physics, University of Colorado, Boulder, Colorado 80309, USA
(Received 3 May 2016; revised manuscript received 26 May 2016; published 28 July 2016)

When an impurity is immersed in a Bose-Einstein condensate, impurity-boson interactions are expected
to dress the impurity into a quasiparticle, the Bose polaron. We superimpose an ultracold atomic gas of
87Rb with a much lower density gas of fermionic 40K impurities. Through the use of a Feshbach resonance
and radio-frequency spectroscopy, we characterize the energy, spectral width, and lifetime of the resultant
polaron on both the attractive and the repulsive branches in the strongly interacting regime. The width of the
polaron in the attractive branch is narrow compared to its binding energy, even as the two-body scattering
length diverges.

DOI: 10.1103/PhysRevLett.117.055301

An impurity interacting with a quantum bath is a
simplified yet nontrivial many-body model system with
wide relevance to material systems. For example, an electron
moving in an ionic crystal lattice is dressed by coupling to
phonons and forms a quasiparticle [see Fig. 1(a)] known as a
polaron that is an important paradigm in quantum many-
body physics [1]. Impurity atoms immersed in a quantum
degenerate bosonic or fermionic atomic gas are a convenient
experimental realization for Bose or Fermi polaron physics,
respectively, where Bose or Fermi refers to the quantum
statistics of the bath. The Bose polaron case has been
explored in recent theoretical work [2–9] in the weakly
interacting regime, where the physics can be described by the
Fröhlich model [1]. However, the ability to use a Feshbach
resonance [10] to tune the impurity-boson (IB) scattering
length aIB opens up the possibility of exploring the Bose
polaron in the strongly interacting regime, where physics
beyond the Fröhlich model is expected [11–14]. While
experiments to date [15–20] have focused on the weakly
interacting regime, investigation of the Bose polaron in the
strongly interacting regime accesses physics beyond the
Fröhlich paradigm, and, moreover, represents a step towards
understanding a fully strongly interacting Bose system.
While aIB can be tuned to approach infinity, the boson-
boson (BB) scattering length aBB can still correspond to the
mean-field (MF) limit. An impurity interacting very strongly
with a Bose gas that is otherwise in the mean-field regime is,
on the one hand, something more difficult to model and to
measure than a weakly interacting system. On the other hand
it is theoretically more tractable, and empirically more stable,
than a single-component “unitary” Bose gas in which aBB
diverges and thus every pair of atoms is strongly coupled
[21]. The behavior of the Bose polaron in the strongly
interacting regime may also affect the efficiency of Feshbach
molecule production when ramping across the resonance.
Our experiment employs techniques similar to those

used in recent Fermi polaron measurements [22–25].

However, there are important differences between the
Bose polaron and the Fermi polaron. From a theory point
of view, the Bose polaron problem involves an interacting
superfluid environment and also has the possibility of
three-body interactions [14], both of which are not present
for the Fermi polaron studied thus far. And on the exper-
imental side, both three-body inelastic collisions and the
relatively small spatial extent of a BEC (compared to that of
the impurity gas) create challenges for measurements of

FIG. 1. Impurities immersed in a bosonic bath. (a) Cartoon
depictions of the Bose polaron formed by an electron moving in a
crystal lattice and (b) its counterpart of an impurity in a
continuous system. (c) Radio-frequency (rf) spectroscopy of
40K impurities in a 87Rb Bose-Einstein condensate (BEC). The
black lines denote two hyperfine states of bare K atoms and the
red dashed line is the shifted energy level due to interactions with
the BEC. (d) Geometry of the trapped BEC and impurity clouds.
The dark blue represents the Rb BEC cloud, the light blue shows
the Rb thermal cloud, and the red shows the K impurity cloud.
The imaging light propagates from top to bottom along z.
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A recent rejuvenation of experimental and theoretical interest in the physics of few-body systems has
provideddeep, fundamental insights into a broad range of problems. Few-body physics is a cross-cutting
discipline not restricted to conventional subject areas such as nuclear physics or atomic or molecular
physics. To a large degree, the recent explosion of interest in this subject has been sparked by dramatic
enhancements of experimental capabilities in ultracold atomic systems over the past decade, which now
permit atoms andmolecules to be explored deep in the quantummechanical limit with controllable two-
body interactions. This control, typically enabled by magnetic or electromagnetically dressed Fano-
Feshbach resonances, allows, in particular, access to the range of universal few-body physics, where
two-body scattering lengths far exceed all other length scales in the problem. The Efimov effect, where
three particles experiencing short-range interactions can counterintuitively exhibit an infinite number of
bound or quasibound energy levels, is themost famous example of universality. Tremendous progress in
the field of universal Efimov physics has taken off, driven particularly by a combination of experimental
and theoretical studies in the past decade, and prior to the first observation in 2006, by an extensive set of
theoretical studies dating back to 1970. Because experimental observations of Efimov physics have
usually relied on resonances or interference phenomena in three-body recombination, this connects
naturally with the processes of molecule formation in a low-temperature gas of atoms or nucleons,
and more generally with N-body recombination processes. Some other topics not closely related to
the Efimov effect are also reviewed in this article, including confinement-induced resonances for
explorations of lower-dimensionality systems, and some chemically interesting systems with longer-
range forces such as the ion-atom-atom recombination problem.
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Collisions of molecules in a thermal gas are difficult to control. Thermal motion randomizes

molecular encounters and diminishes the effects of external radiation or static electromagnetic

fields on intermolecular interactions. The effects of the thermal motion can be reduced by cooling

molecular gases to low temperatures. At temperatures near or below 1 K, the collision energy of

molecules becomes less significant than perturbations due to external fields. At the same time,

inelastic scattering and chemical reactions may be very efficient in low-temperature molecular

gases. The purpose of this article is to demonstrate that collisions of molecules at temperatures

below 1 K can be manipulated by external electromagnetic fields and to discuss possible

applications of cold controlled chemistry. The discussion focuses on molecular interactions at cold

(0.001–2 K) and ultracold (o0.001 K) temperatures and is based on both recent theoretical and

experimental work. The article concludes with a summary of current challenges for theory and

experiment in the research of cold molecules and cold chemistry.

I. Introduction

Since early experiments on chemical reaction dynamics,1 the
efforts of many researchers have been to achieve external
control over chemical reactions. This goal stimulated the
development of the research fields of coherent control of
molecular processes,2 optimal control of molecular dy-
namics3–5 and stereochemistry.6 Many ground-breaking ex-
periments demonstrated the possibility of controlling
unimolecular reactions, i.e. molecular dissociation, isomeriza-
tion or selective bond breaking, by laser fields.2,5 Possible
applications of these studies include quantum computing
based on polyatomic molecules,7 optical purification of left-
handed or right-handed chiral molecules,8 laser catalysis of
molecular transformations9 and the design of quantum de-
vices.10 The development of experimental techniques for con-
trolling bimolecular reaction processes may likewise result in

many fundamental applications and elucidate some of the
most interesting questions of contemporary physical chemis-
try.11 For example, generating molecules with precisely tun-
able kinetic energies might be used to study the role of
scattering resonances in chemical reaction dynamics.12 Tuning
electromagnetic fields to induce avoided crossings between
states of different symmetries might be used to explore geo-
metric phase effects in chemical dynamics.13,14 Using external
fields to direct chemical encounters into a specific reaction
channel might provide insight into the role of intermolecular
interaction forces in determining chemical reactivity.15 Exter-
nal field control of molecular collisions in the gas phase,
however, remains a significant challenge.
External control of bimolecular reactions is complicated by

thermal motion of molecules that randomizes molecular en-
counters and diminishes the effects of external fields on
molecular collisions. Thermal motion precludes coherent con-
trol of molecular collisions.2 The effects of the thermal motion
can be reduced by cooling molecular gases to low tempera-
tures. Electromagnetic fields may influence molecular colli-
sions significantly only when the translational energy of the
molecules is smaller than the perturbations due to interactions
with external fields. Static magnetic and electric fields (up to 5
T and 200 kV cm!1, respectively) as well as off-resonant laser
fields readily available in the laboratory shift molecular energy
levels by up to a few Kelvin so external field control of gas-
phase molecular dynamics may be most easily achieved at
temperatures near or less than one Kelvin. The purpose of this
article is to demonstrate that molecular collisions at low
temperatures can be effectively controlled with static and laser
electromagnetic fields and discuss possible applications of
external field control of molecular collisions in cold gases.
Following other researchers,16 we will distinguish cold and

ultracold temperature regimes. When molecules react, the
rotational motion of the collision complex gives rise to a
centrifugal force that may suppress collisions at low
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FIG. 1. Cartoon representation of ion-neutral-neutral three-body
recombination.

three-body recombination cross section is given by [23]

σ3(Ek) = 8π2

3

∫ bmax(Ek )

0
b4db, (1)

where bmax(Ek) represents the maximum impact parameter
for the three-body recombination reaction, which depends
on the kinetic energy Ek. In this equation, it is assumed
that every trajectory whose impact factor is equal or smaller
than bmax(Ek) will lead to a three-body recombination event,
analogous to a Langevin-type hypothesis. Therefore, Eq. (1)
represents the maximum cross section for a given kinetic
energy.

For ion-atom-atom three-body recombination processes,
the ion-atom interaction mainly dictates the fate of three-
body events [14,22], since the ion-atom interaction is longer
ranged than the usual van der Waals forces between atoms.
In the framework of the Langevin capture model for ion-
atom collisions, an inelastic collision or chemical reaction
will happen when the kinetic energy, Ek, is larger than the
height of the potential barrier, which determines the so-called
Langevin impact parameter, bL = (2α/Ek )1/4, where α stands
for the atom polarizability. This represents the maximum
impact parameter for a given inelastic ion-atom collision,
whereby Eq. (1) reads as

σ3(Ek) = 8π2

3

∫ bL

0
b4db, (2)

and by performing the integration one gets

σ3(Ek ) = 8π2

15

(
2α

Ek

)5/4

. (3)

The energy-dependent three-body recombination rate is
defined as

k3(Ek ) = σ3(Ek )
(

2Ek

µ

)1/2

, (4)

and by performing its average through the Maxwell-
Boltzmann distribution one finds

k3(T ) = 1
2(kBT )3

∫ ∞

0
k3(Ek )E2

k e
− Ek

kB T dEk

= !(9/4)31/4

√
2(kBT )3/4

(2α)5/4

√
m

8π2

15
. (5)

As expected, we find that the three-body recombination
rate depends on the temperature as T −3/4 [22,24]. It is worth
noticing that the same dependence on the temperature was
obtained by Smirnov [19] back in the 1960s, who assumed
that the three-body recombination can be described as two
different two-body collisions. The first leads to the formation
of a resonant complex and the second may stabilize this
complex to the formation of the molecular ion.

III. RESULTS AND DISCUSSION

The theoretical approach presented in the previous section
has been applied to ion-neutral-neutral three-body recombi-
nation of rare gas atoms, and its prediction compared with
experimental data in Fig. 1, where Fig. 1(a) presents results for
data at 78 K and Fig. 1(b) shows data for 300 K. The present
theory agrees fairly well with the room-temperature data, but
it does extremely well at low temperatures. Moreover, our
approach describes qualitatively the dependence of the rate
on the properties of the atom at hand, independently of the
temperature.

In Fig. 2, two more theoretical results based on the “in-
direct” approach are shown as well. One of them, due to
Smirnov [19], employs a capture model for the first two-
body encounter weighted by the ratio between stabilization
to dissociation collisions of the intermediate complex. This
approach leads to a k3(T ) ∝ T −3/4, as in our derivation, but in
this case there is a free parameter that needs to be fitted based
on the atomic specie at hand. This parameter arises from the
detailed balance principle between the vibrational quenching
rate of the intermediate complex and its dissociation rate. In
particular, we have chosen the same value of this parameter
as in Smirnov’s original work [19], which was specially
calculated for He+-He-He at room temperature and shown
as the black solid line in Fig. 2. Smirnov’s approach gives
an excellent agreement in comparison with the experimental
data for He, as Fig. 2(b) shows; however, its predictive level
for the rest of the rare gases is just qualitative, independent of
the temperature.

The approach of Dickinson et al. [20] (referred to as Dick-
inson’s approach for brevity) is more involved than Smirnov’s
version since the authors consider explicitly the stabilization
probability as a function of the internal state of the interme-
diate complex. In particular, it assumes a Langevin capture
model for the first step of the reaction A++ A → A2

+∗,
where A2

+∗ is a resonant complex that emerges for a given
value of the orbital angular momentum above a minimum
JM . The dissociation of the complex is calculated through
the geometric cross section assuming a hard-sphere model.
Within this approach, the three-body recombination rate is

062707-2
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noticing that the same dependence on the temperature was
obtained by Smirnov [19] back in the 1960s, who assumed
that the three-body recombination can be described as two
different two-body collisions. The first leads to the formation
of a resonant complex and the second may stabilize this
complex to the formation of the molecular ion.

III. RESULTS AND DISCUSSION

The theoretical approach presented in the previous section
has been applied to ion-neutral-neutral three-body recombi-
nation of rare gas atoms, and its prediction compared with
experimental data in Fig. 1, where Fig. 1(a) presents results for
data at 78 K and Fig. 1(b) shows data for 300 K. The present
theory agrees fairly well with the room-temperature data, but
it does extremely well at low temperatures. Moreover, our
approach describes qualitatively the dependence of the rate
on the properties of the atom at hand, independently of the
temperature.

In Fig. 2, two more theoretical results based on the “in-
direct” approach are shown as well. One of them, due to
Smirnov [19], employs a capture model for the first two-
body encounter weighted by the ratio between stabilization
to dissociation collisions of the intermediate complex. This
approach leads to a k3(T ) ∝ T −3/4, as in our derivation, but in
this case there is a free parameter that needs to be fitted based
on the atomic specie at hand. This parameter arises from the
detailed balance principle between the vibrational quenching
rate of the intermediate complex and its dissociation rate. In
particular, we have chosen the same value of this parameter
as in Smirnov’s original work [19], which was specially
calculated for He+-He-He at room temperature and shown
as the black solid line in Fig. 2. Smirnov’s approach gives
an excellent agreement in comparison with the experimental
data for He, as Fig. 2(b) shows; however, its predictive level
for the rest of the rare gases is just qualitative, independent of
the temperature.

The approach of Dickinson et al. [20] (referred to as Dick-
inson’s approach for brevity) is more involved than Smirnov’s
version since the authors consider explicitly the stabilization
probability as a function of the internal state of the interme-
diate complex. In particular, it assumes a Langevin capture
model for the first step of the reaction A++ A → A2

+∗,
where A2

+∗ is a resonant complex that emerges for a given
value of the orbital angular momentum above a minimum
JM . The dissociation of the complex is calculated through
the geometric cross section assuming a hard-sphere model.
Within this approach, the three-body recombination rate is
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FIG. 1. Cartoon representation of ion-neutral-neutral three-body
recombination.

three-body recombination cross section is given by [23]

σ3(Ek) = 8π2

3

∫ bmax(Ek )

0
b4db, (1)

where bmax(Ek) represents the maximum impact parameter
for the three-body recombination reaction, which depends
on the kinetic energy Ek. In this equation, it is assumed
that every trajectory whose impact factor is equal or smaller
than bmax(Ek) will lead to a three-body recombination event,
analogous to a Langevin-type hypothesis. Therefore, Eq. (1)
represents the maximum cross section for a given kinetic
energy.

For ion-atom-atom three-body recombination processes,
the ion-atom interaction mainly dictates the fate of three-
body events [14,22], since the ion-atom interaction is longer
ranged than the usual van der Waals forces between atoms.
In the framework of the Langevin capture model for ion-
atom collisions, an inelastic collision or chemical reaction
will happen when the kinetic energy, Ek, is larger than the
height of the potential barrier, which determines the so-called
Langevin impact parameter, bL = (2α/Ek )1/4, where α stands
for the atom polarizability. This represents the maximum
impact parameter for a given inelastic ion-atom collision,
whereby Eq. (1) reads as

σ3(Ek) = 8π2

3

∫ bL

0
b4db, (2)

and by performing the integration one gets

σ3(Ek ) = 8π2

15

(
2α

Ek

)5/4

. (3)

The energy-dependent three-body recombination rate is
defined as

k3(Ek ) = σ3(Ek )
(

2Ek

µ

)1/2

, (4)

and by performing its average through the Maxwell-
Boltzmann distribution one finds

k3(T ) = 1
2(kBT )3

∫ ∞

0
k3(Ek )E2

k e
− Ek

kB T dEk

= !(9/4)31/4

√
2(kBT )3/4

(2α)5/4

√
m

8π2

15
. (5)

As expected, we find that the three-body recombination
rate depends on the temperature as T −3/4 [22,24]. It is worth
noticing that the same dependence on the temperature was
obtained by Smirnov [19] back in the 1960s, who assumed
that the three-body recombination can be described as two
different two-body collisions. The first leads to the formation
of a resonant complex and the second may stabilize this
complex to the formation of the molecular ion.

III. RESULTS AND DISCUSSION

The theoretical approach presented in the previous section
has been applied to ion-neutral-neutral three-body recombi-
nation of rare gas atoms, and its prediction compared with
experimental data in Fig. 1, where Fig. 1(a) presents results for
data at 78 K and Fig. 1(b) shows data for 300 K. The present
theory agrees fairly well with the room-temperature data, but
it does extremely well at low temperatures. Moreover, our
approach describes qualitatively the dependence of the rate
on the properties of the atom at hand, independently of the
temperature.

In Fig. 2, two more theoretical results based on the “in-
direct” approach are shown as well. One of them, due to
Smirnov [19], employs a capture model for the first two-
body encounter weighted by the ratio between stabilization
to dissociation collisions of the intermediate complex. This
approach leads to a k3(T ) ∝ T −3/4, as in our derivation, but in
this case there is a free parameter that needs to be fitted based
on the atomic specie at hand. This parameter arises from the
detailed balance principle between the vibrational quenching
rate of the intermediate complex and its dissociation rate. In
particular, we have chosen the same value of this parameter
as in Smirnov’s original work [19], which was specially
calculated for He+-He-He at room temperature and shown
as the black solid line in Fig. 2. Smirnov’s approach gives
an excellent agreement in comparison with the experimental
data for He, as Fig. 2(b) shows; however, its predictive level
for the rest of the rare gases is just qualitative, independent of
the temperature.

The approach of Dickinson et al. [20] (referred to as Dick-
inson’s approach for brevity) is more involved than Smirnov’s
version since the authors consider explicitly the stabilization
probability as a function of the internal state of the interme-
diate complex. In particular, it assumes a Langevin capture
model for the first step of the reaction A++ A → A2

+∗,
where A2

+∗ is a resonant complex that emerges for a given
value of the orbital angular momentum above a minimum
JM . The dissociation of the complex is calculated through
the geometric cross section assuming a hard-sphere model.
Within this approach, the three-body recombination rate is
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2003). However, in chemical physics it has not been the
case, even though chemical physics studies hinge on our
understanding of few-body physics. And of course a deep
understanding of fundamental processes in chemical
physics is frequently needed in other fields of physics and
chemistry, notably in astrophysics, such as the three-body
recombination of hydrogen in stellar formation (Flower and
Harris, 2007; Forrey, 2013); in theoretical chemistry: trans-
port coefficients in gases (Hirschfelder, Curtiss, and Bird,
1954; Snider, 1960; Mason and Monchick, 1962; Wang-
Chang, Uhlenbeck, and deBoer, 1964; Köhl and Schaefer,
1983; McCourt et al., 1991; Montero and Pérez-Ríos, 2014),
reactive and nonreactive scattering (Shui, 1972; Child, 1974;
Truhlar and Muckerman, 1975; Levine and Bernstein, 1987)
and three-body recombination (Mansbach and Keck, 1969;
Robicheaux, 2006; Ermolova, Rusin, and Sevryuk, 2014),
dissociative recombination of Hþ

3 (Kokoouline, Greene, and
Esry, 2001; Kokoouline and Greene, 2003; Petrignani et al.,
2011); plasma physics (Zhdanov, 2002); and in cold chem-
istry (Willitsch et al., 2008; Hall and Willitsch, 2012; Härter
et al., 2012, 2013; Willitsch, 2012; Härter and Denschlag,
2014; Krükow et al., 2016). Some of these characteristic and
fundamental processes in chemical physics are reviewed from
a few-body perspective in the present section, in particular,
those involving three-body processes, such as three-body
recombination. Special emphasis will be given to universality
in three-body recombination processes which are relevant to
hybrid trap experiments.
Three-body processes can be viewed as a chemical reaction

that converts three free atoms (or molecules or other particles)
into diatomic molecules in the absence of external fields, i.e.,
the reaction Aþ Aþ A → A2 þ A. One of the first theoretical
treatments of this reaction was developed by Keck (1960,
1967) using a variational principle following a very early
approach proposed by Wigner (1937). In particular, an upper
bound for the three-body recombination rate was computed by
dividing regions of phase space by a trial surface that acts as
the boundary between reactants and products; this is now
denoted the phase-space theory of reaction rates. Almost in
parallel, Smith (1962) developed a more microscopic treatment
for three-body recombination, and later Shui, Appleton, and
Keck (1970) extended the previous theory of Keck, applying
this theory to the recombination of nitrogen. An application to
the recombination of hydrogen (Shui, 1972, 1973) found fair
agreement with the fairly crude early experiments.
The phase-space theory of reaction rates was introduced by

Keck (1960) and an alternative was presented by Smith
(1962). Next, the mathematical foundations of a recent
approach to calculation of classical three-body recombination
rates are presented, after which applications to different
systems involving neutrals as well as charged particles will
be reviewed. Classical trajectory calculations in hyperspher-
ical approach have been employed to derive different classical
Newtonian threshold laws, which are reviewed here, with
special emphasis on their universality.

1. General classical treatment of few-body collisions

Classically, a two-body collision is envisioned as one
particle with a definite momentum moving toward a scattering

center. The cross section is defined as an effective area on the
plane perpendicular to the initial momentum of the incoming
particle which contains the scattering center (Levine and
Bernstein, 1987). In classical mechanics, the scattering cross
section is determined in terms of the scattering probability for
a given value of the impact parameter b. Recall that b is
defined as the component of the position vector which is
perpendicular to the momentum vector of the incoming
particle at infinite distance.
The concept of a two-body collision cross section is readily

generalized to an arbitrary number (n) of dimensions. In
particular, the cross section is defined as the effective
scattering volume of the n− 1 hyperplane perpendicular to
the initial momentum of the incoming particle, for a given
impact parameter b and initial momentum P0:

σprocessðP0Þ ¼
Z

℘processðb;P0Þdn−1b: ð82Þ

Here the opacity function ℘processðb;P0Þ is the probability that
a trajectory with particular initial conditions leads to the
collisional process under investigation, e.g., an inelastic
collision, or formation of a particular product, etc.
The classical dynamics of a few-body system can be

obtained by recasting the degrees of freedom of the system
at hand d as a two-body collision in a d-dimensional space, as
shown in Fig. 25. This figure represents the usual case where
the center-of-mass motion is decoupled from the relative
motion of the interacting particles. In this picture the three-
body recombination cross section is written

σrecðP0Þ ¼
R
℘recðb;P0ÞdΩ6

P0
dΩ5

bb
4db

R
dΩ6

P0

; ð83Þ

where the quantity dΩ6
P0

represents the differential element
associated with the hyperangles of the initial momentum P0.
In Eq. (83) the averaging over the degrees of freedom
associated with the initial momentum is shown explicitly,

3-d space

 N particles

 1 particle 

(3N-3)-d space

FIG. 25. Schematic representation of a general classical treat-
ment of few-body collisions. The method is based on the mapping
of the degrees of freedom of the system at hand into a problem
involving a single effective particle moving in higher dimensional
space, in particular, the dimension (n) is equal to the number of
independent relative coordinates of the system.
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FIG. 1. Cartoon representation of ion-neutral-neutral three-body
recombination.

three-body recombination cross section is given by [23]

σ3(Ek) = 8π2

3

∫ bmax(Ek )

0
b4db, (1)

where bmax(Ek) represents the maximum impact parameter
for the three-body recombination reaction, which depends
on the kinetic energy Ek. In this equation, it is assumed
that every trajectory whose impact factor is equal or smaller
than bmax(Ek) will lead to a three-body recombination event,
analogous to a Langevin-type hypothesis. Therefore, Eq. (1)
represents the maximum cross section for a given kinetic
energy.

For ion-atom-atom three-body recombination processes,
the ion-atom interaction mainly dictates the fate of three-
body events [14,22], since the ion-atom interaction is longer
ranged than the usual van der Waals forces between atoms.
In the framework of the Langevin capture model for ion-
atom collisions, an inelastic collision or chemical reaction
will happen when the kinetic energy, Ek, is larger than the
height of the potential barrier, which determines the so-called
Langevin impact parameter, bL = (2α/Ek )1/4, where α stands
for the atom polarizability. This represents the maximum
impact parameter for a given inelastic ion-atom collision,
whereby Eq. (1) reads as

σ3(Ek) = 8π2

3

∫ bL

0
b4db, (2)

and by performing the integration one gets

σ3(Ek ) = 8π2

15

(
2α

Ek

)5/4

. (3)

The energy-dependent three-body recombination rate is
defined as

k3(Ek ) = σ3(Ek )
(

2Ek

µ

)1/2

, (4)

and by performing its average through the Maxwell-
Boltzmann distribution one finds

k3(T ) = 1
2(kBT )3

∫ ∞

0
k3(Ek )E2

k e
− Ek

kB T dEk

= !(9/4)31/4

√
2(kBT )3/4

(2α)5/4

√
m

8π2

15
. (5)

As expected, we find that the three-body recombination
rate depends on the temperature as T −3/4 [22,24]. It is worth
noticing that the same dependence on the temperature was
obtained by Smirnov [19] back in the 1960s, who assumed
that the three-body recombination can be described as two
different two-body collisions. The first leads to the formation
of a resonant complex and the second may stabilize this
complex to the formation of the molecular ion.

III. RESULTS AND DISCUSSION

The theoretical approach presented in the previous section
has been applied to ion-neutral-neutral three-body recombi-
nation of rare gas atoms, and its prediction compared with
experimental data in Fig. 1, where Fig. 1(a) presents results for
data at 78 K and Fig. 1(b) shows data for 300 K. The present
theory agrees fairly well with the room-temperature data, but
it does extremely well at low temperatures. Moreover, our
approach describes qualitatively the dependence of the rate
on the properties of the atom at hand, independently of the
temperature.

In Fig. 2, two more theoretical results based on the “in-
direct” approach are shown as well. One of them, due to
Smirnov [19], employs a capture model for the first two-
body encounter weighted by the ratio between stabilization
to dissociation collisions of the intermediate complex. This
approach leads to a k3(T ) ∝ T −3/4, as in our derivation, but in
this case there is a free parameter that needs to be fitted based
on the atomic specie at hand. This parameter arises from the
detailed balance principle between the vibrational quenching
rate of the intermediate complex and its dissociation rate. In
particular, we have chosen the same value of this parameter
as in Smirnov’s original work [19], which was specially
calculated for He+-He-He at room temperature and shown
as the black solid line in Fig. 2. Smirnov’s approach gives
an excellent agreement in comparison with the experimental
data for He, as Fig. 2(b) shows; however, its predictive level
for the rest of the rare gases is just qualitative, independent of
the temperature.

The approach of Dickinson et al. [20] (referred to as Dick-
inson’s approach for brevity) is more involved than Smirnov’s
version since the authors consider explicitly the stabilization
probability as a function of the internal state of the interme-
diate complex. In particular, it assumes a Langevin capture
model for the first step of the reaction A++ A → A2

+∗,
where A2

+∗ is a resonant complex that emerges for a given
value of the orbital angular momentum above a minimum
JM . The dissociation of the complex is calculated through
the geometric cross section assuming a hard-sphere model.
Within this approach, the three-body recombination rate is
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whereby the final average cross section depends only on the
energy.

2. Classical trajectory calculations in hyperspherical coordinates

The classical Hamiltonian for three particles with masses
m1, m2, and m3 moving in a given potential energy landscape
Vðr1; r2; r3Þ is

H ¼ p21
2m1

þ p22
2m2

þ p23
2m3

þ Vðr1; r2; r3Þ; ð84Þ

where pi and ri represent the momentum and the vector
position of the ith particle, respectively. This Hamiltonian can
be recast in terms of the Jacobi coordinates ðρ1; ρ2Þ depicted in
Fig. 26 as in (Karplus, Porter, and Sharma, 1965)
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where i ¼ 1, 2 and α ¼ x, y, and z label the Cartesian
coordinates of each Jacobi vector. Upon adopting the repre-
sentation of Smith (1962), a 6D position vector is constructed
from the two mass-weighted Jacobi vectors as
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On the other hand, an equivalent 6D vector position can be
expressed in terms of the bare Jacobi vectors as (Pérez-Ríos
et al., 2014)
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respectively. It can be shown that the relation between the
coordinates ðρ;PÞ and ðρbare;PbareÞ defines a canonical trans-
formation (Whittaker, 1937; Landau and Lifshitz, 1976;
Maslov and Fedoriuk, 1981), and hence both sets of coor-
dinates will describe the same phase-space volume. In other
words, the scattering observables will be the same for either of
these sets of coordinates, as one would expect. The 6D
position vector ρ or ρbare links the three-body problem in

FIG. 26. Schematic representation of the method developed for
treating three-body collisions. We start with the description of the
initial conditions in the 6D space associated with the three-body
problem at hand. Then, as indicated in step I, the initial conditions
are transformed into the coordinates associated with the three-
body problem in the usual 3D space. Step II represents the
solution of the Hamilton’s equations of motion in the 3D space.
Finally, by means of step III, the results are transformed back into
the 6D space, where the cross section is calculated.
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whereby the final average cross section depends only on the
energy.

2. Classical trajectory calculations in hyperspherical coordinates

The classical Hamiltonian for three particles with masses
m1, m2, and m3 moving in a given potential energy landscape
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treating three-body collisions. We start with the description of the
initial conditions in the 6D space associated with the three-body
problem at hand. Then, as indicated in step I, the initial conditions
are transformed into the coordinates associated with the three-
body problem in the usual 3D space. Step II represents the
solution of the Hamilton’s equations of motion in the 3D space.
Finally, by means of step III, the results are transformed back into
the 6D space, where the cross section is calculated.
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FIG. 1. Cartoon representation of ion-neutral-neutral three-body
recombination.

three-body recombination cross section is given by [23]

σ3(Ek) = 8π2

3

∫ bmax(Ek )

0
b4db, (1)

where bmax(Ek) represents the maximum impact parameter
for the three-body recombination reaction, which depends
on the kinetic energy Ek. In this equation, it is assumed
that every trajectory whose impact factor is equal or smaller
than bmax(Ek) will lead to a three-body recombination event,
analogous to a Langevin-type hypothesis. Therefore, Eq. (1)
represents the maximum cross section for a given kinetic
energy.

For ion-atom-atom three-body recombination processes,
the ion-atom interaction mainly dictates the fate of three-
body events [14,22], since the ion-atom interaction is longer
ranged than the usual van der Waals forces between atoms.
In the framework of the Langevin capture model for ion-
atom collisions, an inelastic collision or chemical reaction
will happen when the kinetic energy, Ek, is larger than the
height of the potential barrier, which determines the so-called
Langevin impact parameter, bL = (2α/Ek )1/4, where α stands
for the atom polarizability. This represents the maximum
impact parameter for a given inelastic ion-atom collision,
whereby Eq. (1) reads as

σ3(Ek) = 8π2

3

∫ bL

0
b4db, (2)

and by performing the integration one gets

σ3(Ek ) = 8π2

15

(
2α

Ek

)5/4

. (3)

The energy-dependent three-body recombination rate is
defined as

k3(Ek ) = σ3(Ek )
(

2Ek

µ

)1/2

, (4)

and by performing its average through the Maxwell-
Boltzmann distribution one finds

k3(T ) = 1
2(kBT )3

∫ ∞

0
k3(Ek )E2

k e
− Ek

kB T dEk

= !(9/4)31/4

√
2(kBT )3/4

(2α)5/4

√
m

8π2

15
. (5)

As expected, we find that the three-body recombination
rate depends on the temperature as T −3/4 [22,24]. It is worth
noticing that the same dependence on the temperature was
obtained by Smirnov [19] back in the 1960s, who assumed
that the three-body recombination can be described as two
different two-body collisions. The first leads to the formation
of a resonant complex and the second may stabilize this
complex to the formation of the molecular ion.

III. RESULTS AND DISCUSSION

The theoretical approach presented in the previous section
has been applied to ion-neutral-neutral three-body recombi-
nation of rare gas atoms, and its prediction compared with
experimental data in Fig. 1, where Fig. 1(a) presents results for
data at 78 K and Fig. 1(b) shows data for 300 K. The present
theory agrees fairly well with the room-temperature data, but
it does extremely well at low temperatures. Moreover, our
approach describes qualitatively the dependence of the rate
on the properties of the atom at hand, independently of the
temperature.

In Fig. 2, two more theoretical results based on the “in-
direct” approach are shown as well. One of them, due to
Smirnov [19], employs a capture model for the first two-
body encounter weighted by the ratio between stabilization
to dissociation collisions of the intermediate complex. This
approach leads to a k3(T ) ∝ T −3/4, as in our derivation, but in
this case there is a free parameter that needs to be fitted based
on the atomic specie at hand. This parameter arises from the
detailed balance principle between the vibrational quenching
rate of the intermediate complex and its dissociation rate. In
particular, we have chosen the same value of this parameter
as in Smirnov’s original work [19], which was specially
calculated for He+-He-He at room temperature and shown
as the black solid line in Fig. 2. Smirnov’s approach gives
an excellent agreement in comparison with the experimental
data for He, as Fig. 2(b) shows; however, its predictive level
for the rest of the rare gases is just qualitative, independent of
the temperature.

The approach of Dickinson et al. [20] (referred to as Dick-
inson’s approach for brevity) is more involved than Smirnov’s
version since the authors consider explicitly the stabilization
probability as a function of the internal state of the interme-
diate complex. In particular, it assumes a Langevin capture
model for the first step of the reaction A++ A → A2

+∗,
where A2

+∗ is a resonant complex that emerges for a given
value of the orbital angular momentum above a minimum
JM . The dissociation of the complex is calculated through
the geometric cross section assuming a hard-sphere model.
Within this approach, the three-body recombination rate is

062707-2
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3D and the single particle problem in 6D, as schematically
presented in Fig. 26.
In the present approach the mass-weighted 6D vector

position ρ will be employed, with a minor difference from
the conventions utilized by Pérez-Ríos et al. (2014). Then the
Hamiltonian is

H ¼ P2

2μ
þ VðρÞ: ð92Þ

Now that the position and the momentum vectors have been
defined in this 6D space, the concept of an impact parameter
as the projection of the position vector onto a hyperplane
perpendicular to the initial momentum is clear. We implement
hyperspherical coordinates for the representation of the 6D
vectors. In particular, it is convenient to implement Avery’s
definition of the hyperangles (Avery, 1989), where all the
vectors can be represented by means of their magnitude r and
five different hyperangles (αi, i ¼ 1, 2, 3, 4, and 5) as

r ¼

0

BBBBBBBBBB@

rx1
rx2
rx3
rx4
rx5
rx6

1

CCCCCCCCCCA

¼

0

BBBBBBBBBB@

r sin α1 sin α2 sin α3 sin α4 sin α5
r cos α1 sin α2 sin α3 sin α4 sin α5

r cos α2 sin α3 sin α4 sin α5
r cos α3 sin α4 sin α5

r cos α4 sin α5
r cos α5

1

CCCCCCCCCCA

: ð93Þ

Here the ranges of each angle are 0 ≤ α1 ≤ 2π, 0 ≤ αi ≤ π,
i ¼ 2, 3, 4, and 5. In particular, choosing the 3D z axis parallel
to P2 expresses the initial momentum P0 as

P0 ¼

0

BBBBBBBBBB@

P0 sin αP1 sin α
P
2 sin α

P
5

P0 cos αP1 sin α
P
2 sin α

P
5

P0 cos αP2 sin α
P
5

0

0

P0 cos αP5

1

CCCCCCCCCCA

; ð94Þ

where 0 ≤ αP1 ≤ 2π, 0 ≤ αP2 ≤ π, and 0 ≤ αP5 ≤ π.
The impact parameter represents the components of the

initial vector position of the system in the hyperplane
perpendicular to the initial momentum of the incoming
particle, as was introduced previously. Let us define ~b as
the impact parameter when the 6D vector position is ρ:

~b¼

0

BBBBBBBBBB@

~bsin α ~b
1 sin α

~b
2 sin α

~b
3 sin α

~b
4

~bcos α ~b
1 sin α

~b
2 sin α

~b
3 sin α

~b
4

~bcos α ~b
2 sin α

~b
3 sin α

~b
4

~bcos α ~b
3 sin α

~b
4

~bcos α ~b
4

0

1

CCCCCCCCCCA

; ð95Þ

where 0 ≤ α ~b
1 ≤ 2π, 0 ≤ α ~b

i ≤ π, i ¼ 2, 3, and 4. Thus, ~b is a
mass-weighted version of the bare impact parameter b.
These two impact parameters are related by d5 ~b¼
ðm3

12m
3
3;12=μ

6Þ1=2d5b, and hence the classical cross section
is given by

σprocessðPÞ ¼
R
℘processð~b;PÞdΩ6

PdΩ5
~b
~b4d~b

ðm3
12m

3
3;12=μ

6Þ1=2
R
dΩ6

P
; ð96Þ

where a normalization mass factor emerges as a consequence
of the mass-weighted character of the 6D vector position.
The initial vector position jρ0j ¼ R is chosen in the

asymptotic region where the interaction potential is negligible,
thus the initial momentum satisfies E ¼ P2

0=2μ, where E is the
incident collision kinetic energy. The hyperangles αPi with
i ¼ 1, 2, and 5, and the impact parameter hyperangles α ~b

j with
j ¼ 1, 2, 3, and 4 are randomly generated subject to the
constrained magnitude of the impact parameter j~bj. The
random distribution of those angles must of course be chosen
consistent with their appropriate probability density function
(Pérez-Ríos et al., 2014). Exploiting the orthogonality of the
initial momentum P0 and the impact parameter ~b, the initial
vector position is written as

ρ0 ¼ ~b−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − ~b2

p

P0

P0: ð97Þ

Equation (97) generates ρ0 from R, ~b, and P0. For a given set
of initial conditions ρ0, R, P0, and ~b, the information is
transformed into the usual 3D space by means of Eqs. (88) and
(90), where Hamilton’s classical equations of motion are
numerically integrated up to a certain final time (Press et al.,
1986; Pérez-Ríos et al., 2014). Then the coordinates are
mapped back into the 6D space, and the classical three-body

He

He

He

Rb

Rb

Rb+

Ba+Rb

Rb

(a)

(b)

(c)

FIG. 27. Classical trajectories for three-body collisions at a
relative collision energy E ¼ kBT in with T in ¼ 1 mK. (The
Boltzmann constant kB is usually omitted in quoting energies
in the following.) Classical trajectories associated with a three-
body recombination event (a) Heþ Heþ He → He2 þ He with
b¼ 97a0, (b) b¼ 1000a0 for RbþRbþ Rbþ → Rbþ2 þ Rb, and
(c) Rbþ Rbþ Baþ → Rb − Baþ þ Rb with b¼ 1000a0.
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repumper light, before immersing the ion into the ultracold
atomic cloud.
Once in the cloud, there is a complicated interplay

of elastic two-body atom-ion collisions and the driven
micromotion of the Paul trap. This interplay leads to a non-
Maxwell-Boltzmann distribution of the ion’s kinetic energy
Ekin [8,20–22] with an equilibration time on the ms time
scale [23]. The average kinetic energy Ēkin of the ion in the
atom cloud is then determined by the available energy
sources for the ion, such as the eMM energy [8]. In our
experiment we can adjust Ēkin by controlling one part of the
eMM energy, EfMM, which is set via static electric fields.
Concretely, we can write Ēkin ¼ cdynðEfMM þ EminÞ, where
the offset energy Emin contains all other energy contribu-
tions, e.g., phase micromotion (ϕMM) [24] or residual
collisional effects [21,22]. The proportionality factor
cdyn ≈ 5.0, which depends on the atom-ion mass ratio
and the trap parameters, is extracted from a MC calculation
similar to [25]. We can tune EfMM accurately between
5μK × kB and 100 mK × kB. Emin, on the other hand, is
not known precisely. From independent measurements and
MC calculations based on the scaling of elastic atom-ion
collisions, we estimate Emin to be in the range between 200
and 800 μK × kB.
The cloud consists of N ≈ 1.2 × 105 87Rb atoms at a

temperature of T ≈ 700 nK with a peak density of
n ≈ 19 × 1011 cm−3. It is cigar shaped with a radial and
axial size of roughly 10 and 50 μm, respectively. The atoms
are spin polarized (F¼ 1, mF ¼ −1) and confined in a far
off-resonant crossed optical dipole trap at a wavelength of
1064 nm with a trap depth of ≈10 μK × kB. We shift the
ion into the cloud over a distance of 120 μmwithin 2 ms by
changing the end cap voltage of the linear ion trap. After an
interaction time of τ ¼ 300 ms, during which the Baþ ion
is typically lost with a probability of up to 65%, we separate
the two traps again and detect whether the Baþ ion is still
present. For this, we shine a laser cooling beam focused
to a waist of 20 μm through the Paul trap center and collect
the possible fluorescence on a EMCCD camera for 100 ms.
If no Baþ is detected, we conclude that a reaction must
have taken place during τ [26].
Repeating the single ion experiment roughly 170 times

we extract the probability p that Baþ is still present. For the
given experimental settings the ion loss is well described by
an exponential decay of the form p ¼ expð−ΓτÞ. This can
be seen in the inset of Fig. 1, where we plot p as a function
of interaction time τ measured at EfMM ≈ 8 μK. Figure 1
plots the loss rate Γ as a function of EfMM. A Baþ ion in
our experiment is lost either by a two-body charge transfer
or by a three-body event [17]. The corresponding loss rate Γ
of the ion is Γ ¼ −nk2 − n2k̄3. The charge transfer rate
coefficient k2 has been previously measured for Baþ þ Rb,
k2 ¼ 3.1ð6Þð6Þ × 10−13 cm3=s (statistical and systematic
errors in parentheses) [17] (see also [9,27]), and contributes
less than 1 s−1 to the loss rate Γ for the given atomic

density. Also, it has been verified that k2 is energy
independent [7,8,10], consistent with Langevin theory. By
subtracting this constant k2 loss from Γ and dividing by the
(constant) density n2 we obtain k̄3 [see Figs. 1 and 3(b)].
Clearly, k̄3 is energy dependent. As we discuss later,
we expect a scaling of k3 with a power law, k3 ∝ Eα

col.
Neglecting the atom motion due to ultracold temperatures
we can express Ecol in terms of the ion kinetic energy
Ekin, Ecol ¼ f1 − ½mBa=ðmBa þ 2mRbÞ&gEkin. We attempt to
describe the scaling of the measured k̄3 with a power
law k̄3 ∝ Ēα

kin by fitting the expression

k̄3 ¼ k̄3;min½ðEfMM þ EminÞ=Emin&α ð1Þ

to the data.Here,Emin andα are free parameters. The constant
k̄3;min ¼ 1.04ð4Þð45Þ × 10−24 cm6=s is k̄3 at EfMM ¼ 0 and
was determined in a parallel study [17]. For the fit we discard
data points aboveEfMM > 20 mK × kB, as for such energies,
the ion is not localizedwell enough in the center of the cloud.
It probes areas of the atomic cloud at lower densities, hence
decreasing the observed loss rate (see the sketch in Fig. 1).
The fit yields α ¼ −0.46ð9Þ andEmin ¼ 410ð180Þ μK × kB
(green dashed line in Fig. 1), with the errors denoting a 1σ
statistical uncertainty of the fitted values. Interestingly, in our
previous study of TBR of Rbþ þ Rb þ Rb [16] we observed
a similar scaling exponent of α ¼ −0.43.
We now turn to investigate the scaling of TBR theoreti-

cally with a CTC formalism. A classical treatment of the
collision dynamics is appropriate, since the experiments
described here in general involve much higher energies
than the threshold energy of ∼50 nK × kB for entering the
s-wave regime of Baþ − Rb. We have adapted a recently
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FIG. 1. Double-logarithmic plot of the measured loss rate Γ for
Baþ as a function of the tuned eMM energyEfMM. Red circles are
the experimental data; the curve represents a fit of Eq. (1) (see text
for details). The corresponding values of k̄3 are indicated on the
right-hand side. The inset is the Logarithmic plot of the decay
curve of the Baþ ion. p is the probability to recover Baþ after
interacting with Rb. The straight line is an exponential fit to the
data. The sketch shows the ion orbit in the atom cloud. With
increasing ion energy its orbit becomes comparable to the atom
cloud size.

PRL 116, 193201 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending
13 MAY 2016

193201-2

Classical trajectory calculations versus experimental results

Ba+ + Rb +Rb



 13

A single ion in a bath of ultracold atoms

Ion-atom-atom three-body recombination

(see blue and red solid lines). In general, the overall
magnitude and energy dependence of k̄3 is reproduced
by the presented ab initio CTC treatment down to the mK
regime, which is remarkable as Emin is the only free
parameter.
We now turn to briefly discuss the molecular products

after TBR. In a previous study of TBR for He, it was
suggested that the binding energy of the products is
correlated with the collision energy [18]. We find again
the same behavior for TBR of an ion with two atoms.
Figure 4(a) shows two logarithmically binned histograms
of molecular binding energies after TBR. The maximum
of each histogram can be considered the typical binding
energy and is shown in Fig. 4(b) as a function of the
collision energy E col. A fit to a power-law dependence gives
E binding ∼ E 0.88!0.02

col for the energy range investigated here.
Thus, our calculations suggest that the formation of deeply
bound molecules after TBR should be highly improbable
at low collision energies.
The present CTC results also suggest that BaRbþ should

be the dominant product state of the three-body recombi-
nation in the collision energy range considered here.
Indeed, we have observed the formation of BaRbþ ions
in our experiment. However, collisional or light induced
secondary processes lead to short lifetimes. A detailed
study of the initial TBR products and involved secondary
reactions is currently in progress and needs to be discussed
elsewhere.

In conclusion, we have investigated the energy scaling of
three-body recombination in an atom-ion system down
to mK energies. Single Baþ ions in contact with ultracold
Rb atoms have been used to measure the TBR rate
coefficient k̄3. Utilizing classical trajectory calculations,
we numerically accessed the TBR rate coefficient k3 for the
Baþ þ Rbþ Rb system for various collision energies. We
find a power law scaling of the form k3ðE colÞ ∝ E α

col with an
exponent α ¼ −3=4. Our experimental and theoretical
studies indicate that the presence of several energy scales
gives rise to energy distributions of the immersed ion that
impede a direct application of scaling laws to the measured
data. The obtained energy scaling provides an important
insight for prospects of atom-ion experiments in the ultra-
cold regime, as the already strong TBR rate observed here
will increase by another three orders of magnitude once the
s-wave regime at 50 nK is reached.
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each with a single energy scale E S
1 . An energy of E S
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which has a different shape compared to both previous distribu-
tions. (b) Comparison of the experimental (full circles) k̄3 data as
a function of E fMM with the full calculation (blue line). The red
line is the same calculation but multiplied by 1.1.
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FIG. 4. (a) Logarithmically binned histogram of the binding
energies at collision energies of 100 μK × kB (blue) and
10 mK × kB (red). The second histogram is magnified by a
factor of 2. (b) Double-logarithmic plot of the typical binding
energy of the formed molecule as a function of the collision
energy. The dashed line represents a power law fit.
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repumper light, before immersing the ion into the ultracold
atomic cloud.
Once in the cloud, there is a complicated interplay

of elastic two-body atom-ion collisions and the driven
micromotion of the Paul trap. This interplay leads to a non-
Maxwell-Boltzmann distribution of the ion’s kinetic energy
Ekin [8,20–22] with an equilibration time on the ms time
scale [23]. The average kinetic energy Ēkin of the ion in the
atom cloud is then determined by the available energy
sources for the ion, such as the eMM energy [8]. In our
experiment we can adjust Ēkin by controlling one part of the
eMM energy, EfMM, which is set via static electric fields.
Concretely, we can write Ēkin ¼ cdynðEfMM þ EminÞ, where
the offset energy Emin contains all other energy contribu-
tions, e.g., phase micromotion (ϕMM) [24] or residual
collisional effects [21,22]. The proportionality factor
cdyn ≈ 5.0, which depends on the atom-ion mass ratio
and the trap parameters, is extracted from a MC calculation
similar to [25]. We can tune EfMM accurately between
5μK × kB and 100 mK × kB. Emin, on the other hand, is
not known precisely. From independent measurements and
MC calculations based on the scaling of elastic atom-ion
collisions, we estimate Emin to be in the range between 200
and 800 μK × kB.
The cloud consists of N ≈ 1.2 × 105 87Rb atoms at a

temperature of T ≈ 700 nK with a peak density of
n ≈ 19 × 1011 cm−3. It is cigar shaped with a radial and
axial size of roughly 10 and 50 μm, respectively. The atoms
are spin polarized (F¼ 1, mF ¼ −1) and confined in a far
off-resonant crossed optical dipole trap at a wavelength of
1064 nm with a trap depth of ≈10 μK × kB. We shift the
ion into the cloud over a distance of 120 μmwithin 2 ms by
changing the end cap voltage of the linear ion trap. After an
interaction time of τ ¼ 300 ms, during which the Baþ ion
is typically lost with a probability of up to 65%, we separate
the two traps again and detect whether the Baþ ion is still
present. For this, we shine a laser cooling beam focused
to a waist of 20 μm through the Paul trap center and collect
the possible fluorescence on a EMCCD camera for 100 ms.
If no Baþ is detected, we conclude that a reaction must
have taken place during τ [26].
Repeating the single ion experiment roughly 170 times

we extract the probability p that Baþ is still present. For the
given experimental settings the ion loss is well described by
an exponential decay of the form p ¼ expð−ΓτÞ. This can
be seen in the inset of Fig. 1, where we plot p as a function
of interaction time τ measured at EfMM ≈ 8 μK. Figure 1
plots the loss rate Γ as a function of EfMM. A Baþ ion in
our experiment is lost either by a two-body charge transfer
or by a three-body event [17]. The corresponding loss rate Γ
of the ion is Γ ¼ −nk2 − n2k̄3. The charge transfer rate
coefficient k2 has been previously measured for Baþ þ Rb,
k2 ¼ 3.1ð6Þð6Þ × 10−13 cm3=s (statistical and systematic
errors in parentheses) [17] (see also [9,27]), and contributes
less than 1 s−1 to the loss rate Γ for the given atomic

density. Also, it has been verified that k2 is energy
independent [7,8,10], consistent with Langevin theory. By
subtracting this constant k2 loss from Γ and dividing by the
(constant) density n2 we obtain k̄3 [see Figs. 1 and 3(b)].
Clearly, k̄3 is energy dependent. As we discuss later,
we expect a scaling of k3 with a power law, k3 ∝ Eα

col.
Neglecting the atom motion due to ultracold temperatures
we can express Ecol in terms of the ion kinetic energy
Ekin, Ecol ¼ f1 − ½mBa=ðmBa þ 2mRbÞ&gEkin. We attempt to
describe the scaling of the measured k̄3 with a power
law k̄3 ∝ Ēα

kin by fitting the expression

k̄3 ¼ k̄3;min½ðEfMM þ EminÞ=Emin&α ð1Þ

to the data.Here,Emin andα are free parameters. The constant
k̄3;min ¼ 1.04ð4Þð45Þ × 10−24 cm6=s is k̄3 at EfMM ¼ 0 and
was determined in a parallel study [17]. For the fit we discard
data points aboveEfMM > 20 mK × kB, as for such energies,
the ion is not localizedwell enough in the center of the cloud.
It probes areas of the atomic cloud at lower densities, hence
decreasing the observed loss rate (see the sketch in Fig. 1).
The fit yields α ¼ −0.46ð9Þ andEmin ¼ 410ð180Þ μK × kB
(green dashed line in Fig. 1), with the errors denoting a 1σ
statistical uncertainty of the fitted values. Interestingly, in our
previous study of TBR of Rbþ þ Rb þ Rb [16] we observed
a similar scaling exponent of α ¼ −0.43.
We now turn to investigate the scaling of TBR theoreti-

cally with a CTC formalism. A classical treatment of the
collision dynamics is appropriate, since the experiments
described here in general involve much higher energies
than the threshold energy of ∼50 nK × kB for entering the
s-wave regime of Baþ − Rb. We have adapted a recently
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FIG. 1. Double-logarithmic plot of the measured loss rate Γ for
Baþ as a function of the tuned eMM energyEfMM. Red circles are
the experimental data; the curve represents a fit of Eq. (1) (see text
for details). The corresponding values of k̄3 are indicated on the
right-hand side. The inset is the Logarithmic plot of the decay
curve of the Baþ ion. p is the probability to recover Baþ after
interacting with Rb. The straight line is an exponential fit to the
data. The sketch shows the ion orbit in the atom cloud. With
increasing ion energy its orbit becomes comparable to the atom
cloud size.
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(see blue and red solid lines). In general, the overall
magnitude and energy dependence of k̄3 is reproduced
by the presented ab initio CTC treatment down to the mK
regime, which is remarkable as Emin is the only free
parameter.
We now turn to briefly discuss the molecular products

after TBR. In a previous study of TBR for He, it was
suggested that the binding energy of the products is
correlated with the collision energy [18]. We find again
the same behavior for TBR of an ion with two atoms.
Figure 4(a) shows two logarithmically binned histograms
of molecular binding energies after TBR. The maximum
of each histogram can be considered the typical binding
energy and is shown in Fig. 4(b) as a function of the
collision energy E col. A fit to a power-law dependence gives
E binding ∼ E 0.88!0.02

col for the energy range investigated here.
Thus, our calculations suggest that the formation of deeply
bound molecules after TBR should be highly improbable
at low collision energies.
The present CTC results also suggest that BaRbþ should

be the dominant product state of the three-body recombi-
nation in the collision energy range considered here.
Indeed, we have observed the formation of BaRbþ ions
in our experiment. However, collisional or light induced
secondary processes lead to short lifetimes. A detailed
study of the initial TBR products and involved secondary
reactions is currently in progress and needs to be discussed
elsewhere.

In conclusion, we have investigated the energy scaling of
three-body recombination in an atom-ion system down
to mK energies. Single Baþ ions in contact with ultracold
Rb atoms have been used to measure the TBR rate
coefficient k̄3. Utilizing classical trajectory calculations,
we numerically accessed the TBR rate coefficient k3 for the
Baþ þ Rbþ Rb system for various collision energies. We
find a power law scaling of the form k3ðE colÞ ∝ E α

col with an
exponent α ¼ −3=4. Our experimental and theoretical
studies indicate that the presence of several energy scales
gives rise to energy distributions of the immersed ion that
impede a direct application of scaling laws to the measured
data. The obtained energy scaling provides an important
insight for prospects of atom-ion experiments in the ultra-
cold regime, as the already strong TBR rate observed here
will increase by another three orders of magnitude once the
s-wave regime at 50 nK is reached.
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FIG. 3. (a) Calculated ion energy distributions P ðE col; E S
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each with a single energy scale E S
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Choosing E S
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tions. (b) Comparison of the experimental (full circles) k̄3 data as
a function of E fMM with the full calculation (blue line). The red
line is the same calculation but multiplied by 1.1.
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FIG. 4. (a) Logarithmically binned histogram of the binding
energies at collision energies of 100 μK × kB (blue) and
10 mK × kB (red). The second histogram is magnified by a
factor of 2. (b) Double-logarithmic plot of the typical binding
energy of the formed molecule as a function of the collision
energy. The dashed line represents a power law fit.
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repumper light, before immersing the ion into the ultracold
atomic cloud.
Once in the cloud, there is a complicated interplay

of elastic two-body atom-ion collisions and the driven
micromotion of the Paul trap. This interplay leads to a non-
Maxwell-Boltzmann distribution of the ion’s kinetic energy
Ekin [8,20–22] with an equilibration time on the ms time
scale [23]. The average kinetic energy Ēkin of the ion in the
atom cloud is then determined by the available energy
sources for the ion, such as the eMM energy [8]. In our
experiment we can adjust Ēkin by controlling one part of the
eMM energy, EfMM, which is set via static electric fields.
Concretely, we can write Ēkin ¼ cdynðEfMM þ EminÞ, where
the offset energy Emin contains all other energy contribu-
tions, e.g., phase micromotion (ϕMM) [24] or residual
collisional effects [21,22]. The proportionality factor
cdyn ≈ 5.0, which depends on the atom-ion mass ratio
and the trap parameters, is extracted from a MC calculation
similar to [25]. We can tune EfMM accurately between
5μK × kB and 100 mK × kB. Emin, on the other hand, is
not known precisely. From independent measurements and
MC calculations based on the scaling of elastic atom-ion
collisions, we estimate Emin to be in the range between 200
and 800 μK × kB.
The cloud consists of N ≈ 1.2 × 105 87Rb atoms at a

temperature of T ≈ 700 nK with a peak density of
n ≈ 19 × 1011 cm−3. It is cigar shaped with a radial and
axial size of roughly 10 and 50 μm, respectively. The atoms
are spin polarized (F¼ 1, mF ¼ −1) and confined in a far
off-resonant crossed optical dipole trap at a wavelength of
1064 nm with a trap depth of ≈10 μK × kB. We shift the
ion into the cloud over a distance of 120 μmwithin 2 ms by
changing the end cap voltage of the linear ion trap. After an
interaction time of τ ¼ 300 ms, during which the Baþ ion
is typically lost with a probability of up to 65%, we separate
the two traps again and detect whether the Baþ ion is still
present. For this, we shine a laser cooling beam focused
to a waist of 20 μm through the Paul trap center and collect
the possible fluorescence on a EMCCD camera for 100 ms.
If no Baþ is detected, we conclude that a reaction must
have taken place during τ [26].
Repeating the single ion experiment roughly 170 times

we extract the probability p that Baþ is still present. For the
given experimental settings the ion loss is well described by
an exponential decay of the form p ¼ expð−ΓτÞ. This can
be seen in the inset of Fig. 1, where we plot p as a function
of interaction time τ measured at EfMM ≈ 8 μK. Figure 1
plots the loss rate Γ as a function of EfMM. A Baþ ion in
our experiment is lost either by a two-body charge transfer
or by a three-body event [17]. The corresponding loss rate Γ
of the ion is Γ ¼ −nk2 − n2k̄3. The charge transfer rate
coefficient k2 has been previously measured for Baþ þ Rb,
k2 ¼ 3.1ð6Þð6Þ × 10−13 cm3=s (statistical and systematic
errors in parentheses) [17] (see also [9,27]), and contributes
less than 1 s−1 to the loss rate Γ for the given atomic

density. Also, it has been verified that k2 is energy
independent [7,8,10], consistent with Langevin theory. By
subtracting this constant k2 loss from Γ and dividing by the
(constant) density n2 we obtain k̄3 [see Figs. 1 and 3(b)].
Clearly, k̄3 is energy dependent. As we discuss later,
we expect a scaling of k3 with a power law, k3 ∝ Eα

col.
Neglecting the atom motion due to ultracold temperatures
we can express Ecol in terms of the ion kinetic energy
Ekin, Ecol ¼ f1 − ½mBa=ðmBa þ 2mRbÞ&gEkin. We attempt to
describe the scaling of the measured k̄3 with a power
law k̄3 ∝ Ēα

kin by fitting the expression

k̄3 ¼ k̄3;min½ðEfMM þ EminÞ=Emin&α ð1Þ

to the data.Here,Emin andα are free parameters. The constant
k̄3;min ¼ 1.04ð4Þð45Þ × 10−24 cm6=s is k̄3 at EfMM ¼ 0 and
was determined in a parallel study [17]. For the fit we discard
data points aboveEfMM > 20 mK × kB, as for such energies,
the ion is not localizedwell enough in the center of the cloud.
It probes areas of the atomic cloud at lower densities, hence
decreasing the observed loss rate (see the sketch in Fig. 1).
The fit yields α ¼ −0.46ð9Þ andEmin ¼ 410ð180Þ μK × kB
(green dashed line in Fig. 1), with the errors denoting a 1σ
statistical uncertainty of the fitted values. Interestingly, in our
previous study of TBR of Rbþ þ Rb þ Rb [16] we observed
a similar scaling exponent of α ¼ −0.43.
We now turn to investigate the scaling of TBR theoreti-

cally with a CTC formalism. A classical treatment of the
collision dynamics is appropriate, since the experiments
described here in general involve much higher energies
than the threshold energy of ∼50 nK × kB for entering the
s-wave regime of Baþ − Rb. We have adapted a recently
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FIG. 1. Double-logarithmic plot of the measured loss rate Γ for
Baþ as a function of the tuned eMM energyEfMM. Red circles are
the experimental data; the curve represents a fit of Eq. (1) (see text
for details). The corresponding values of k̄3 are indicated on the
right-hand side. The inset is the Logarithmic plot of the decay
curve of the Baþ ion. p is the probability to recover Baþ after
interacting with Rb. The straight line is an exponential fit to the
data. The sketch shows the ion orbit in the atom cloud. With
increasing ion energy its orbit becomes comparable to the atom
cloud size.
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A single ion in a bath of ultracold atoms

Ion-atom-atom three-body recombination Ba+ + Rb +Rb
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Life and death of a cold BaRb+ molecule inside an ultracold cloud of Rb atoms
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We study the evolution of a cold single BaRb+ molecule while it continuously collides with ultracold Rb
atoms. The initially weakly bound molecule can undergo a sequence of elastic, inelastic, reactive, and radiative
processes. We investigate these processes by developing methods for discriminating between different ion
species, electronic states, and kinetic ion energy ranges. By analyzing the experimental data while taking into
account theoretical insights, we obtain a consistent description of the typical trajectory through the manifold
of available atomic and molecular states. Monte Carlo simulations describe the measured dynamics well. As a
further result, we determine rates for collisional and radiative relaxation as well as photodissociation, spin-flip
collisions, and chemical reactions.

DOI: 10.1103/PhysRevResearch.3.013196

I. INTRODUCTION

In recent years, methods have been developed to produce
ultracold molecules from ultracold atoms, e.g., by photoas-
sociation [1– 3], sweeping over a Feshbach resonance [4,5],
radiative association in a two-body collision (e.g., Refs. [6,7]),
or three-body recombination [8– 12]. Typically, the resulting
cold molecules are internally highly excited and very reactive.
Therefore, several questions arise. What are the reaction and
relaxation paths that the particles take while they are exposed
to light fields and collisions? What are the dynamics?

Investigations on these topics can be conveniently per-
formed in hybrid-atom-ion systems where trapped, cold
molecular ions are immersed in a trapped gas of ultracold
atoms [13– 19]. Ion traps can be very deep so that an ion is
still trapped even if large amounts of energy are released in
an inelastic or reactive process. Furthermore, it is possible to
selectively detect ionic products on the single particle level.
Control over the locations of the traps allows for determin-
istically starting or stopping collisional dynamics between
atoms and ion. In addition, low temperatures in the mK regime
and below enable a high level of control for the prepara-
tion of the initial quantum state of the reactants and of the
collision parameters such as the collision energy. A specific
property of ion-neutral collisions is the long-range interaction
between a charge and an induced dipole, which depends on
the interatomic distance as 1/R4 [18,19]. The combination
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of long-range interaction and low temperature corresponds to
an interesting regime where reactions and inelastic processes
can already take place at comparatively large interparticle dis-
tances (see, e.g., Ref. [20]). This leads to large cross sections
and promotes the formation of weakly bound molecular states.

The young field of cold hybrid-atom-ion systems has
shown tremendous progress studying inelastic collisions and
reactions. This includes charge exchange between atoms and
atomic ions [21– 27] and spin flips [28,29]. It was possible
to observe collisionally induced vibrational or rotational re-
laxation of a deeply bound molecular ion [30,31], which is
a collision at short internuclear distances. Furthermore, the
formation of cold molecular ions from cold neutral and electri-
cally charged atoms has been realized for several species (e.g.,
Refs. [6,32– 34]), and reactive behavior of molecular ions has
been investigated [35– 38].

Here we take a different approach, focusing less on a
single, particular physical or chemical process. Instead we
study the progression and interplay of the elastic, inelastic,
and reactive processes which take place. Concretely, we in-
vestigate, both experimentally and theoretically, the evolution
of a cold, weakly bound BaRb+ molecular ion as it continu-
ously collides with ultracold Rb atoms. These collisions can
be elastic, inelastic, or reactive. Our investigation includes
the deterministic birth of the molecular ion inside the atom
cloud, its typical life undergoing changes in the electronic and
vibrational states, and its death as it reacts away. We find that
the evolution of the BaRb+ ion directly after its formation is
mainly dominated by vibrational relaxation collisions with Rb
atoms at large internuclear distance. With increasing binding
energy, radiative processes become progressively important
until they are dominant. We observe Ba+, Rb+

2 , and Rb+

ions as reaction products, resulting from a range of photo- or
collisionally induced processes which are discussed in detail.
We briefly note that Rb+ ions have also been observed in a
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study of light-assisted reactive collisions between laser-cooled
Ba+ ions and Rb atoms [32], but their origin remained unclear
until now. Our experiment is prototypical. The evolution laid
out here will qualitatively hold for a whole class of systems
where Ba and Rb can be exchanged by other alkaline earth
and alkali species, respectively.

This article is organized as follows. In Secs. II to IX, we
study the elastic, inelastic and reactive processes of the BaRb+

ion for different phases of its evolution. A detailed discussion
of experimental parameters and detection methods is provided
in Secs. A to C of the Appendix. Finally, in Secs. D to F of the
Appendix we give additional information on the theoretical
models, calculations, and Monte Carlo (MC) simulations.

II. EXPERIMENTAL SETUP AND PRODUCTION
OF MOLECULAR ION

Our experiments are carried out in a hybrid atom-ion ap-
paratus. The basic setup is described in detail in Ref. [39].
For the investigations presented here, we produce a single
BaRb+ molecule which is trapped in a linear Paul trap with
trap frequencies of 2π × (80, 30) kHz in radial and axial
direction, respectively. The BaRb+ ion is in contact with a
cloud of 6 × 106 ultracold 87Rb atoms with a temperature of
T = 750 nK. The atoms are prepared in the electronic ground
state 5S1/2 and are spin-polarized, having a total angular mo-
mentum F = 1 and mF = −1. The atomic cloud is held in a
far off-resonant crossed optical dipole trap (ODT) at 1064 nm
with a trap depth of approximately 20 µK × kB, where kB is
the Boltzmann constant. The density distribution of the cigar-
shaped cloud can be described by a Gaussian with root mean
square widths of 9 and 60 µm in radial and axial direction,
respectively (see Appendix A).

Initially, the cold BaRb+ molecule is produced via
three-body recombination Ba+ + Rb + Rb → BaRb+ + Rb,
typically at large internuclear distances [40,41], see (i) in
Fig. 1(a). For this, we prepare in the Paul trap a single,
laser-cooled 138Ba+ ion in the electronic ground state 6S1/2,
and a dense Rb atom cloud in the ODT. At that time the
two traps are separated by about 100 µm. Right before we
start our experiments with the single Ba+ ion we remove
unwanted Rb+ and Rb+

2 ions, which can form spontaneously
in our trapped atom cloud [42], with a mass-filter scheme, see
Appendix B. After this purification step the 493- and 650-nm
laser-cooling beams for the Ba+ ion are switched off and the
Ba+ ion is moved into the atom cloud center. This is done
within 100 µs by abruptly changing the voltage on one of the
endcap electrodes of the Paul trap by 1.5 V.

Once the Ba+ ion is in the atom cloud the Ba+ + Rb +
Rb → BaRb+ + Rb three-body recombination leads to the
formation of BaRb+ molecules with a rate "tbr = k3n(t )2,
where k3 = 1.04(4) × 10−24 cm6s−1 is the three-body rate
constant [40], and n(t ) is the density of the atom cloud at
a given time t at the ion trap center. For the central atomic
density of 8.1 × 1013cm−3 we obtain "tbr ≈6.8 × 103 s−1.
Three-body recombination is by orders of magnitude the
leading reaction process of the Ba+ ion, and BaRb+ is the
main product [40,41]. Initially, the BaRb+ molecule is weakly
bound below the atomic Rb(5s 2S) + Ba+(6s 2S) asymptote
[see Fig. 1(b)]. Its binding energy is ∼2 mK × kB correspond-

FIG. 1. (a) Illustration of various inelastic and reactive processes.
(i) Formation of a BaRb+ molecule via three-body recombination,
(ii) collisional relaxation of a BaRb+ molecule, (iii) substitution
reaction, (iv) collisional dissociation, (v) collisional spin exchange,
(vi) photodissociation, and (vii) radiative relaxation. (b) PECs for
BaRb+, taken from Ref. [32]. The entrance channel Rb(5s 2S) +
Ba+(6s 2S) marks zero energy. Solid black, blue, and red arrows
show possible photodissociation transitions for 1064-, 493-, and 650-
nm light, respectively. The dashed green arrow indicates radiative
relaxation to the electronic ground state.

ing to the typical atom-ion collision energy in our Paul trap
[40,41]. Furthermore, according to simple statistical argu-
ments, the BaRb+ molecular ion is produced in the singlet
state (2)1#+ and triplet state (1)3#+ with a probability of
25% and 75%, respectively. For both of them the initial
binding energy of ∼2 mK × kB corresponds to a vibrational
state v = −5 (see also Fig. 5 of Appendix D 1). The negative
vibrational quantum number v indicates that it is counted
downwards from the atomic asymptote, starting with v = −1
for the most weakly bound vibrational state. When v has a
positive value, it is counted upwards from the most deeply
bound vibrational state v = 0.

III. EXPERIMENTAL INVESTIGATION OF THE
EVOLUTION OF THE MOLECULAR ION

As will become clear later, we can learn a lot about the
evolution of the BaRb+ molecule by monitoring the presence
of the Ba+ ion and its state in the trap. Figure 2(a) shows
data for the measured probability PBa+ for detecting a Ba+

ion as a function of time for four different experiments. After
immersing the cold Ba+ ion into the cloud for a variable time
τ we quickly (within 20 µs) pull out the remaining ion and
take two fluorescence images (see Appendix C 1 for details).
For the first image the imaging parameters are chosen such,
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FIG. 1. Three-body recombination cross section (in a5
0) as a function of the

collision energy (in K). Panel (a) 87Rb+–87Rb–87Rb; the circles represent the
numerical results by means of CTC whereas the dashed line stands for the
power-law fit of the points. Panel (b) 138Ba+–87Rb–87Rb; red circles represent
the numerical results by means of CTC, the black circles denote the results
using FCTC (see text for details), the dashed line stands for the fit of the
obtained CTC results. In both panels, the solid magenta line represents the
prediction based on the derived classical threshold law. The fitting function
assumed for both systems is �(Ek)=�E�

k , and the results are presented in
Table I.

of the ion. However, full CTC without any constraint have
been also performed and they will be denoted as FCTC in the
present work.

Figure 1 displays our results for the TBR cross section
for 87Rb+–87Rb–87Rb, and for 138Ba+–87Rb–87Rb, which are
presented in panels (a) and (b), respectively. The TBR cross
section for the systems at hand has been computed by running
105 trajectories per collision energy. During the simulation,
the energy is conserved up to the fifth decimal place, and the
same is observed for the angular momentum. Details about
the numerical method employed to solve Hamilton’s equations
of motion, in conjunction with the sampling of the initial
conditions, can be found elsewhere.20 All of the calculations
have assumed that neutral-neutral interactions, as well as ion-
neutral interactions, occur along one single potential energy
curve. Concretely, Rb–Rb collisions are assumed to occur
through the 3⌃ potential, i.e., the spin flip transitions have
been neglected. In particular, the potential of Strauss et al. has
been employed.24 On the other hand, the ion-neutral potential
is described by the model potential �C4(1 � (rm/r)4/2)/r4,
where C4 denotes the experimental long-range coe�cient of
the interaction, which is taken as C4 = 160 a.u. in this work,
and rm represents the position of the minimum of the potential.
For Ba+–Rb interaction, the value of rm is taken from the work
of Krych et al.,25 whereas for Rb+–Rb, the same magnitude
comes from Jraij et al.

26

Fig. 1 shows that the TBR cross section for the systems
depends quite smoothly on the collision energy, which is inde-
pendent of the nature of the system at hand; this suggests an
emerging universal threshold behavior. Figure 1(b) demon-
strates that the constraint in the hyperangles associated with the
momentum (CTC) does not a↵ect the general trend of the TBR

TABLE I. Classical threshold law for the TBR cross section. A power law
dependence of the TBR cross section as a function of the collision energy
is assumed and used as a fitting function for the CTC numerical results
presented in Fig. 1. The error on the fitting parameters is associated with a
confidence interval of 95 %.

System � (a5
0) � (dimensionless)

87Rb+–87Rb–87Rb (3.57 ± 0.07) 1011 �1.27 ± 0.132
138Ba+–87Rb–87Rb (7.94 ± 2.72) 1011 1.18 ± 0.07
Classical threshold law �1.25

cross section, as good agreement is seen with the FCTC results.
This suggests that the emerging threshold behavior is largely
independent of the initial momentum vectors of the system. In
other words, the dependence of the TBR cross section must
be primarily controlled by the interatomic potential among the
involved particles. In order to emphasize the dependence of the
TBR cross section on the collision energy, the power law fits
of the CTC results are shown as dashed lines, and the fitting
parameters are presented in Table I.

For low energy collisions, particles probe the long-range
tail of the interaction during most of the collision time. The
case of ion-atom-atom collisions is not an exception, but it
requires some special consideration in the three-body recom-
bination system of interest here, since there are two di↵erent
long-range potentials involved in the problem, namely, atom-
atom and ion-atom. From a long-range perspective, the ion-
atom interaction is of course far more attractive than the
atom-atom interaction. For any orientation, energy, and impact
parameter, the collision begins when the trajectories of the
atoms start to deviate from uniform rectilinear motion. This
occurs when the interaction potential where the moving atoms
are currently located is comparable to the collision energy, i.e.,
Ek ⇡ C4/r4. Here, we will assume that this value of the radius
defines the maximum impact parameter associated to a TBR
event, i.e., bmax(Ek) = (C4/Ek)1/4. In the present formalism, the
TBR cross section is defined as20

�(Ek) /
⌅ b(Ek)max

0
b

4
db, (1)

where a unit opacity function has been assumed. Finally, taking
into account the expression for bmax(Ek) and substituting it
in Eq. (1), �(Ek) / E

�5/4
k is found. This result is compared

in Fig. 1 with a fit of the CTC numerical results shown in
Table I. In particular, the fitting function employed has the form
�(Ek) = �E

�
k , where � is related with the energy scaling law

associated with the TBR cross section at low energies, which
reveals the underlying classical threshold law. The errors re-
ported in Table I are associated with a confidence interval of
95%.

In Table I, it is observed that energy scaling law for the
TBR cross section numerically obtained for both systems,
87Rb+–87Rb–87Rb and 138Ba+–87Rb–87Rb, is in a good agree-
ment with the predicted energy scaling law associated with the
derived threshold law. This suggests that the derived threshold
law is satisfied in di↵erent systems under di↵erent dynamical
conditions. A similar threshold law was derived and numeri-
cally confirmed for atom-atom-atom collisions.20 On the other

�(Ek) / E�5/4
k
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FIG. 1. Cartoon representation of ion-neutral-neutral three-body
recombination.

three-body recombination cross section is given by [23]

σ3(Ek) = 8π2

3

∫ bmax(Ek )

0
b4db, (1)

where bmax(Ek) represents the maximum impact parameter
for the three-body recombination reaction, which depends
on the kinetic energy Ek. In this equation, it is assumed
that every trajectory whose impact factor is equal or smaller
than bmax(Ek) will lead to a three-body recombination event,
analogous to a Langevin-type hypothesis. Therefore, Eq. (1)
represents the maximum cross section for a given kinetic
energy.

For ion-atom-atom three-body recombination processes,
the ion-atom interaction mainly dictates the fate of three-
body events [14,22], since the ion-atom interaction is longer
ranged than the usual van der Waals forces between atoms.
In the framework of the Langevin capture model for ion-
atom collisions, an inelastic collision or chemical reaction
will happen when the kinetic energy, Ek, is larger than the
height of the potential barrier, which determines the so-called
Langevin impact parameter, bL = (2α/Ek )1/4, where α stands
for the atom polarizability. This represents the maximum
impact parameter for a given inelastic ion-atom collision,
whereby Eq. (1) reads as

σ3(Ek) = 8π2

3

∫ bL

0
b4db, (2)

and by performing the integration one gets

σ3(Ek ) = 8π2

15

(
2α

Ek

)5/4

. (3)

The energy-dependent three-body recombination rate is
defined as

k3(Ek ) = σ3(Ek )
(

2Ek

µ

)1/2

, (4)

and by performing its average through the Maxwell-
Boltzmann distribution one finds

k3(T ) = 1
2(kBT )3

∫ ∞

0
k3(Ek )E2

k e
− Ek

kB T dEk

= !(9/4)31/4

√
2(kBT )3/4

(2α)5/4

√
m

8π2

15
. (5)

As expected, we find that the three-body recombination
rate depends on the temperature as T −3/4 [22,24]. It is worth
noticing that the same dependence on the temperature was
obtained by Smirnov [19] back in the 1960s, who assumed
that the three-body recombination can be described as two
different two-body collisions. The first leads to the formation
of a resonant complex and the second may stabilize this
complex to the formation of the molecular ion.

III. RESULTS AND DISCUSSION

The theoretical approach presented in the previous section
has been applied to ion-neutral-neutral three-body recombi-
nation of rare gas atoms, and its prediction compared with
experimental data in Fig. 1, where Fig. 1(a) presents results for
data at 78 K and Fig. 1(b) shows data for 300 K. The present
theory agrees fairly well with the room-temperature data, but
it does extremely well at low temperatures. Moreover, our
approach describes qualitatively the dependence of the rate
on the properties of the atom at hand, independently of the
temperature.

In Fig. 2, two more theoretical results based on the “in-
direct” approach are shown as well. One of them, due to
Smirnov [19], employs a capture model for the first two-
body encounter weighted by the ratio between stabilization
to dissociation collisions of the intermediate complex. This
approach leads to a k3(T ) ∝ T −3/4, as in our derivation, but in
this case there is a free parameter that needs to be fitted based
on the atomic specie at hand. This parameter arises from the
detailed balance principle between the vibrational quenching
rate of the intermediate complex and its dissociation rate. In
particular, we have chosen the same value of this parameter
as in Smirnov’s original work [19], which was specially
calculated for He+-He-He at room temperature and shown
as the black solid line in Fig. 2. Smirnov’s approach gives
an excellent agreement in comparison with the experimental
data for He, as Fig. 2(b) shows; however, its predictive level
for the rest of the rare gases is just qualitative, independent of
the temperature.

The approach of Dickinson et al. [20] (referred to as Dick-
inson’s approach for brevity) is more involved than Smirnov’s
version since the authors consider explicitly the stabilization
probability as a function of the internal state of the interme-
diate complex. In particular, it assumes a Langevin capture
model for the first step of the reaction A++ A → A2

+∗,
where A2

+∗ is a resonant complex that emerges for a given
value of the orbital angular momentum above a minimum
JM . The dissociation of the complex is calculated through
the geometric cross section assuming a hard-sphere model.
Within this approach, the three-body recombination rate is
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FIG. 2. Ion-neutral-neutral three-body recombination rate for different rare gas atoms and different temperatures. In panel (a), the
temperature is 78 K. In panel (b), the temperature for all the rare gas is 300 K except for the second Ar+-Ar-Ar data point, which is for
320 K. The experimental data points of panel (a) have been obtained from Ref. [25]; for panel (b), the data points are taken from Ref. [25] for
He, Ne, and Ar, whereas Kr and Xe data are taken from Ref. [10]. In panel (b), there are two data points for Ar; the first one (from left to right)
corresponds to 300 K [10] and the second to 320 K [25].

given by

k3(T ) =
√

3π2h̄α

mkBT

{
ln

(
m2αkBT

4h̄4

)
− γ

+ 4ρ!(1/4)
(

2kBT

α

)1/4

+ 4ρ2

√
2πkBT

α

−2ρ2(JM + 1/2)2 4h̄2

mα
− 23/2ρh̄√

mα
(JM + 1/2)

+ h̄4

2m2αkBT
(JM + 1/2)4

}
(6)

where γ is the Euler’s constant, ρ is the averaged distance
of closest approach of the third body, and JM stands for the
minimum angular momentum state, in which on average there
is quasibound state for a 1/r4 long-range interaction [20].
Thus, ρ and JM are parameters that depend on the system
at hand as well as its temperature. However, the value of ρ
is taken arbitrarily to be 6 a0 independent of the gas at hand
and JM ∼ 10. The results of Dickinson et al. are shown as
the gray line of Fig. 2, and they describe qualitatively all the
experimental data and even quantitively the room-temperature
data [Fig. 2(b)]. Dickinson’s approach appears to be nearly as
successful in describing the experimental data as the present
approach.

However, a closer look into Eq. (6) shows terms ∝T −2

and ∝T −1 that ultimately will lead to extremely large rates at
low temperatures, as noticed in Fig. 2. Moreover, recent cold
chemistry experiments seem to rule out such a temperature
dependence [14]. To study this further, Fig. 3 shows the ion-

neutral-neutral three-body recombination rate as a function of
the temperature for He, Ne, and Ar. Dickinson’s approach is
represented by the dotted lines, the dashed lines stands for
Smirnov’s model, and the solid lines stand for the present
approach. From Fig. 3, one observes that the present approach
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FIG. 3. Temperature dependence of the ion-neutral-neutral three-
body recombination of rare gases. The experimental data are
represented by the solid symbols, in red for He, green for Ne, and
blue for Ar. The solid lines following the same color coding stand for
the results of our model, whereas the dashed lines are for the Smirnov
approach and the dotted lines are for the model of Dickinson et al.
(see text for details). The experimental data have been obtained from
Ref. [25] with the exception of the Ar data point at 300 K, which is
taken from Ref. [10].
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A classical approach based on hyperspherical coordinates is used to derive a first-principles formulation of the
the ion-neutral-neutral three-body recombination rate, A+ + A + A → A2

+ + A, in terms of the mass of the atom
and its polarizability. The robustness and predictive power of our approach have been checked in comparison with
experimental data of rare gas three-body recombination as well as previous theoretical frameworks, which need
one or two atom-dependent fitting parameters. Thus, our approach is general and applicable to any ion-atom-atom
system.
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I. INTRODUCTION

Three-body recombination or ternary association is a
chemical reaction in which a molecule emerges as the product
state after a three-body encounter, i.e., A + A + A → A2 +
A. This reaction is present in different disciplines of physics
and chemistry, for instance, in astrophysics, hydrogen three-
body reaction plays a major role on star formation, due the
cooling properties of H2 that result from its internal degrees
of freedom [1,2], and in ultracold physics, where three-body
recombination is one of the main atom-loss mechanisms in
Bose-Einstein condensates [3– 8].

When one of the three colliding partners is an ion, three-
body recombination leads to the formation of a molecular ion
most of the time, i.e., A+ + A + A → A2

+ + A; see Fig. 1
for a cartoon representation of the three-body recombination.
This reaction when A is a rare gas is of fundamental interest
in radiation physics, concretely in gaseous radiation detectors
[9,10], excimer lasers [11,12], and spectrometers [13]. Similar
reactions involving alkali atoms play an important role in cold
chemistry [14], where the product of the reaction is a weakly
bound molecular ion that relaxes due to the collisions with the
neutral atoms [15].

Ion-neutral-neutral three-body recombination has been
studied in several theoretical frameworks. One of the earliest
treatments of this reaction employed the detailed balance
condition in dissociation processes to obtain the correspond-
ing association rate, leading to a three-body recombination
rate k3 ∝ T −1 [16,17], which explained qualitatively some
of the experimental data at that time. Later on, this reaction
was understood from an indirect approach, in which a three-
body process is viewed as a two-step mechanism [18– 20].
The first step is a two-body event leading to the formation
of a resonant complex, which eventually will be stabilized
in the second step through a collision with a third body.
Different temperature dependence of the rate may be obtained
by means of this approach since it strongly depends on the
way the resonant complex is described and its stabilization
probability. In particular, when a capture model is employed
for the resonant complex formation, k3 ∝ T −3/4, which turns

out to be more accurate in comparison with the available
experimental data. On the contrary, if the population of the
resonant complex is described by assuming thermal equi-
librium, one finds a more intricate relationship between k3
and T , although it is more accurate from the qualitative and
quantitative perspective in comparison with the experimental
data. In the same vein, some quantal calculations following
the same logic have revealed a great accuracy in describing
He+-He-He recombination [21].

Most of these theories for ion-neutral-neutral three-body
recombination depend on some free parameters that need to
be fitted for each atomic specie in order to reach a proper
description of the underlying physics. Thus, a more general
treatment of this fundamental chemical process is needed.
Recently, we have developed a direct three-body formalism
based on a Newtonian approach of the dynamics by means of
hyperspherical coordinates [22], leading to k3 ∝ T −3/4, which
has been experimentally corroborated at cold temperatures
T ! 1 K [14], as well as numerically. This fuels us to go
one step beyond and generalize our approach to derive an
analytical and general expression for the ion-neutral-neutral
three-body recombination rate, depending only on intrinsic
properties of the colliding atoms.

In this paper, we present a direct three-body approach
based on a previously derived hybrid hyperspherical-classical
trajectory calculations method, which naturally leads to a
realistic description of the experimental data for ion-neutral-
neutral three-body recombination of rare gases. The derived
three-body recombination rate only depends on intrinsic prop-
erties of the rare gas atoms, mass and polarizability, thus being
a general and parameter-free approach to ion-neutral-neutral
three-body recombination.

II. MODEL

Here we adopt the previously developed classical descrip-
tion of three-body collision processes using hyperspherical
coordinates [23,24]; within this theoretical framework, the
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FIG. 1. Cartoon representation of ion-neutral-neutral three-body
recombination.

three-body recombination cross section is given by [23]

σ3(Ek) = 8π2

3

∫ bmax(Ek )

0
b4db, (1)

where bmax(Ek) represents the maximum impact parameter
for the three-body recombination reaction, which depends
on the kinetic energy Ek. In this equation, it is assumed
that every trajectory whose impact factor is equal or smaller
than bmax(Ek) will lead to a three-body recombination event,
analogous to a Langevin-type hypothesis. Therefore, Eq. (1)
represents the maximum cross section for a given kinetic
energy.

For ion-atom-atom three-body recombination processes,
the ion-atom interaction mainly dictates the fate of three-
body events [14,22], since the ion-atom interaction is longer
ranged than the usual van der Waals forces between atoms.
In the framework of the Langevin capture model for ion-
atom collisions, an inelastic collision or chemical reaction
will happen when the kinetic energy, Ek, is larger than the
height of the potential barrier, which determines the so-called
Langevin impact parameter, bL = (2α/Ek )1/4, where α stands
for the atom polarizability. This represents the maximum
impact parameter for a given inelastic ion-atom collision,
whereby Eq. (1) reads as

σ3(Ek) = 8π2

3

∫ bL

0
b4db, (2)

and by performing the integration one gets

σ3(Ek ) = 8π2

15

(
2α

Ek

)5/4

. (3)

The energy-dependent three-body recombination rate is
defined as

k3(Ek ) = σ3(Ek )
(

2Ek

µ

)1/2

, (4)

and by performing its average through the Maxwell-
Boltzmann distribution one finds

k3(T ) = 1
2(kBT )3

∫ ∞

0
k3(Ek )E2

k e
− Ek

kB T dEk

= !(9/4)31/4

√
2(kBT )3/4

(2α)5/4

√
m

8π2

15
. (5)

As expected, we find that the three-body recombination
rate depends on the temperature as T −3/4 [22,24]. It is worth
noticing that the same dependence on the temperature was
obtained by Smirnov [19] back in the 1960s, who assumed
that the three-body recombination can be described as two
different two-body collisions. The first leads to the formation
of a resonant complex and the second may stabilize this
complex to the formation of the molecular ion.

III. RESULTS AND DISCUSSION

The theoretical approach presented in the previous section
has been applied to ion-neutral-neutral three-body recombi-
nation of rare gas atoms, and its prediction compared with
experimental data in Fig. 1, where Fig. 1(a) presents results for
data at 78 K and Fig. 1(b) shows data for 300 K. The present
theory agrees fairly well with the room-temperature data, but
it does extremely well at low temperatures. Moreover, our
approach describes qualitatively the dependence of the rate
on the properties of the atom at hand, independently of the
temperature.

In Fig. 2, two more theoretical results based on the “in-
direct” approach are shown as well. One of them, due to
Smirnov [19], employs a capture model for the first two-
body encounter weighted by the ratio between stabilization
to dissociation collisions of the intermediate complex. This
approach leads to a k3(T ) ∝ T −3/4, as in our derivation, but in
this case there is a free parameter that needs to be fitted based
on the atomic specie at hand. This parameter arises from the
detailed balance principle between the vibrational quenching
rate of the intermediate complex and its dissociation rate. In
particular, we have chosen the same value of this parameter
as in Smirnov’s original work [19], which was specially
calculated for He+-He-He at room temperature and shown
as the black solid line in Fig. 2. Smirnov’s approach gives
an excellent agreement in comparison with the experimental
data for He, as Fig. 2(b) shows; however, its predictive level
for the rest of the rare gases is just qualitative, independent of
the temperature.

The approach of Dickinson et al. [20] (referred to as Dick-
inson’s approach for brevity) is more involved than Smirnov’s
version since the authors consider explicitly the stabilization
probability as a function of the internal state of the interme-
diate complex. In particular, it assumes a Langevin capture
model for the first step of the reaction A++ A → A2

+∗,
where A2

+∗ is a resonant complex that emerges for a given
value of the orbital angular momentum above a minimum
JM . The dissociation of the complex is calculated through
the geometric cross section assuming a hard-sphere model.
Within this approach, the three-body recombination rate is

062707-2
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FIG. 2. Ion-neutral-neutral three-body recombination rate for different rare gas atoms and different temperatures. In panel (a), the
temperature is 78 K. In panel (b), the temperature for all the rare gas is 300 K except for the second Ar+-Ar-Ar data point, which is for
320 K. The experimental data points of panel (a) have been obtained from Ref. [25]; for panel (b), the data points are taken from Ref. [25] for
He, Ne, and Ar, whereas Kr and Xe data are taken from Ref. [10]. In panel (b), there are two data points for Ar; the first one (from left to right)
corresponds to 300 K [10] and the second to 320 K [25].

given by

k3(T ) =
√

3π2h̄α

mkBT

{
ln

(
m2αkBT

4h̄4

)
− γ

+ 4ρ!(1/4)
(

2kBT

α

)1/4

+ 4ρ2

√
2πkBT

α

−2ρ2(JM + 1/2)2 4h̄2

mα
− 23/2ρh̄√

mα
(JM + 1/2)

+ h̄4

2m2αkBT
(JM + 1/2)4

}
(6)

where γ is the Euler’s constant, ρ is the averaged distance
of closest approach of the third body, and JM stands for the
minimum angular momentum state, in which on average there
is quasibound state for a 1/r4 long-range interaction [20].
Thus, ρ and JM are parameters that depend on the system
at hand as well as its temperature. However, the value of ρ
is taken arbitrarily to be 6 a0 independent of the gas at hand
and JM ∼ 10. The results of Dickinson et al. are shown as
the gray line of Fig. 2, and they describe qualitatively all the
experimental data and even quantitively the room-temperature
data [Fig. 2(b)]. Dickinson’s approach appears to be nearly as
successful in describing the experimental data as the present
approach.

However, a closer look into Eq. (6) shows terms ∝T −2

and ∝T −1 that ultimately will lead to extremely large rates at
low temperatures, as noticed in Fig. 2. Moreover, recent cold
chemistry experiments seem to rule out such a temperature
dependence [14]. To study this further, Fig. 3 shows the ion-

neutral-neutral three-body recombination rate as a function of
the temperature for He, Ne, and Ar. Dickinson’s approach is
represented by the dotted lines, the dashed lines stands for
Smirnov’s model, and the solid lines stand for the present
approach. From Fig. 3, one observes that the present approach
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FIG. 3. Temperature dependence of the ion-neutral-neutral three-
body recombination of rare gases. The experimental data are
represented by the solid symbols, in red for He, green for Ne, and
blue for Ar. The solid lines following the same color coding stand for
the results of our model, whereas the dashed lines are for the Smirnov
approach and the dotted lines are for the model of Dickinson et al.
(see text for details). The experimental data have been obtained from
Ref. [25] with the exception of the Ar data point at 300 K, which is
taken from Ref. [10].
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Universal temperature dependence of the ion-neutral-neutral three-body recombination rate
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A classical approach based on hyperspherical coordinates is used to derive a first-principles formulation of the
the ion-neutral-neutral three-body recombination rate, A+ + A + A → A2

+ + A, in terms of the mass of the atom
and its polarizability. The robustness and predictive power of our approach have been checked in comparison with
experimental data of rare gas three-body recombination as well as previous theoretical frameworks, which need
one or two atom-dependent fitting parameters. Thus, our approach is general and applicable to any ion-atom-atom
system.
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I. INTRODUCTION

Three-body recombination or ternary association is a
chemical reaction in which a molecule emerges as the product
state after a three-body encounter, i.e., A + A + A → A2 +
A. This reaction is present in different disciplines of physics
and chemistry, for instance, in astrophysics, hydrogen three-
body reaction plays a major role on star formation, due the
cooling properties of H2 that result from its internal degrees
of freedom [1,2], and in ultracold physics, where three-body
recombination is one of the main atom-loss mechanisms in
Bose-Einstein condensates [3– 8].

When one of the three colliding partners is an ion, three-
body recombination leads to the formation of a molecular ion
most of the time, i.e., A+ + A + A → A2

+ + A; see Fig. 1
for a cartoon representation of the three-body recombination.
This reaction when A is a rare gas is of fundamental interest
in radiation physics, concretely in gaseous radiation detectors
[9,10], excimer lasers [11,12], and spectrometers [13]. Similar
reactions involving alkali atoms play an important role in cold
chemistry [14], where the product of the reaction is a weakly
bound molecular ion that relaxes due to the collisions with the
neutral atoms [15].

Ion-neutral-neutral three-body recombination has been
studied in several theoretical frameworks. One of the earliest
treatments of this reaction employed the detailed balance
condition in dissociation processes to obtain the correspond-
ing association rate, leading to a three-body recombination
rate k3 ∝ T −1 [16,17], which explained qualitatively some
of the experimental data at that time. Later on, this reaction
was understood from an indirect approach, in which a three-
body process is viewed as a two-step mechanism [18– 20].
The first step is a two-body event leading to the formation
of a resonant complex, which eventually will be stabilized
in the second step through a collision with a third body.
Different temperature dependence of the rate may be obtained
by means of this approach since it strongly depends on the
way the resonant complex is described and its stabilization
probability. In particular, when a capture model is employed
for the resonant complex formation, k3 ∝ T −3/4, which turns

out to be more accurate in comparison with the available
experimental data. On the contrary, if the population of the
resonant complex is described by assuming thermal equi-
librium, one finds a more intricate relationship between k3
and T , although it is more accurate from the qualitative and
quantitative perspective in comparison with the experimental
data. In the same vein, some quantal calculations following
the same logic have revealed a great accuracy in describing
He+-He-He recombination [21].

Most of these theories for ion-neutral-neutral three-body
recombination depend on some free parameters that need to
be fitted for each atomic specie in order to reach a proper
description of the underlying physics. Thus, a more general
treatment of this fundamental chemical process is needed.
Recently, we have developed a direct three-body formalism
based on a Newtonian approach of the dynamics by means of
hyperspherical coordinates [22], leading to k3 ∝ T −3/4, which
has been experimentally corroborated at cold temperatures
T ! 1 K [14], as well as numerically. This fuels us to go
one step beyond and generalize our approach to derive an
analytical and general expression for the ion-neutral-neutral
three-body recombination rate, depending only on intrinsic
properties of the colliding atoms.

In this paper, we present a direct three-body approach
based on a previously derived hybrid hyperspherical-classical
trajectory calculations method, which naturally leads to a
realistic description of the experimental data for ion-neutral-
neutral three-body recombination of rare gases. The derived
three-body recombination rate only depends on intrinsic prop-
erties of the rare gas atoms, mass and polarizability, thus being
a general and parameter-free approach to ion-neutral-neutral
three-body recombination.

II. MODEL

Here we adopt the previously developed classical descrip-
tion of three-body collision processes using hyperspherical
coordinates [23,24]; within this theoretical framework, the
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Controlling the nature of a charged impurity in a bath of Feshbach dimers
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We theoretically study the dynamics of a trapped ion that is immersed in an ultracold gas of weakly bound
atomic dimers created by a Feshbach resonance. Using quasiclassical simulations, we find a crossover from
dimer dissociation to molecular ion formation depending on the binding energy of the dimers. The location of
the crossover strongly depends on the collision energy and the time-dependent fields of the Paul trap. Deeply
bound dimers lead to fast molecular ion formation, with rates approaching the Langevin collision rate !′

L ≈
4.8 × 10−9 cm3 s−1. The kinetic energies of the created molecular ions have a median below 1 mK, such that
they will stay confined in the ion trap. We conclude that interacting ions and Feshbach molecules may provide an
alternative approach towards the creation of ultracold molecular ions with applications in precision spectroscopy
and quantum chemistry.

DOI: 10.1103/PhysRevResearch.2.033232

I. INTRODUCTION

Recently, trapped ions have been combined with ultracold
atomic gases [1– 8]. These systems are of particular interest
to study charged impurity physics in a quantum bath. The
well-controlled ionic impurities may be used to probe prop-
erties of the atomic bath, or to study the decoherence of
internal states and motion while interacting with a quantum
environment [4,9– 15]. Notably, the charge-dipole interactions
are longer ranged than those found in neutral systems [7,16].
This could lead to larger polaronic effects [17] and it has been
suggested that many atoms can become weakly bound to a
single ion [18]. The system is experimentally attractive as both
the motion and internal states of individual trapped ions can
be accurately controlled and measured [19,20]. Furthermore,
the interactions within the atomic bath can be tuned with
Feshbach resonances and these even allow for transforming
the bath into a gas of molecules [21]. However, the long-
range interactions tend to translate into a higher reactivity,
as has been shown, for instance, for Rydberg impurities in
an atomic gas [22]. Therefore, understanding the chemistry
of the species involved is fundamental to develop models for
charged impurities in ultracold gases.

In this paper, we present a theoretical study of a single
ion impurity in a bath of ultracold diatomic molecules whose
binding energy can be controlled with a Feshbach resonance.
We show that a crossover exists in the system, depending
on the molecular binding energy Eb and the ion-molecule

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

collision energy Ecol. We find that a charged impurity reacts
with a molecule of the bath leading, as the main reaction
channel, to the formation of molecular ions, which can be
viewed as a charged-molecular impurity. However, as soon as
Ecol ≫ Eb, the impurity predominantly induces the dissocia-
tion of the dimer, and the molecular ion creation rate drops
significantly. In other words, by tuning the binding energy it
is possible to control the nature of a charged impurity. Our
results open another avenue towards the creation of ultracold
molecular ions with applications in quantum chemistry and
precision spectroscopy [8,23– 26].

As a prime example, we study the 6Li2-Yb+ system inside
the radio-frequency electric fields of a Paul trap as sketched
in Fig. 1. The large mass ratio is appealing to study chemical
reactions experimentally, as Yb+ and LiYb+ can be confined
simultaneously despite the Paul trap acting as a mass filter.
Furthermore, the mass ratio mitigates adverse heating effects
from the Paul trap [27,28], which allowed one to reach ul-
tracold atom-ion collision energies on the order of 10 µK
[14]. For the reported collision energies the full crossover
regime is within experimental reach. The 6Li atoms feature
a broad Feshbach resonance around 832 G between the two
lowest-energy spin states [29]. On the repulsive side of this
resonance, long-lived Li2 dimers are produced by three-body
recombination once the atoms are sufficiently cold [30]. The
binding energy of these weakly bound dimers lies in the µK
range and can be straightforwardly tuned using an external
magnetic field.

II. THEORY

We simulate the dynamics of the colliding ions and
molecules using the quasiclassical trajectory (QCT) method.
This approach has been used to treat scattering problems in
the chemical physics community since the pioneering work

2643-1564/2020/2(3)/033232(8) 033232-1 Published by the American Physical Society
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by

V (r⃗, t ) = Udc

2

3∑

j=1

α j r2
i j

+ Urf

2
cos("t )

3∑

j=1

α′
j r

2
i j
, (1)

with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
static and radio-frequency fields, respectively, and geometry
factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
− 2α2 = α3 = 1 and α(′)

1 = − α(′)
2 = 1, α(′)

3 = 0. The motion
of the ion in the transverse directions can be described by
a slow (secular) motion with a frequency ω⊥ ≈ "q/

√
8 and

q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
with frequency " [20]. The motion along the axial z direction
is purely harmonic with frequency ω3 =

√
eUdc/mYb+ .

The atom-ion potential consists of a characteristic long-
range term Cai

4 /r4
ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa

√
Cai

4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with

Vai(rai ) = − Cai
4

2r4
ai

+ Cai
6

r6
ai

, rai = |r⃗a − r⃗i|, (2)

where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
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For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
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We theoretically study the dynamics of a trapped ion that is immersed in an ultracold gas of weakly bound
atomic dimers created by a Feshbach resonance. Using quasiclassical simulations, we find a crossover from
dimer dissociation to molecular ion formation depending on the binding energy of the dimers. The location of
the crossover strongly depends on the collision energy and the time-dependent fields of the Paul trap. Deeply
bound dimers lead to fast molecular ion formation, with rates approaching the Langevin collision rate !′

L ≈
4.8 × 10−9 cm3 s−1. The kinetic energies of the created molecular ions have a median below 1 mK, such that
they will stay confined in the ion trap. We conclude that interacting ions and Feshbach molecules may provide an
alternative approach towards the creation of ultracold molecular ions with applications in precision spectroscopy
and quantum chemistry.
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I. INTRODUCTION

Recently, trapped ions have been combined with ultracold
atomic gases [1– 8]. These systems are of particular interest
to study charged impurity physics in a quantum bath. The
well-controlled ionic impurities may be used to probe prop-
erties of the atomic bath, or to study the decoherence of
internal states and motion while interacting with a quantum
environment [4,9– 15]. Notably, the charge-dipole interactions
are longer ranged than those found in neutral systems [7,16].
This could lead to larger polaronic effects [17] and it has been
suggested that many atoms can become weakly bound to a
single ion [18]. The system is experimentally attractive as both
the motion and internal states of individual trapped ions can
be accurately controlled and measured [19,20]. Furthermore,
the interactions within the atomic bath can be tuned with
Feshbach resonances and these even allow for transforming
the bath into a gas of molecules [21]. However, the long-
range interactions tend to translate into a higher reactivity,
as has been shown, for instance, for Rydberg impurities in
an atomic gas [22]. Therefore, understanding the chemistry
of the species involved is fundamental to develop models for
charged impurities in ultracold gases.

In this paper, we present a theoretical study of a single
ion impurity in a bath of ultracold diatomic molecules whose
binding energy can be controlled with a Feshbach resonance.
We show that a crossover exists in the system, depending
on the molecular binding energy Eb and the ion-molecule

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
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and the published article’s title, journal citation, and DOI.

collision energy Ecol. We find that a charged impurity reacts
with a molecule of the bath leading, as the main reaction
channel, to the formation of molecular ions, which can be
viewed as a charged-molecular impurity. However, as soon as
Ecol ≫ Eb, the impurity predominantly induces the dissocia-
tion of the dimer, and the molecular ion creation rate drops
significantly. In other words, by tuning the binding energy it
is possible to control the nature of a charged impurity. Our
results open another avenue towards the creation of ultracold
molecular ions with applications in quantum chemistry and
precision spectroscopy [8,23– 26].

As a prime example, we study the 6Li2-Yb+ system inside
the radio-frequency electric fields of a Paul trap as sketched
in Fig. 1. The large mass ratio is appealing to study chemical
reactions experimentally, as Yb+ and LiYb+ can be confined
simultaneously despite the Paul trap acting as a mass filter.
Furthermore, the mass ratio mitigates adverse heating effects
from the Paul trap [27,28], which allowed one to reach ul-
tracold atom-ion collision energies on the order of 10 µK
[14]. For the reported collision energies the full crossover
regime is within experimental reach. The 6Li atoms feature
a broad Feshbach resonance around 832 G between the two
lowest-energy spin states [29]. On the repulsive side of this
resonance, long-lived Li2 dimers are produced by three-body
recombination once the atoms are sufficiently cold [30]. The
binding energy of these weakly bound dimers lies in the µK
range and can be straightforwardly tuned using an external
magnetic field.

II. THEORY

We simulate the dynamics of the colliding ions and
molecules using the quasiclassical trajectory (QCT) method.
This approach has been used to treat scattering problems in
the chemical physics community since the pioneering work
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by

V (r⃗, t ) = Udc

2

3∑

j=1

α j r2
i j

+ Urf

2
cos("t )

3∑

j=1

α′
j r

2
i j
, (1)

with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
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4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa
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4 /µai is independent
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with
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where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential

VLi2 (raa) = − Caa
6
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where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ

N
± δNχ

, δNχ
=

√
Nχ (N − Nχ )
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, (4)
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.
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where r⃗a and r⃗i are the atom and ion position, respectively, and
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6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B
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magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
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where r⃗a1,2 are the atom positions and Caa
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For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.
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Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
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g (ν = 38), with ν the vibrational quantum number [38].
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constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
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For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
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We theoretically study the dynamics of a trapped ion that is immersed in an ultracold gas of weakly bound
atomic dimers created by a Feshbach resonance. Using quasiclassical simulations, we find a crossover from
dimer dissociation to molecular ion formation depending on the binding energy of the dimers. The location of
the crossover strongly depends on the collision energy and the time-dependent fields of the Paul trap. Deeply
bound dimers lead to fast molecular ion formation, with rates approaching the Langevin collision rate !′

L ≈
4.8 × 10−9 cm3 s−1. The kinetic energies of the created molecular ions have a median below 1 mK, such that
they will stay confined in the ion trap. We conclude that interacting ions and Feshbach molecules may provide an
alternative approach towards the creation of ultracold molecular ions with applications in precision spectroscopy
and quantum chemistry.
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I. INTRODUCTION

Recently, trapped ions have been combined with ultracold
atomic gases [1– 8]. These systems are of particular interest
to study charged impurity physics in a quantum bath. The
well-controlled ionic impurities may be used to probe prop-
erties of the atomic bath, or to study the decoherence of
internal states and motion while interacting with a quantum
environment [4,9– 15]. Notably, the charge-dipole interactions
are longer ranged than those found in neutral systems [7,16].
This could lead to larger polaronic effects [17] and it has been
suggested that many atoms can become weakly bound to a
single ion [18]. The system is experimentally attractive as both
the motion and internal states of individual trapped ions can
be accurately controlled and measured [19,20]. Furthermore,
the interactions within the atomic bath can be tuned with
Feshbach resonances and these even allow for transforming
the bath into a gas of molecules [21]. However, the long-
range interactions tend to translate into a higher reactivity,
as has been shown, for instance, for Rydberg impurities in
an atomic gas [22]. Therefore, understanding the chemistry
of the species involved is fundamental to develop models for
charged impurities in ultracold gases.

In this paper, we present a theoretical study of a single
ion impurity in a bath of ultracold diatomic molecules whose
binding energy can be controlled with a Feshbach resonance.
We show that a crossover exists in the system, depending
on the molecular binding energy Eb and the ion-molecule

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

collision energy Ecol. We find that a charged impurity reacts
with a molecule of the bath leading, as the main reaction
channel, to the formation of molecular ions, which can be
viewed as a charged-molecular impurity. However, as soon as
Ecol ≫ Eb, the impurity predominantly induces the dissocia-
tion of the dimer, and the molecular ion creation rate drops
significantly. In other words, by tuning the binding energy it
is possible to control the nature of a charged impurity. Our
results open another avenue towards the creation of ultracold
molecular ions with applications in quantum chemistry and
precision spectroscopy [8,23– 26].

As a prime example, we study the 6Li2-Yb+ system inside
the radio-frequency electric fields of a Paul trap as sketched
in Fig. 1. The large mass ratio is appealing to study chemical
reactions experimentally, as Yb+ and LiYb+ can be confined
simultaneously despite the Paul trap acting as a mass filter.
Furthermore, the mass ratio mitigates adverse heating effects
from the Paul trap [27,28], which allowed one to reach ul-
tracold atom-ion collision energies on the order of 10 µK
[14]. For the reported collision energies the full crossover
regime is within experimental reach. The 6Li atoms feature
a broad Feshbach resonance around 832 G between the two
lowest-energy spin states [29]. On the repulsive side of this
resonance, long-lived Li2 dimers are produced by three-body
recombination once the atoms are sufficiently cold [30]. The
binding energy of these weakly bound dimers lies in the µK
range and can be straightforwardly tuned using an external
magnetic field.

II. THEORY

We simulate the dynamics of the colliding ions and
molecules using the quasiclassical trajectory (QCT) method.
This approach has been used to treat scattering problems in
the chemical physics community since the pioneering work

2643-1564/2020/2(3)/033232(8) 033232-1 Published by the American Physical Society

A single ion in a bath of ultracold molecules

HENRIK HIRZLER et al. PHYSICAL REVIEW RESEARCH 2, 033232 (2020)

FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by

V (r⃗, t ) = Udc

2

3∑

j=1

α j r2
i j

+ Urf

2
cos("t )

3∑

j=1

α′
j r

2
i j
, (1)

with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
static and radio-frequency fields, respectively, and geometry
factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
− 2α2 = α3 = 1 and α(′)

1 = − α(′)
2 = 1, α(′)

3 = 0. The motion
of the ion in the transverse directions can be described by
a slow (secular) motion with a frequency ω⊥ ≈ "q/

√
8 and

q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
with frequency " [20]. The motion along the axial z direction
is purely harmonic with frequency ω3 =

√
eUdc/mYb+ .

The atom-ion potential consists of a characteristic long-
range term Cai

4 /r4
ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa

√
Cai

4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with

Vai(rai ) = − Cai
4

2r4
ai

+ Cai
6

r6
ai

, rai = |r⃗a − r⃗i|, (2)

where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential

VLi2 (raa) = − Caa
6

r6
aa

+ Caa
12

r12
aa

, raa =
∣∣r⃗a1 − r⃗a2

∣∣, (3)

where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ

N
± δNχ

, δNχ
=

√
Nχ (N − Nχ )

N3
, (4)

033232-2

H. Hirzler et al., PRR 2, 033232  (2020).



 19

Reactive and inelastic processes

A single ion in a bath of ultracold molecules

Quasi-classical trajectory calculations 

whereby the final average cross section depends only on the
energy.

2. Classical trajectory calculations in hyperspherical coordinates

The classical Hamiltonian for three particles with masses
m1, m2, and m3 moving in a given potential energy landscape
Vðr1; r2; r3Þ is

H ¼ p21
2m1

þ p22
2m2

þ p23
2m3

þ Vðr1; r2; r3Þ; ð84Þ

where pi and ri represent the momentum and the vector
position of the ith particle, respectively. This Hamiltonian can
be recast in terms of the Jacobi coordinates ðρ1; ρ2Þ depicted in
Fig. 26 as in (Karplus, Porter, and Sharma, 1965)

H ¼ P2
1

2m12

þ P2
2

2m3;12
þ P2

CM

2M
þ Vðρ1; ρ2Þ: ð85Þ

Here

1

m12

¼ 1
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þ 1
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;

1

m3;12
¼ 1

m3

þ 1

m1 þm2

;

Vðρ1; ρ2Þ is the potential energy in terms of the relative Jacobi
coordinates with the c.m. momentum a separated constant of

motion. P1, P2, and PCM represent the canonical momenta
conjugate to ρ1, ρ2, and ρCM, respectively. Finally, the relative
Hamiltonian is

H ¼ P2
1

2m12

þ P2
2

2m3;12
þ Vðρ1; ρ2Þ: ð86Þ

For three particles, the Hamilton equations of motion can be
expressed in terms of Jacobi coordinates and momenta as
follows:

dρi;α
dt

¼ ∂H
∂Pi;α

; ð87aÞ

dPi;α

dt
¼ −

∂H
∂ρi;α ; ð87bÞ

where i ¼ 1, 2 and α ¼ x, y, and z label the Cartesian
coordinates of each Jacobi vector. Upon adopting the repre-
sentation of Smith (1962), a 6D position vector is constructed
from the two mass-weighted Jacobi vectors as

ρ ¼

0

B@

ffiffiffiffiffiffi
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μ
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where

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2m3

M

r
.

On the other hand, an equivalent 6D vector position can be
expressed in terms of the bare Jacobi vectors as (Pérez-Ríos
et al., 2014)

ρbare ¼
"
ρ1
ρ2

#
: ð89Þ

Similarly the canonical momenta are given by

P ¼
"
P1

P2

#
ð90Þ

and
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respectively. It can be shown that the relation between the
coordinates ðρ;PÞ and ðρbare;PbareÞ defines a canonical trans-
formation (Whittaker, 1937; Landau and Lifshitz, 1976;
Maslov and Fedoriuk, 1981), and hence both sets of coor-
dinates will describe the same phase-space volume. In other
words, the scattering observables will be the same for either of
these sets of coordinates, as one would expect. The 6D
position vector ρ or ρbare links the three-body problem in

FIG. 26. Schematic representation of the method developed for
treating three-body collisions. We start with the description of the
initial conditions in the 6D space associated with the three-body
problem at hand. Then, as indicated in step I, the initial conditions
are transformed into the coordinates associated with the three-
body problem in the usual 3D space. Step II represents the
solution of the Hamilton’s equations of motion in the 3D space.
Finally, by means of step III, the results are transformed back into
the 6D space, where the cross section is calculated.
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by

V (r⃗, t ) = Udc

2

3∑

j=1

α j r2
i j

+ Urf

2
cos("t )

3∑

j=1

α′
j r

2
i j
, (1)

with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
static and radio-frequency fields, respectively, and geometry
factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
− 2α2 = α3 = 1 and α(′)

1 = − α(′)
2 = 1, α(′)

3 = 0. The motion
of the ion in the transverse directions can be described by
a slow (secular) motion with a frequency ω⊥ ≈ "q/

√
8 and

q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
with frequency " [20]. The motion along the axial z direction
is purely harmonic with frequency ω3 =

√
eUdc/mYb+ .

The atom-ion potential consists of a characteristic long-
range term Cai

4 /r4
ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa

√
Cai

4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with

Vai(rai ) = − Cai
4

2r4
ai

+ Cai
6

r6
ai

, rai = |r⃗a − r⃗i|, (2)

where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential

VLi2 (raa) = − Caa
6

r6
aa

+ Caa
12

r12
aa

, raa =
∣∣r⃗a1 − r⃗a2

∣∣, (3)

where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ

N
± δNχ

, δNχ
=

√
Nχ (N − Nχ )

N3
, (4)
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by

V (r⃗, t ) = Udc

2

3∑

j=1

α j r2
i j

+ Urf

2
cos("t )

3∑

j=1

α′
j r

2
i j
, (1)

with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
static and radio-frequency fields, respectively, and geometry
factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
− 2α2 = α3 = 1 and α(′)

1 = − α(′)
2 = 1, α(′)

3 = 0. The motion
of the ion in the transverse directions can be described by
a slow (secular) motion with a frequency ω⊥ ≈ "q/

√
8 and

q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
with frequency " [20]. The motion along the axial z direction
is purely harmonic with frequency ω3 =

√
eUdc/mYb+ .

The atom-ion potential consists of a characteristic long-
range term Cai

4 /r4
ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa

√
Cai

4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with

Vai(rai ) = − Cai
4

2r4
ai

+ Cai
6

r6
ai

, rai = |r⃗a − r⃗i|, (2)

where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential

VLi2 (raa) = − Caa
6

r6
aa

+ Caa
12

r12
aa

, raa =
∣∣r⃗a1 − r⃗a2

∣∣, (3)

where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ

N
± δNχ

, δNχ
=

√
Nχ (N − Nχ )

N3
, (4)
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whereby the final average cross section depends only on the
energy.

2. Classical trajectory calculations in hyperspherical coordinates

The classical Hamiltonian for three particles with masses
m1, m2, and m3 moving in a given potential energy landscape
Vðr1; r2; r3Þ is

H ¼ p21
2m1

þ p22
2m2

þ p23
2m3

þ Vðr1; r2; r3Þ; ð84Þ

where pi and ri represent the momentum and the vector
position of the ith particle, respectively. This Hamiltonian can
be recast in terms of the Jacobi coordinates ðρ1; ρ2Þ depicted in
Fig. 26 as in (Karplus, Porter, and Sharma, 1965)

H ¼ P2
1

2m12

þ P2
2

2m3;12
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CM

2M
þ Vðρ1; ρ2Þ: ð85Þ

Here
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¼ 1
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þ 1
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;
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¼ 1
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;

Vðρ1; ρ2Þ is the potential energy in terms of the relative Jacobi
coordinates with the c.m. momentum a separated constant of

motion. P1, P2, and PCM represent the canonical momenta
conjugate to ρ1, ρ2, and ρCM, respectively. Finally, the relative
Hamiltonian is

H ¼ P2
1

2m12

þ P2
2

2m3;12
þ Vðρ1; ρ2Þ: ð86Þ

For three particles, the Hamilton equations of motion can be
expressed in terms of Jacobi coordinates and momenta as
follows:

dρi;α
dt

¼ ∂H
∂Pi;α

; ð87aÞ

dPi;α

dt
¼ −

∂H
∂ρi;α ; ð87bÞ

where i ¼ 1, 2 and α ¼ x, y, and z label the Cartesian
coordinates of each Jacobi vector. Upon adopting the repre-
sentation of Smith (1962), a 6D position vector is constructed
from the two mass-weighted Jacobi vectors as

ρ ¼
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where

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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r
.

On the other hand, an equivalent 6D vector position can be
expressed in terms of the bare Jacobi vectors as (Pérez-Ríos
et al., 2014)

ρbare ¼
"
ρ1
ρ2

#
: ð89Þ

Similarly the canonical momenta are given by

P ¼
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and
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respectively. It can be shown that the relation between the
coordinates ðρ;PÞ and ðρbare;PbareÞ defines a canonical trans-
formation (Whittaker, 1937; Landau and Lifshitz, 1976;
Maslov and Fedoriuk, 1981), and hence both sets of coor-
dinates will describe the same phase-space volume. In other
words, the scattering observables will be the same for either of
these sets of coordinates, as one would expect. The 6D
position vector ρ or ρbare links the three-body problem in

FIG. 26. Schematic representation of the method developed for
treating three-body collisions. We start with the description of the
initial conditions in the 6D space associated with the three-body
problem at hand. Then, as indicated in step I, the initial conditions
are transformed into the coordinates associated with the three-
body problem in the usual 3D space. Step II represents the
solution of the Hamilton’s equations of motion in the 3D space.
Finally, by means of step III, the results are transformed back into
the 6D space, where the cross section is calculated.
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by

V (r⃗, t ) = Udc

2
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+ Urf

2
cos("t )

3∑
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, (1)

with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
static and radio-frequency fields, respectively, and geometry
factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
− 2α2 = α3 = 1 and α(′)

1 = − α(′)
2 = 1, α(′)

3 = 0. The motion
of the ion in the transverse directions can be described by
a slow (secular) motion with a frequency ω⊥ ≈ "q/

√
8 and

q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
with frequency " [20]. The motion along the axial z direction
is purely harmonic with frequency ω3 =

√
eUdc/mYb+ .

The atom-ion potential consists of a characteristic long-
range term Cai

4 /r4
ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa

√
Cai

4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with

Vai(rai ) = − Cai
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+ Cai
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, rai = |r⃗a − r⃗i|, (2)

where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential
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, raa =
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where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ

N
± δNχ

, δNχ
=

√
Nχ (N − Nχ )
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, (4)
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.
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range term Cai

4 /r4
ai which is a consequence of the charge-
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efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa
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4 /µai is independent
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with
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where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential

VLi2 (raa) = − Caa
6

r6
aa
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, raa =
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where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ
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± δNχ
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=
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.
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with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
static and radio-frequency fields, respectively, and geometry
factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
− 2α2 = α3 = 1 and α(′)
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3 = 0. The motion
of the ion in the transverse directions can be described by
a slow (secular) motion with a frequency ω⊥ ≈ "q/
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q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
with frequency " [20]. The motion along the axial z direction
is purely harmonic with frequency ω3 =
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The atom-ion potential consists of a characteristic long-
range term Cai
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ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa
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4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with

Vai(rai ) = − Cai
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, rai = |r⃗a − r⃗i|, (2)

where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential

VLi2 (raa) = − Caa
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+ Caa
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, raa =
∣∣r⃗a1 − r⃗a2

∣∣, (3)

where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ
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± δNχ

, δNχ
=
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, (4)

033232-2

whereby the final average cross section depends only on the
energy.

2. Classical trajectory calculations in hyperspherical coordinates

The classical Hamiltonian for three particles with masses
m1, m2, and m3 moving in a given potential energy landscape
Vðr1; r2; r3Þ is

H ¼ p21
2m1

þ p22
2m2

þ p23
2m3

þ Vðr1; r2; r3Þ; ð84Þ

where pi and ri represent the momentum and the vector
position of the ith particle, respectively. This Hamiltonian can
be recast in terms of the Jacobi coordinates ðρ1; ρ2Þ depicted in
Fig. 26 as in (Karplus, Porter, and Sharma, 1965)

H ¼ P2
1

2m12

þ P2
2

2m3;12
þ P2
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2M
þ Vðρ1; ρ2Þ: ð85Þ

Here

1

m12
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þ 1

m2

;

1

m3;12
¼ 1

m3

þ 1

m1 þm2

;

Vðρ1; ρ2Þ is the potential energy in terms of the relative Jacobi
coordinates with the c.m. momentum a separated constant of

motion. P1, P2, and PCM represent the canonical momenta
conjugate to ρ1, ρ2, and ρCM, respectively. Finally, the relative
Hamiltonian is

H ¼ P2
1

2m12

þ P2
2

2m3;12
þ Vðρ1; ρ2Þ: ð86Þ

For three particles, the Hamilton equations of motion can be
expressed in terms of Jacobi coordinates and momenta as
follows:

dρi;α
dt

¼ ∂H
∂Pi;α

; ð87aÞ

dPi;α

dt
¼ −

∂H
∂ρi;α ; ð87bÞ

where i ¼ 1, 2 and α ¼ x, y, and z label the Cartesian
coordinates of each Jacobi vector. Upon adopting the repre-
sentation of Smith (1962), a 6D position vector is constructed
from the two mass-weighted Jacobi vectors as

ρ ¼

0

B@

ffiffiffiffiffiffi
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q
ρ1
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m3;12
μ

q
ρ2

1
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where

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2m3

M

r
.

On the other hand, an equivalent 6D vector position can be
expressed in terms of the bare Jacobi vectors as (Pérez-Ríos
et al., 2014)

ρbare ¼
"
ρ1
ρ2

#
: ð89Þ

Similarly the canonical momenta are given by

P ¼
"
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P2

#
ð90Þ

and
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1
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respectively. It can be shown that the relation between the
coordinates ðρ;PÞ and ðρbare;PbareÞ defines a canonical trans-
formation (Whittaker, 1937; Landau and Lifshitz, 1976;
Maslov and Fedoriuk, 1981), and hence both sets of coor-
dinates will describe the same phase-space volume. In other
words, the scattering observables will be the same for either of
these sets of coordinates, as one would expect. The 6D
position vector ρ or ρbare links the three-body problem in

FIG. 26. Schematic representation of the method developed for
treating three-body collisions. We start with the description of the
initial conditions in the 6D space associated with the three-body
problem at hand. Then, as indicated in step I, the initial conditions
are transformed into the coordinates associated with the three-
body problem in the usual 3D space. Step II represents the
solution of the Hamilton’s equations of motion in the 3D space.
Finally, by means of step III, the results are transformed back into
the 6D space, where the cross section is calculated.
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by
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with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
static and radio-frequency fields, respectively, and geometry
factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
− 2α2 = α3 = 1 and α(′)
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3 = 0. The motion
of the ion in the transverse directions can be described by
a slow (secular) motion with a frequency ω⊥ ≈ "q/
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8 and

q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
with frequency " [20]. The motion along the axial z direction
is purely harmonic with frequency ω3 =
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eUdc/mYb+ .

The atom-ion potential consists of a characteristic long-
range term Cai

4 /r4
ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa

√
Cai

4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with
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, rai = |r⃗a − r⃗i|, (2)

where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B
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)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
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where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ
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± δNχ

, δNχ
=
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by

V (r⃗, t ) = Udc

2

3∑

j=1

α j r2
i j

+ Urf

2
cos("t )

3∑

j=1

α′
j r

2
i j
, (1)

with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
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factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
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8 and
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The atom-ion potential consists of a characteristic long-
range term Cai
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ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa
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4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with
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where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential
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where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ

N
± δNχ

, δNχ
=

√
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, (4)

033232-2

HENRIK HIRZLER et al. PHYSICAL REVIEW RESEARCH 2, 033232 (2020)

FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.
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factors α(′)
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√
8 and

q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
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types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
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4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
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where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential
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where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,
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whereby the final average cross section depends only on the
energy.

2. Classical trajectory calculations in hyperspherical coordinates

The classical Hamiltonian for three particles with masses
m1, m2, and m3 moving in a given potential energy landscape
Vðr1; r2; r3Þ is

H ¼ p21
2m1

þ p22
2m2

þ p23
2m3

þ Vðr1; r2; r3Þ; ð84Þ

where pi and ri represent the momentum and the vector
position of the ith particle, respectively. This Hamiltonian can
be recast in terms of the Jacobi coordinates ðρ1; ρ2Þ depicted in
Fig. 26 as in (Karplus, Porter, and Sharma, 1965)
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;
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;

Vðρ1; ρ2Þ is the potential energy in terms of the relative Jacobi
coordinates with the c.m. momentum a separated constant of

motion. P1, P2, and PCM represent the canonical momenta
conjugate to ρ1, ρ2, and ρCM, respectively. Finally, the relative
Hamiltonian is

H ¼ P2
1

2m12

þ P2
2

2m3;12
þ Vðρ1; ρ2Þ: ð86Þ

For three particles, the Hamilton equations of motion can be
expressed in terms of Jacobi coordinates and momenta as
follows:

dρi;α
dt

¼ ∂H
∂Pi;α

; ð87aÞ

dPi;α

dt
¼ −

∂H
∂ρi;α ; ð87bÞ

where i ¼ 1, 2 and α ¼ x, y, and z label the Cartesian
coordinates of each Jacobi vector. Upon adopting the repre-
sentation of Smith (1962), a 6D position vector is constructed
from the two mass-weighted Jacobi vectors as
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where

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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r
.

On the other hand, an equivalent 6D vector position can be
expressed in terms of the bare Jacobi vectors as (Pérez-Ríos
et al., 2014)

ρbare ¼
"
ρ1
ρ2

#
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Similarly the canonical momenta are given by
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and
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respectively. It can be shown that the relation between the
coordinates ðρ;PÞ and ðρbare;PbareÞ defines a canonical trans-
formation (Whittaker, 1937; Landau and Lifshitz, 1976;
Maslov and Fedoriuk, 1981), and hence both sets of coor-
dinates will describe the same phase-space volume. In other
words, the scattering observables will be the same for either of
these sets of coordinates, as one would expect. The 6D
position vector ρ or ρbare links the three-body problem in

FIG. 26. Schematic representation of the method developed for
treating three-body collisions. We start with the description of the
initial conditions in the 6D space associated with the three-body
problem at hand. Then, as indicated in step I, the initial conditions
are transformed into the coordinates associated with the three-
body problem in the usual 3D space. Step II represents the
solution of the Hamilton’s equations of motion in the 3D space.
Finally, by means of step III, the results are transformed back into
the 6D space, where the cross section is calculated.
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by
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with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
static and radio-frequency fields, respectively, and geometry
factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
− 2α2 = α3 = 1 and α(′)

1 = − α(′)
2 = 1, α(′)

3 = 0. The motion
of the ion in the transverse directions can be described by
a slow (secular) motion with a frequency ω⊥ ≈ "q/

√
8 and

q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
with frequency " [20]. The motion along the axial z direction
is purely harmonic with frequency ω3 =

√
eUdc/mYb+ .

The atom-ion potential consists of a characteristic long-
range term Cai

4 /r4
ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa

√
Cai

4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with

Vai(rai ) = − Cai
4

2r4
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+ Cai
6
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, rai = |r⃗a − r⃗i|, (2)

where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential

VLi2 (raa) = − Caa
6

r6
aa

+ Caa
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, raa =
∣∣r⃗a1 − r⃗a2
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where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ

N
± δNχ

, δNχ
=

√
Nχ (N − Nχ )
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, (4)
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by

V (r⃗, t ) = Udc
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with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
static and radio-frequency fields, respectively, and geometry
factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
− 2α2 = α3 = 1 and α(′)

1 = − α(′)
2 = 1, α(′)

3 = 0. The motion
of the ion in the transverse directions can be described by
a slow (secular) motion with a frequency ω⊥ ≈ "q/
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8 and

q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
with frequency " [20]. The motion along the axial z direction
is purely harmonic with frequency ω3 =
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eUdc/mYb+ .

The atom-ion potential consists of a characteristic long-
range term Cai
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ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa

√
Cai

4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with

Vai(rai ) = − Cai
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, rai = |r⃗a − r⃗i|, (2)

where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential

VLi2 (raa) = − Caa
6
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, raa =
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where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ

N
± δNχ

, δNχ
=

√
Nχ (N − Nχ )

N3
, (4)
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FIG. 1. Left: Schematics of the atom-ion system investigated. A single ion (blue) trapped in the radio-frequency blades of a Paul trap (gray)
combined with a cloud of ultracold molecules (red). Inset: Sketch of a single simulation run. A Yb+ ion (blue) oscillating in the trapping field
of the Paul trap collides with a Li2 dimer (red, orange), whereby the Li2 is dissociated. Right: Classical turning point rct , binding energy Eb,
and scattering length a as a function of the magnetic field strength B for Li2 dimers created close to the Feshbach resonance.

of Karplus et al. [31] and it has recently been applied to
the study of cold chemical reactions between molecular ions
and neutrals [32]. The QCT method calculates the trajec-
tories classically but the initial conditions of the colliding
partners are selected according to the quantum state of the
reactants through the celebrated Wentzel, Kramers, and Bril-
louin (WKB) or semiclassical approximation [33,34]. QCT
is applied in scattering problems where many partial waves
contribute [32] or when the problem is too complex for a full
quantum treatment. The latter is the case when we consider the
electric fields of a Paul trap, which have a massive impact on
atom-ion scattering [28,35,36], but severely complicate calcu-
lations due to its asymmetry and explicit time dependence.

The potential of a Paul trap is given by
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with r⃗i = 0⃗ the center of the trap, Udc and Urf curvatures of
static and radio-frequency fields, respectively, and geometry
factors α(′)

j . For the linear Paul trap considered here, − 2α1 =
− 2α2 = α3 = 1 and α(′)

1 = − α(′)
2 = 1, α(′)

3 = 0. The motion
of the ion in the transverse directions can be described by
a slow (secular) motion with a frequency ω⊥ ≈ "q/
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8 and

q= 2eUrf/(mYb+"2) superimposed on a fast micromotion
with frequency " [20]. The motion along the axial z direction
is purely harmonic with frequency ω3 =
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The atom-ion potential consists of a characteristic long-
range term Cai

4 /r4
ai which is a consequence of the charge-

induced dipole interaction. Cai
4 is the attractive interaction co-

efficient and rai the atom-ion distance. Two atom-ion collision
types can be distinguished: Large impact parameters b lead to
elastic scattering (glancing collisions), whereas for b< bc =
(2Cai

4 /Ecol )1/4 spiraling Langevin collisions occur in which
large momentum and energy transfer is possible [37]. The
Langevin collision rate $L = 2πρa

√
Cai

4 /µai is independent
of the collision energy. Here, ρa is the cloud density and µai is
the atom-ion reduced mass. We model the atom-ion potential
with

Vai(rai ) = − Cai
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+ Cai
6
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, rai = |r⃗a − r⃗i|, (2)

where r⃗a and r⃗i are the atom and ion position, respectively, and
Cai

6 is the repulsion coefficient [28].
Li atoms can be paired into Li2 dimers on the repulsive side

of the Feshbach resonance. These molecules are formed by a
weak admixture of the highly excited vibrational bound state
X 1'+

g (ν = 38), with ν the vibrational quantum number [38].
Their binding energy Eb = h̄2/(mLia2) depends on the scatter-
ing length a = abg(1 + )B

B− B0
)[1 + α(B − B0)] and thus on the

magnetic field strength B, with mLi mass, h̄ Planck’s reduced
constant, B0 = 834.15 G, abg = − 1405a0, )B = 300 G, and
α = 4 × 10− 5 G− 1, with Bohr radius a0 [39].

For the atom-atom interactions, we use a Lennard-Jones
potential

VLi2 (raa) = − Caa
6
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+ Caa
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, raa =
∣∣r⃗a1 − r⃗a2

∣∣, (3)

where r⃗a1,2 are the atom positions and Caa
6 and Caa

12 the attrac-
tion and repulsion coefficients, respectively.

For each scattering event, we initialize the molecule on a
sphere with radius rstart = 0.5 µm, large enough to account
for potentially large ion orbits. The ion is initialized in the
center of the Paul trap and both ion and molecule velocities
are diced from thermal distributions. Also the orientation of
the molecule axis is randomized. The Li atoms are initialized
in the outer classical turning point of the molecular potential
rct (see Fig. 1), where kinetic energy stems from center-of-
mass motion alone. Initially, the molecules do not rotate.
The particles are propagated using a fourth-order adaptive
Runge-Kutta method until one of the particles leaves a sphere
of radius rend ≈ 1.3rstart [28].

We identify three scattering channels:
(i) molecular ion formation: Li2 + Yb+ → Li + LiYb+;
(ii) dissociation: Li2 + Yb+ → Li + Li + Yb+;
(iii) quenching: Li2(ν) + Yb+ → Li2(ν ′) + Yb+.
The reaction products are discriminated by calculating the

energy of the possible subsystems Li2 and LiYb+ at the end of
the each simulation. The probability for one of the scattering
channels χ is obtained from Monte Carlo sampling of the
starting conditions,

Pχ = Nχ

N
± δNχ

, δNχ
=

√
Nχ (N − Nχ )

N3
, (4)
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whereby the final average cross section depends only on the
energy.

2. Classical trajectory calculations in hyperspherical coordinates

The classical Hamiltonian for three particles with masses
m1, m2, and m3 moving in a given potential energy landscape
Vðr1; r2; r3Þ is

H ¼ p21
2m1

þ p22
2m2

þ p23
2m3

þ Vðr1; r2; r3Þ; ð84Þ

where pi and ri represent the momentum and the vector
position of the ith particle, respectively. This Hamiltonian can
be recast in terms of the Jacobi coordinates ðρ1; ρ2Þ depicted in
Fig. 26 as in (Karplus, Porter, and Sharma, 1965)

H ¼ P2
1

2m12

þ P2
2

2m3;12
þ P2

CM

2M
þ Vðρ1; ρ2Þ: ð85Þ

Here

1

m12

¼ 1

m1

þ 1

m2

;

1

m3;12
¼ 1

m3

þ 1

m1 þm2

;

Vðρ1; ρ2Þ is the potential energy in terms of the relative Jacobi
coordinates with the c.m. momentum a separated constant of

motion. P1, P2, and PCM represent the canonical momenta
conjugate to ρ1, ρ2, and ρCM, respectively. Finally, the relative
Hamiltonian is

H ¼ P2
1

2m12

þ P2
2

2m3;12
þ Vðρ1; ρ2Þ: ð86Þ

For three particles, the Hamilton equations of motion can be
expressed in terms of Jacobi coordinates and momenta as
follows:

dρi;α
dt

¼ ∂H
∂Pi;α

; ð87aÞ

dPi;α

dt
¼ −

∂H
∂ρi;α ; ð87bÞ

where i ¼ 1, 2 and α ¼ x, y, and z label the Cartesian
coordinates of each Jacobi vector. Upon adopting the repre-
sentation of Smith (1962), a 6D position vector is constructed
from the two mass-weighted Jacobi vectors as

ρ ¼

0

B@

ffiffiffiffiffiffi
m12

μ

q
ρ1

ffiffiffiffiffiffiffiffi
m3;12
μ

q
ρ2

1

CA; ð88Þ

where

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2m3

M

r
.

On the other hand, an equivalent 6D vector position can be
expressed in terms of the bare Jacobi vectors as (Pérez-Ríos
et al., 2014)

ρbare ¼
"
ρ1
ρ2

#
: ð89Þ

Similarly the canonical momenta are given by

P ¼
"
P1

P2

#
ð90Þ

and

Pbare ¼

0

B@

ffiffiffiffiffiffi
μ

m12

q
P1

ffiffiffiffiffiffiffiffi
μ

m3;12

q
P2

1

CA; ð91Þ

respectively. It can be shown that the relation between the
coordinates ðρ;PÞ and ðρbare;PbareÞ defines a canonical trans-
formation (Whittaker, 1937; Landau and Lifshitz, 1976;
Maslov and Fedoriuk, 1981), and hence both sets of coor-
dinates will describe the same phase-space volume. In other
words, the scattering observables will be the same for either of
these sets of coordinates, as one would expect. The 6D
position vector ρ or ρbare links the three-body problem in

FIG. 26. Schematic representation of the method developed for
treating three-body collisions. We start with the description of the
initial conditions in the 6D space associated with the three-body
problem at hand. Then, as indicated in step I, the initial conditions
are transformed into the coordinates associated with the three-
body problem in the usual 3D space. Step II represents the
solution of the Hamilton’s equations of motion in the 3D space.
Finally, by means of step III, the results are transformed back into
the 6D space, where the cross section is calculated.
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FIG. 1. Schematic of atom-molecule collision: impact parameter
b, Jacobi vectors (ρ⃗1, ρ⃗2), and its relation with the interatomic vectors
r⃗i j , with (i, j) = 1, 2, 3 and i ̸= j.

where i = 1, 2 and α denotes the different Cartesian compo-
nents of the Jacobi vectors.

A. Initial conditions

Let us assume an atom-molecule collision with a given
collision energy Ek in the c.m. frame, where the atom is placed
along the z axis at a given distance R from the c.m. of the
molecule, positioned at the origin of the coordinate system
(see Fig. 1). In this case, after specifying the impact parameter
b the vectors ρ⃗2 and P⃗2 are fully characterized [31]. On the
other hand, the initial rovibrational state (v, j) of the molecule
specifies ρ⃗1 and P⃗1. The size of the molecule |ρ1| is given by
the outer classical turning point r+ of the rovibrational mo-
tion, whereas P1 = h̄ j( j + 1)/r+, with j being the rotational
quantum number. Finally, the orientation of these vectors are
randomly chosen by sampling the azimuthal angle θ of the
molecule with respect to the z axis, its polar angle in the x − y
plane φ and the angle η between the angular momentum of the
molecule J⃗ = ρ⃗1 × P⃗1 and a normal vector to the molecular
axis.

Finally, to fully randomize rotation and vibration of the
molecule in each collision, one needs to choose properly the
initial distance between the incoming particle and the target
R = R0 + χP2τv, j

µ3,12
(R = |ρ⃗2|), where R0 is some fixed atom-

molecule distance in which the potential energy is negligible
in comparison with the collision energy, χ ∈ [0, 1] is a uni-
form random variable, and

τv, j =
√

2m12

∫ r+

r−

dr
√

Eint − V (r) − h̄2 j( j+1)
2m12r2

(4)

is the vibrational period. In Eq. (4), Eint represents the
rovibrational energy and V (r) stands for the molecular
potential-energy curve [33], and r − represents the inner clas-
sical turning point for the given rovibrational energy of the
molecule.

B. Reaction products

Here, we consider three different product states for a
molecular ion-atom collision [34].

(i) Quenching (q): AB+(v) + C → AB+(v′) + C. A
change of the rovibrational state of the molecular ion, whose
vibrational quantum number is given by

v′ = − 1
2

+ 1
π h̄

∫ r+

r−

√

2m12

[
Eint − V (r) − h̄2 j′( j′ + 1)

2m12r2

]
dr,

(5)

where E ′
int represents the internal energy of the molecule and

j′ is the rotational quantum number given by j′ = − 1/2 +
1/2

√
1 + 4J⃗ ′ · J⃗ ′/h̄2, where J⃗ ′ = ρ⃗1 × P⃗1 at the final prop-

agation time. The value of v′ obtained from Eq. (5) is
rounded to the closest integer number, which is the so-called
standard binding method [31]. However, some other binding
techniques are available, such as the celebrated Gaussian
binning method, which relies on a Gaussian weighting of the
trajectories with respect the integer v′ value [35].

(ii) Dissociation (d): three free atoms as a final state,
AB+(v) + C → A + B+ + C. This process becomes opera-
tive when the collision energy is larger than the binding
energy of the molecular ion. These events are computationally
detected when the three interatomic energies between the
pairs of atoms are positive.

(iii) Reaction (r): formation of a new product not present in
the reactants, AB+(v) + C → CB+(v′′) + A and AB+(v) +
C → AC(v′′′) + B+. This is identified by looking at the
internal energy of the atom pairs in the system and searching
which is negative. Then, by applying Eq. (5) with the right
interatomic potential and reduced mass, the vibrational and
rotational level of the product state can be addressed.

C. Cross section

The classical cross section associated with any of the
processes exposed above is

σq,r,d(Ek ) = 2π

∫ bq,r,d
max (Ek )

0
Pq,r,d(b, Ek )b db, (6)

where bq,r,d
max (Ek ) indicates the maximum impact parameter for

trajectories leading to the process at hand and Pq,r,d(b, Ek )
is the opacity function. The opacity function represents the
probability of a given process (q, r, or d) as a function of the
impact parameter b and collision energy as

Pq,r,d(b, Ek ) =
∫

Pq,r,d(b, Ek, θ ,φ, η, ξ )d+

d+ = sin θ dθ dφ dη dξ . (7)

This integral is evaluated through Monte Carlo sampling
leading to

Pq,r,d(b, Ek ) =
Nq,r,d(b, Ek )

N
± δq,r(b, Ek ), (8)

where Nq,r,d(b, Ek ) denotes the number of trajectories associ-
ated with the process of interest and N stands for the total
number of trajectories launched for a given b and Ek . Here,

δq,r,d(b, Ek ) =
√

Nq,r,d(b, Ek )

N

√
N − Nq,r,d(b, Ek )

N
(9)

stands for the standard deviation of the opacity function.
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Final states: from classical phase-space to quantum states through WKB 

P1 =
~j(j + 1)
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whereby the final average cross section depends only on the
energy.

2. Classical trajectory calculations in hyperspherical coordinates

The classical Hamiltonian for three particles with masses
m1, m2, and m3 moving in a given potential energy landscape
Vðr1; r2; r3Þ is

H ¼ p21
2m1

þ p22
2m2

þ p23
2m3

þ Vðr1; r2; r3Þ; ð84Þ

where pi and ri represent the momentum and the vector
position of the ith particle, respectively. This Hamiltonian can
be recast in terms of the Jacobi coordinates ðρ1; ρ2Þ depicted in
Fig. 26 as in (Karplus, Porter, and Sharma, 1965)

H ¼ P2
1

2m12

þ P2
2

2m3;12
þ P2

CM

2M
þ Vðρ1; ρ2Þ: ð85Þ

Here

1

m12

¼ 1

m1

þ 1

m2

;

1

m3;12
¼ 1

m3

þ 1

m1 þm2

;

Vðρ1; ρ2Þ is the potential energy in terms of the relative Jacobi
coordinates with the c.m. momentum a separated constant of

motion. P1, P2, and PCM represent the canonical momenta
conjugate to ρ1, ρ2, and ρCM, respectively. Finally, the relative
Hamiltonian is

H ¼ P2
1

2m12

þ P2
2

2m3;12
þ Vðρ1; ρ2Þ: ð86Þ

For three particles, the Hamilton equations of motion can be
expressed in terms of Jacobi coordinates and momenta as
follows:

dρi;α
dt

¼ ∂H
∂Pi;α

; ð87aÞ

dPi;α

dt
¼ −

∂H
∂ρi;α ; ð87bÞ

where i ¼ 1, 2 and α ¼ x, y, and z label the Cartesian
coordinates of each Jacobi vector. Upon adopting the repre-
sentation of Smith (1962), a 6D position vector is constructed
from the two mass-weighted Jacobi vectors as

ρ ¼

0

B@

ffiffiffiffiffiffi
m12

μ

q
ρ1

ffiffiffiffiffiffiffiffi
m3;12
μ

q
ρ2

1

CA; ð88Þ

where

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2m3

M

r
.

On the other hand, an equivalent 6D vector position can be
expressed in terms of the bare Jacobi vectors as (Pérez-Ríos
et al., 2014)

ρbare ¼
"
ρ1
ρ2

#
: ð89Þ

Similarly the canonical momenta are given by

P ¼
"
P1

P2
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and
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0
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m12
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μ
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q
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respectively. It can be shown that the relation between the
coordinates ðρ;PÞ and ðρbare;PbareÞ defines a canonical trans-
formation (Whittaker, 1937; Landau and Lifshitz, 1976;
Maslov and Fedoriuk, 1981), and hence both sets of coor-
dinates will describe the same phase-space volume. In other
words, the scattering observables will be the same for either of
these sets of coordinates, as one would expect. The 6D
position vector ρ or ρbare links the three-body problem in

FIG. 26. Schematic representation of the method developed for
treating three-body collisions. We start with the description of the
initial conditions in the 6D space associated with the three-body
problem at hand. Then, as indicated in step I, the initial conditions
are transformed into the coordinates associated with the three-
body problem in the usual 3D space. Step II represents the
solution of the Hamilton’s equations of motion in the 3D space.
Finally, by means of step III, the results are transformed back into
the 6D space, where the cross section is calculated.
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What are van der Waals molecules?

Formation of van der Waals molecules

Binding energy ~10cm-1

“Van der Waals molecules are weakly bound complexes of small atoms or 
molecules held together, not by chemical bonds, but by intermolecular attractions”.  

B. L. Blaney and G. E. Erwing, Annu. Rev. Phys. Chem.  27, 553  (1976) 
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FIG. 3. X–He potential curves, U(r), of six different atoms. The potentials are
obtained from parameters in Refs. 28 and 56–59 (see the text and Table I). The
black dotted curve indicates the He–He interaction based on parameters given in
Ref. 60.

state, through the three-body recombination process X + 4He
+ 4He → X–4He + 4He, for six different X atoms from three differ-
ent groups of the periodic table. We consider 7Li and 23Na from the
alkali group, 48Ti from the transition metals, and 75As, 31P, and 14N
from the pnictogen group. All these atoms, with the exception of Ti,
show an S electronic ground state.

Figure 3 displays the two-body potentials U(r) that have been
used in the calculations (Li–He and Na–He from Ref. 56, Ti–He
from Refs. 37 and 61, As–He, P–He, and N–He from Ref. 58, and
He–He from Ref. 60). Note that all the X–He complexes show a
single electronic state correlated with the ground electronic state of
the atom and the rare gas atom, which are described as Lennard-
Jones (LJ) potentials with the form U(r) = C12/r12 − C6/r6. How-
ever, since the electronic ground state of Ti presents an F symmetry,
Ti–He shows four different electronic states correlated with the
ground electronic state of Ti and He atoms. In this case, we have
taken the LJ potential fitted to the spherically symmetric component
of the potential given as61–63

U(r) = 1
7
[UΣ(r) + 2UΠ(r) + 2U�(r) + 2UΦ(r)] , (11)

where UΣ, UΠ, U�, and UΦ are the distinct molecular potentials
correlated with Ti–He in the ground electronic state. Note that the
corresponding well depths range from De ≈ 1.87 K = 1.30 cm−1
(for Na–He) to De ≈ 19.74 K = 13.72 cm−1 (for N–He).

In the following, we present the three-body recombination rates
calculated from the CT method and explore their dependence on
the collision energy and on the particular features of the underlying
two-body potentials.

A. Energy-dependent three-body recombination
rate for X–He–He systems

The energy-dependent three-body recombination rates, k3(Ec),
for the six considered cases are illustrated in Fig. 4. It is quite remark-
able that, despite the drastic differences in the properties of X atoms
and parameters of X–He interaction potentials, the recombination
rates are of the same order of magnitude. Moreover, it is noticed
that the energy-dependent three-body recombination rate shows the
same trend as a function of the collision energy, independent of the X
atom under consideration. In particular, we identify two power-law
behaviors (linear in the log–log scale) connected at the dissociation
energy, De, represented by the black dashed line in each of the pan-
els of Fig. 4. Indeed, De acts as the threshold energy for two distinct
regimes: the low-energy regime, where Ec < De, and the high-energy
regime, where Ec > De.

The data displayed in Fig. 4 show that even though in both
regimes, the dependence of k3 on Ec follows a power law, the energy
dependence for the high-energy domain is much steeper than that
for the low-energy one. In our view, this behavior is related to the
interplay between the role of the long-range tail of the X–He poten-
tial and its short-range region in the formation of vdWmolecules at
different energies. In other words, the formation of vdW molecules
at low energies is mainly a consequence of the X–He interaction
potential’s long-range tail, but this is not the case for high-energy
collisions.

FIG. 4. Three-body recombination rate
of formation of six different X–He vdW
molecules as a function of collision
energy Ec plotted on a log–log scale. The
color code for panels (a)–(f) is same as
that in Fig. 3 where panel (a) shows the
rate for Na + He + He and panel (f) shows
the rate related to N + He + He recombi-
nation. Each black dashed line indicates
the relevant dissociation energy De.

J. Chem. Phys. 154, 034305 (2021); doi: 10.1063/5.0039610 154, 034305-4
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FIG. 3. X–He potential curves, U(r), of six different atoms. The potentials are
obtained from parameters in Refs. 28 and 56–59 (see the text and Table I). The
black dotted curve indicates the He–He interaction based on parameters given in
Ref. 60.

state, through the three-body recombination process X + 4He
+ 4He → X–4He + 4He, for six different X atoms from three differ-
ent groups of the periodic table. We consider 7Li and 23Na from the
alkali group, 48Ti from the transition metals, and 75As, 31P, and 14N
from the pnictogen group. All these atoms, with the exception of Ti,
show an S electronic ground state.

Figure 3 displays the two-body potentials U(r) that have been
used in the calculations (Li–He and Na–He from Ref. 56, Ti–He
from Refs. 37 and 61, As–He, P–He, and N–He from Ref. 58, and
He–He from Ref. 60). Note that all the X–He complexes show a
single electronic state correlated with the ground electronic state of
the atom and the rare gas atom, which are described as Lennard-
Jones (LJ) potentials with the form U(r) = C12/r12 − C6/r6. How-
ever, since the electronic ground state of Ti presents an F symmetry,
Ti–He shows four different electronic states correlated with the
ground electronic state of Ti and He atoms. In this case, we have
taken the LJ potential fitted to the spherically symmetric component
of the potential given as61–63

U(r) = 1
7
[UΣ(r) + 2UΠ(r) + 2U�(r) + 2UΦ(r)] , (11)

where UΣ, UΠ, U�, and UΦ are the distinct molecular potentials
correlated with Ti–He in the ground electronic state. Note that the
corresponding well depths range from De ≈ 1.87 K = 1.30 cm−1
(for Na–He) to De ≈ 19.74 K = 13.72 cm−1 (for N–He).

In the following, we present the three-body recombination rates
calculated from the CT method and explore their dependence on
the collision energy and on the particular features of the underlying
two-body potentials.

A. Energy-dependent three-body recombination
rate for X–He–He systems

The energy-dependent three-body recombination rates, k3(Ec),
for the six considered cases are illustrated in Fig. 4. It is quite remark-
able that, despite the drastic differences in the properties of X atoms
and parameters of X–He interaction potentials, the recombination
rates are of the same order of magnitude. Moreover, it is noticed
that the energy-dependent three-body recombination rate shows the
same trend as a function of the collision energy, independent of the X
atom under consideration. In particular, we identify two power-law
behaviors (linear in the log–log scale) connected at the dissociation
energy, De, represented by the black dashed line in each of the pan-
els of Fig. 4. Indeed, De acts as the threshold energy for two distinct
regimes: the low-energy regime, where Ec < De, and the high-energy
regime, where Ec > De.

The data displayed in Fig. 4 show that even though in both
regimes, the dependence of k3 on Ec follows a power law, the energy
dependence for the high-energy domain is much steeper than that
for the low-energy one. In our view, this behavior is related to the
interplay between the role of the long-range tail of the X–He poten-
tial and its short-range region in the formation of vdWmolecules at
different energies. In other words, the formation of vdW molecules
at low energies is mainly a consequence of the X–He interaction
potential’s long-range tail, but this is not the case for high-energy
collisions.

FIG. 4. Three-body recombination rate
of formation of six different X–He vdW
molecules as a function of collision
energy Ec plotted on a log–log scale. The
color code for panels (a)–(f) is same as
that in Fig. 3 where panel (a) shows the
rate for Na + He + He and panel (f) shows
the rate related to N + He + He recombi-
nation. Each black dashed line indicates
the relevant dissociation energy De.
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FIG. 2. Classical trajectories of Li + He + He: (a) elastic collision, (b) recombination
event at Ec = 1 K with b = 0, and (c) recombination event at Ec = 10 K with b = 0.

coordinates, which consist of a hyperradius R and five hyperangles
αj (j = 1, 2, 3, 4, 5), where 0 ≤ α1 < 2π and 0 ≤ αj>1 ≤ π.46–52

The position and momentum vectors in the hyperspherical
coordinates can be constructed from Jacobi vectors and their con-
jugated momenta as

�ρ = ��ρ1�ρ2� (5)

and

�P = ���
� �

�12
�P1� �

�3,12
�P2
��� , (6)

respectively, where � = �m1m2m3�M is the three-body reduced
mass (for further details, see Refs. 41 and 53). Consequently, the
Hamiltonian H in these coordinates reads as

H = �P2

2� + V(�ρ) . (7)

In the 3D space, the collision cross section σ is defined as the
area drawn in a plane perpendicular to the initial momentum con-
taining the scattering center that the relative motion of the particles
(known as trajectory) should cross in order for a collision to take
place.18 This concept can be extended to a 6D space by visualiz-
ing it in a five-dimensional hyperplane (embedded in a 6D space)
instead of a plane.41,53 Using the same analogy, we can define the
impact parameter vector �b as the projection of the position vector
in a 5D hyperplane perpendicular to the initial 6D momentum vec-
tor �P0 (i.e., �b ⋅ �P0 = 0). Therefore, the cross section associated with
the three-body recombination process, after averaging over different
orientations of �P0, is obtained as follows:41

σrec(Ec) = � P(Ec,�b)b4db dΩb

= 8π2

3 �
bmax(Ec)

0
P(Ec, b)b4db , (8)

where dΩb = sin3(αb4) sin2(αb3) sin(αb2)dαb4dαb3dαb2dαb1 is the solid
angle element associated with vector �b, and we made use of the rela-
tion P0 = �2�Ec. The function P is the so-called opacity function,
i.e., the probability that a trajectory with particular initial conditions
leads to a recombination event. Note that the factor Ωb = 8π2/3
is the solid hyperangle associated with �b, and P(Ec, b) = 0 for
b > bmax. In other words, bmax represents the largest impact
parameter for which three-body recombination occurs. Finally, the
energy-dependent three-body recombination rate is obtained as

k3(Ec) =
�

2Ec
� σrec(Ec) . (9)

B. Computational details

The angular dependence of the opacity function P(�b, �P0),
which depends on both the direction and magnitude of the impact
parameter and initial momentum vectors, has been averaged out by
means of the Monte Carlo method.41,54 Without loss of generality,
we choose the z axis in 3D space to be parallel to the Jacobi momen-
tum vector �P2. The initial hyperangles determining the orientation of
vectors �P0 and �b in the 6D space are sampled randomly from proba-
bility distribution functions associated with the appropriate angular
elements in hyperspherical coordinates (see Ref. 41).

In the next step, the opacity function P(Ec, b) for a given colli-
sion energy, Ec = P2

0�(2�), and the magnitude of impact parameter,
b, are obtained by dividing the number of classical trajectories that
lead to recombination events, nr , by the total number of trajectories
simulated nt .41 Thus,

P(Ec, b) ≈ nr(Ec, b)
nt(Ec, b) ±

�
nr(Ec, b)
nt(Ec, b)

����nt(Ec, b) − nr(Ec, b)
nt(Ec, b) , (10)

where the second term in Eq. (10) is the statistical error owing the
inherent stochastic nature of the Monte Carlo technique.

To solve Hamilton’s equations, we made use of the explicit
Runge–Kutta (4,5)method, the Dormand–Prince pair.55 The accept-
able error for each time step has been determined by absolute and
relative tolerances equal to 10−15 and 10−13, respectively. The total
energy is conserved during collisions to at least four significant
digits and the magnitude of the total angular momentum vector,
J = ��ρ1 × �P1 + �ρ2 × �P2�, is conserved to at least six significant dig-
its. The initial magnitude of hyperradius, ��ρ0�, is generated randomly
from the interval [R0 − 25, R0 + 25] a0 centered around R0 = 550a0
(a0 ≈ 5.29 × 10−11 m is the Bohr radius). This value fulfills the con-
dition for three particles to be initially in an uniform rectilinear state
of motion.

III. RESULTS AND DISCUSSION
Throughout this section, we consider the formation of weakly

bound He-containing vdW molecules in their electronic ground
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X + RG + RG→ X–RG + RG. Here, RG indicates the rare gas atom
and atomXhas been chosen in a way to cover a broad range of chem-
ical characteristics, i.e., from three different groups of the periodic
table: alkali group (Li and Na), transition metals (Ti), and pnictogen
group (As, P, and N). Our approach is based on a classical trajectory
(CT) methodology in hyperspherical coordinates, which has been
already applied to the three-body recombination of helium9,41 and
to ion-neutral–neutral three-body recombination processes.12,13,42
Indeed, a direct three-body approach for the formation of vdW
molecules has never been carried out via the CT method to the best
of our knowledge. Performing these calculations, we notice a clear
distinction between the formation rates at low-energy collisions and
high-energy collisions, established by the dissociation energy of the
X–RG potential. Moreover, our results show that the three-body
recombination rate is of the same order of magnitude independent
of the X atom, and hence, most of the vdWmolecules X–RG should
be observable in buffer gas cells.

This paper is organized as follows: In Sec. II, we summarize the
main aspects of the classical trajectory method employed to study
direct three-body recombination processes. In Sec. III, we precisely
investigate the dependence of three-body recombination rates on the
collision energy and temperature, utilizing six different systems. In
Sec. IV, we discuss the applicability of the classical treatment at low
temperatures. Finally, in Sec. V, we summarize our chief results and
discuss their possible applications.

II. CLASSICAL TRAJECTORY METHOD
IN HYPERSPHERICAL COORDINATES

Consider a system of three particles with massesmi (i = 1, 2, 3)
at the respective positions �ri, interacting with each other via the
potential V(�r1,�r2,�r3). Here, we neglect the three-body term of
the potential, which is a good approximation for van der Waals
molecules and clusters,43 and hence, V can be expressed as a sum-
mation of pair-wise potentials, i.e., V(�r1,�r2,�r3) = U(r12) + U(r23)
+ U(r31), where rij = ��rj − �ri�. The dynamics of these particles is
governed by the Hamiltonian

H = �p 2
1

2m1
+
�p 2
2

2m1
+
�p 2
3

2m1
+U(r12) +U(r23) +U(r31), (1)

with �pi being the momentum vector of the ith particle.
To solve Hamilton’s equations and find classical trajectories, it

is more convenient to employ Jacobi coordinates.44,45 For a three-
body problem, Jacobi vectors are related to �ri vectors as

�ρ1 = �r2 −�r1,
�ρ2 = �r3 − m1�r1 +m2�r2

m1 +m2
,

�ρCM = m1�r1 +m2�r2 +m3�r3
M

,

(2)

where M = m1 + m2 + m3 is the total mass of the system and �ρCM
is the three-body center-of-mass vector. These vectors are illustrated
in Fig. 1.

Due to the conservation of the total linear momentum (i.e., �ρCM
is a cyclic coordinate), the degrees of freedom of the center of mass

FIG. 1. Jacobi coordinates for the three-body problem. Here, �Rcm12 is the center-
of-mass vector of the two-body system, which consists of m1 and m2.

can be neglected, and thus, the Hamiltonian (1) transforms to

H = �P2
1

2�12
+
�P2
2

2�3,12
+ V(�ρ1,�ρ2) . (3)

Here, �12 = m1m2/(m1 + m2) and �3,12 = m3(m1 + m2)/M, and�P1 and �P2 indicate the conjugated momenta of �ρ1 and �ρ2, respec-
tively. V(�ρ1,�ρ2) is the potential expressed in terms of the Jacobi
coordinates.

Noting that Hamilton’s equations of motion are invariant
under the canonical transformation (2), it is possible to predict the
evolution of the trajectories in terms of Jacobi coordinates from
Hamiltonian (3) via

d�ρi
dt
= @H
@�Pi ,

d�Pi
dt
= −@H

@�ρi (4)

and transform the solutions back to Cartesian coordinates. As
an example, Fig. 2 shows the classical trajectories calculated for
Li + He + He three-body collisions for different collision ener-
gies and the same impact parameter (b = 0). The panel (a) of this
figure shows an elastic or non-reactive trajectory in which the
three-body collision leads to three free particles flying away form
each other. On the contrary, in panels (b) and (c), the three-body
collision ends up forming a molecule that vibrates rapidly, i.e., a
three-body recombination event Li + He + He→ Li–He + He.

A. Classical three-body recombination
in hyperspherical coordinates

It is well-known that, classically, n-body collisions in a three-
dimensional (3D) space can be mapped into a problem involving
one particle with a definite momentum moving toward a scattering
center in a d-dimensional space in which d = 3n − 3 is equal to the
independent relative coordinates of the n-body system. Exploiting
this point, we define the initial conditions and impact parameter
associated with a three-body problem as single entities in a six-
dimensional (6D) space. The 6D space is described in hyperspherical
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FIG. 3. X–He potential curves, U(r), of six different atoms. The potentials are
obtained from parameters in Refs. 28 and 56–59 (see the text and Table I). The
black dotted curve indicates the He–He interaction based on parameters given in
Ref. 60.

state, through the three-body recombination process X + 4He
+ 4He → X–4He + 4He, for six different X atoms from three differ-
ent groups of the periodic table. We consider 7Li and 23Na from the
alkali group, 48Ti from the transition metals, and 75As, 31P, and 14N
from the pnictogen group. All these atoms, with the exception of Ti,
show an S electronic ground state.

Figure 3 displays the two-body potentials U(r) that have been
used in the calculations (Li–He and Na–He from Ref. 56, Ti–He
from Refs. 37 and 61, As–He, P–He, and N–He from Ref. 58, and
He–He from Ref. 60). Note that all the X–He complexes show a
single electronic state correlated with the ground electronic state of
the atom and the rare gas atom, which are described as Lennard-
Jones (LJ) potentials with the form U(r) = C12/r12 − C6/r6. How-
ever, since the electronic ground state of Ti presents an F symmetry,
Ti–He shows four different electronic states correlated with the
ground electronic state of Ti and He atoms. In this case, we have
taken the LJ potential fitted to the spherically symmetric component
of the potential given as61–63

U(r) = 1
7
[UΣ(r) + 2UΠ(r) + 2U�(r) + 2UΦ(r)] , (11)

where UΣ, UΠ, U�, and UΦ are the distinct molecular potentials
correlated with Ti–He in the ground electronic state. Note that the
corresponding well depths range from De ≈ 1.87 K = 1.30 cm−1
(for Na–He) to De ≈ 19.74 K = 13.72 cm−1 (for N–He).

In the following, we present the three-body recombination rates
calculated from the CT method and explore their dependence on
the collision energy and on the particular features of the underlying
two-body potentials.

A. Energy-dependent three-body recombination
rate for X–He–He systems

The energy-dependent three-body recombination rates, k3(Ec),
for the six considered cases are illustrated in Fig. 4. It is quite remark-
able that, despite the drastic differences in the properties of X atoms
and parameters of X–He interaction potentials, the recombination
rates are of the same order of magnitude. Moreover, it is noticed
that the energy-dependent three-body recombination rate shows the
same trend as a function of the collision energy, independent of the X
atom under consideration. In particular, we identify two power-law
behaviors (linear in the log–log scale) connected at the dissociation
energy, De, represented by the black dashed line in each of the pan-
els of Fig. 4. Indeed, De acts as the threshold energy for two distinct
regimes: the low-energy regime, where Ec < De, and the high-energy
regime, where Ec > De.

The data displayed in Fig. 4 show that even though in both
regimes, the dependence of k3 on Ec follows a power law, the energy
dependence for the high-energy domain is much steeper than that
for the low-energy one. In our view, this behavior is related to the
interplay between the role of the long-range tail of the X–He poten-
tial and its short-range region in the formation of vdWmolecules at
different energies. In other words, the formation of vdW molecules
at low energies is mainly a consequence of the X–He interaction
potential’s long-range tail, but this is not the case for high-energy
collisions.

FIG. 4. Three-body recombination rate
of formation of six different X–He vdW
molecules as a function of collision
energy Ec plotted on a log–log scale. The
color code for panels (a)–(f) is same as
that in Fig. 3 where panel (a) shows the
rate for Na + He + He and panel (f) shows
the rate related to N + He + He recombi-
nation. Each black dashed line indicates
the relevant dissociation energy De.
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FIG. 3. X–He potential curves, U(r), of six different atoms. The potentials are
obtained from parameters in Refs. 28 and 56–59 (see the text and Table I). The
black dotted curve indicates the He–He interaction based on parameters given in
Ref. 60.

state, through the three-body recombination process X + 4He
+ 4He → X–4He + 4He, for six different X atoms from three differ-
ent groups of the periodic table. We consider 7Li and 23Na from the
alkali group, 48Ti from the transition metals, and 75As, 31P, and 14N
from the pnictogen group. All these atoms, with the exception of Ti,
show an S electronic ground state.

Figure 3 displays the two-body potentials U(r) that have been
used in the calculations (Li–He and Na–He from Ref. 56, Ti–He
from Refs. 37 and 61, As–He, P–He, and N–He from Ref. 58, and
He–He from Ref. 60). Note that all the X–He complexes show a
single electronic state correlated with the ground electronic state of
the atom and the rare gas atom, which are described as Lennard-
Jones (LJ) potentials with the form U(r) = C12/r12 − C6/r6. How-
ever, since the electronic ground state of Ti presents an F symmetry,
Ti–He shows four different electronic states correlated with the
ground electronic state of Ti and He atoms. In this case, we have
taken the LJ potential fitted to the spherically symmetric component
of the potential given as61–63

U(r) = 1
7
[UΣ(r) + 2UΠ(r) + 2U�(r) + 2UΦ(r)] , (11)

where UΣ, UΠ, U�, and UΦ are the distinct molecular potentials
correlated with Ti–He in the ground electronic state. Note that the
corresponding well depths range from De ≈ 1.87 K = 1.30 cm−1
(for Na–He) to De ≈ 19.74 K = 13.72 cm−1 (for N–He).

In the following, we present the three-body recombination rates
calculated from the CT method and explore their dependence on
the collision energy and on the particular features of the underlying
two-body potentials.

A. Energy-dependent three-body recombination
rate for X–He–He systems

The energy-dependent three-body recombination rates, k3(Ec),
for the six considered cases are illustrated in Fig. 4. It is quite remark-
able that, despite the drastic differences in the properties of X atoms
and parameters of X–He interaction potentials, the recombination
rates are of the same order of magnitude. Moreover, it is noticed
that the energy-dependent three-body recombination rate shows the
same trend as a function of the collision energy, independent of the X
atom under consideration. In particular, we identify two power-law
behaviors (linear in the log–log scale) connected at the dissociation
energy, De, represented by the black dashed line in each of the pan-
els of Fig. 4. Indeed, De acts as the threshold energy for two distinct
regimes: the low-energy regime, where Ec < De, and the high-energy
regime, where Ec > De.

The data displayed in Fig. 4 show that even though in both
regimes, the dependence of k3 on Ec follows a power law, the energy
dependence for the high-energy domain is much steeper than that
for the low-energy one. In our view, this behavior is related to the
interplay between the role of the long-range tail of the X–He poten-
tial and its short-range region in the formation of vdWmolecules at
different energies. In other words, the formation of vdW molecules
at low energies is mainly a consequence of the X–He interaction
potential’s long-range tail, but this is not the case for high-energy
collisions.

FIG. 4. Three-body recombination rate
of formation of six different X–He vdW
molecules as a function of collision
energy Ec plotted on a log–log scale. The
color code for panels (a)–(f) is same as
that in Fig. 3 where panel (a) shows the
rate for Na + He + He and panel (f) shows
the rate related to N + He + He recombi-
nation. Each black dashed line indicates
the relevant dissociation energy De.
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X + RG + RG→ X–RG + RG. Here, RG indicates the rare gas atom
and atomXhas been chosen in a way to cover a broad range of chem-
ical characteristics, i.e., from three different groups of the periodic
table: alkali group (Li and Na), transition metals (Ti), and pnictogen
group (As, P, and N). Our approach is based on a classical trajectory
(CT) methodology in hyperspherical coordinates, which has been
already applied to the three-body recombination of helium9,41 and
to ion-neutral–neutral three-body recombination processes.12,13,42
Indeed, a direct three-body approach for the formation of vdW
molecules has never been carried out via the CT method to the best
of our knowledge. Performing these calculations, we notice a clear
distinction between the formation rates at low-energy collisions and
high-energy collisions, established by the dissociation energy of the
X–RG potential. Moreover, our results show that the three-body
recombination rate is of the same order of magnitude independent
of the X atom, and hence, most of the vdWmolecules X–RG should
be observable in buffer gas cells.

This paper is organized as follows: In Sec. II, we summarize the
main aspects of the classical trajectory method employed to study
direct three-body recombination processes. In Sec. III, we precisely
investigate the dependence of three-body recombination rates on the
collision energy and temperature, utilizing six different systems. In
Sec. IV, we discuss the applicability of the classical treatment at low
temperatures. Finally, in Sec. V, we summarize our chief results and
discuss their possible applications.

II. CLASSICAL TRAJECTORY METHOD
IN HYPERSPHERICAL COORDINATES

Consider a system of three particles with massesmi (i = 1, 2, 3)
at the respective positions �ri, interacting with each other via the
potential V(�r1,�r2,�r3). Here, we neglect the three-body term of
the potential, which is a good approximation for van der Waals
molecules and clusters,43 and hence, V can be expressed as a sum-
mation of pair-wise potentials, i.e., V(�r1,�r2,�r3) = U(r12) + U(r23)
+ U(r31), where rij = ��rj − �ri�. The dynamics of these particles is
governed by the Hamiltonian

H = �p 2
1

2m1
+
�p 2
2

2m1
+
�p 2
3

2m1
+U(r12) +U(r23) +U(r31), (1)

with �pi being the momentum vector of the ith particle.
To solve Hamilton’s equations and find classical trajectories, it

is more convenient to employ Jacobi coordinates.44,45 For a three-
body problem, Jacobi vectors are related to �ri vectors as

�ρ1 = �r2 −�r1,
�ρ2 = �r3 − m1�r1 +m2�r2

m1 +m2
,

�ρCM = m1�r1 +m2�r2 +m3�r3
M

,

(2)

where M = m1 + m2 + m3 is the total mass of the system and �ρCM
is the three-body center-of-mass vector. These vectors are illustrated
in Fig. 1.

Due to the conservation of the total linear momentum (i.e., �ρCM
is a cyclic coordinate), the degrees of freedom of the center of mass

FIG. 1. Jacobi coordinates for the three-body problem. Here, �Rcm12 is the center-
of-mass vector of the two-body system, which consists of m1 and m2.

can be neglected, and thus, the Hamiltonian (1) transforms to

H = �P2
1

2�12
+
�P2
2

2�3,12
+ V(�ρ1,�ρ2) . (3)

Here, �12 = m1m2/(m1 + m2) and �3,12 = m3(m1 + m2)/M, and�P1 and �P2 indicate the conjugated momenta of �ρ1 and �ρ2, respec-
tively. V(�ρ1,�ρ2) is the potential expressed in terms of the Jacobi
coordinates.

Noting that Hamilton’s equations of motion are invariant
under the canonical transformation (2), it is possible to predict the
evolution of the trajectories in terms of Jacobi coordinates from
Hamiltonian (3) via

d�ρi
dt
= @H
@�Pi ,

d�Pi
dt
= −@H

@�ρi (4)

and transform the solutions back to Cartesian coordinates. As
an example, Fig. 2 shows the classical trajectories calculated for
Li + He + He three-body collisions for different collision ener-
gies and the same impact parameter (b = 0). The panel (a) of this
figure shows an elastic or non-reactive trajectory in which the
three-body collision leads to three free particles flying away form
each other. On the contrary, in panels (b) and (c), the three-body
collision ends up forming a molecule that vibrates rapidly, i.e., a
three-body recombination event Li + He + He→ Li–He + He.

A. Classical three-body recombination
in hyperspherical coordinates

It is well-known that, classically, n-body collisions in a three-
dimensional (3D) space can be mapped into a problem involving
one particle with a definite momentum moving toward a scattering
center in a d-dimensional space in which d = 3n − 3 is equal to the
independent relative coordinates of the n-body system. Exploiting
this point, we define the initial conditions and impact parameter
associated with a three-body problem as single entities in a six-
dimensional (6D) space. The 6D space is described in hyperspherical

J. Chem. Phys. 154, 034305 (2021); doi: 10.1063/5.0039610 154, 034305-2

© Author(s) 2021

M. Mirahmadi and J. Pérez-Ríos JCP 154, 034305 (2021).



The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

FIG. 3. X–He potential curves, U(r), of six different atoms. The potentials are
obtained from parameters in Refs. 28 and 56–59 (see the text and Table I). The
black dotted curve indicates the He–He interaction based on parameters given in
Ref. 60.

state, through the three-body recombination process X + 4He
+ 4He → X–4He + 4He, for six different X atoms from three differ-
ent groups of the periodic table. We consider 7Li and 23Na from the
alkali group, 48Ti from the transition metals, and 75As, 31P, and 14N
from the pnictogen group. All these atoms, with the exception of Ti,
show an S electronic ground state.

Figure 3 displays the two-body potentials U(r) that have been
used in the calculations (Li–He and Na–He from Ref. 56, Ti–He
from Refs. 37 and 61, As–He, P–He, and N–He from Ref. 58, and
He–He from Ref. 60). Note that all the X–He complexes show a
single electronic state correlated with the ground electronic state of
the atom and the rare gas atom, which are described as Lennard-
Jones (LJ) potentials with the form U(r) = C12/r12 − C6/r6. How-
ever, since the electronic ground state of Ti presents an F symmetry,
Ti–He shows four different electronic states correlated with the
ground electronic state of Ti and He atoms. In this case, we have
taken the LJ potential fitted to the spherically symmetric component
of the potential given as61–63

U(r) = 1
7
[UΣ(r) + 2UΠ(r) + 2U�(r) + 2UΦ(r)] , (11)

where UΣ, UΠ, U�, and UΦ are the distinct molecular potentials
correlated with Ti–He in the ground electronic state. Note that the
corresponding well depths range from De ≈ 1.87 K = 1.30 cm−1
(for Na–He) to De ≈ 19.74 K = 13.72 cm−1 (for N–He).

In the following, we present the three-body recombination rates
calculated from the CT method and explore their dependence on
the collision energy and on the particular features of the underlying
two-body potentials.

A. Energy-dependent three-body recombination
rate for X–He–He systems

The energy-dependent three-body recombination rates, k3(Ec),
for the six considered cases are illustrated in Fig. 4. It is quite remark-
able that, despite the drastic differences in the properties of X atoms
and parameters of X–He interaction potentials, the recombination
rates are of the same order of magnitude. Moreover, it is noticed
that the energy-dependent three-body recombination rate shows the
same trend as a function of the collision energy, independent of the X
atom under consideration. In particular, we identify two power-law
behaviors (linear in the log–log scale) connected at the dissociation
energy, De, represented by the black dashed line in each of the pan-
els of Fig. 4. Indeed, De acts as the threshold energy for two distinct
regimes: the low-energy regime, where Ec < De, and the high-energy
regime, where Ec > De.

The data displayed in Fig. 4 show that even though in both
regimes, the dependence of k3 on Ec follows a power law, the energy
dependence for the high-energy domain is much steeper than that
for the low-energy one. In our view, this behavior is related to the
interplay between the role of the long-range tail of the X–He poten-
tial and its short-range region in the formation of vdWmolecules at
different energies. In other words, the formation of vdW molecules
at low energies is mainly a consequence of the X–He interaction
potential’s long-range tail, but this is not the case for high-energy
collisions.

FIG. 4. Three-body recombination rate
of formation of six different X–He vdW
molecules as a function of collision
energy Ec plotted on a log–log scale. The
color code for panels (a)–(f) is same as
that in Fig. 3 where panel (a) shows the
rate for Na + He + He and panel (f) shows
the rate related to N + He + He recombi-
nation. Each black dashed line indicates
the relevant dissociation energy De.
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obtained from parameters in Refs. 28 and 56–59 (see the text and Table I). The
black dotted curve indicates the He–He interaction based on parameters given in
Ref. 60.
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alkali group, 48Ti from the transition metals, and 75As, 31P, and 14N
from the pnictogen group. All these atoms, with the exception of Ti,
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used in the calculations (Li–He and Na–He from Ref. 56, Ti–He
from Refs. 37 and 61, As–He, P–He, and N–He from Ref. 58, and
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Jones (LJ) potentials with the form U(r) = C12/r12 − C6/r6. How-
ever, since the electronic ground state of Ti presents an F symmetry,
Ti–He shows four different electronic states correlated with the
ground electronic state of Ti and He atoms. In this case, we have
taken the LJ potential fitted to the spherically symmetric component
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correlated with Ti–He in the ground electronic state. Note that the
corresponding well depths range from De ≈ 1.87 K = 1.30 cm−1
(for Na–He) to De ≈ 19.74 K = 13.72 cm−1 (for N–He).

In the following, we present the three-body recombination rates
calculated from the CT method and explore their dependence on
the collision energy and on the particular features of the underlying
two-body potentials.

A. Energy-dependent three-body recombination
rate for X–He–He systems

The energy-dependent three-body recombination rates, k3(Ec),
for the six considered cases are illustrated in Fig. 4. It is quite remark-
able that, despite the drastic differences in the properties of X atoms
and parameters of X–He interaction potentials, the recombination
rates are of the same order of magnitude. Moreover, it is noticed
that the energy-dependent three-body recombination rate shows the
same trend as a function of the collision energy, independent of the X
atom under consideration. In particular, we identify two power-law
behaviors (linear in the log–log scale) connected at the dissociation
energy, De, represented by the black dashed line in each of the pan-
els of Fig. 4. Indeed, De acts as the threshold energy for two distinct
regimes: the low-energy regime, where Ec < De, and the high-energy
regime, where Ec > De.

The data displayed in Fig. 4 show that even though in both
regimes, the dependence of k3 on Ec follows a power law, the energy
dependence for the high-energy domain is much steeper than that
for the low-energy one. In our view, this behavior is related to the
interplay between the role of the long-range tail of the X–He poten-
tial and its short-range region in the formation of vdWmolecules at
different energies. In other words, the formation of vdW molecules
at low energies is mainly a consequence of the X–He interaction
potential’s long-range tail, but this is not the case for high-energy
collisions.

FIG. 4. Three-body recombination rate
of formation of six different X–He vdW
molecules as a function of collision
energy Ec plotted on a log–log scale. The
color code for panels (a)–(f) is same as
that in Fig. 3 where panel (a) shows the
rate for Na + He + He and panel (f) shows
the rate related to N + He + He recombi-
nation. Each black dashed line indicates
the relevant dissociation energy De.
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FIG. 8. Three-body recombination rate of formation of six different X–He vdW
molecules as a function of temperatures T ∈ {4, 8, 12, 16, 20} K (semi-log plots).
The color code for panels (a)–(f) is same as that in Fig. 3 where panel (a) shows
the rate for Na + He + He and panel (f) shows the rate related to N + He + He
recombination.

and the magnitude of the three-body recombination rate is very sim-
ilar for all three considered pnictogens, As, P, and N. Similarly, the
temperature-dependent three-body recombination rate displays the
same tendency for alkali metals Li and Na [panels (a) and (b)].

Finally, we notice that the three-body recombination rate k3(T)
for all the X atoms considered shows nearly the same order of mag-
nitude, except for Na. This is due to the rapid decrease in the Na–He
recombination rate k3(Ec) at relatively low collision energies in com-
parison to the rest of X–He complexes [compare panel (a) with other
panels of Fig. 4]. However, it is still fascinating that vdW molecules
containing X atoms from totally different groups of periodic table
show a similar three-body recombination rate within the range of
typical temperatures in buffer gas cells. Indeed, in virtue of the obser-
vation of Li–He,35 Ag–He,33 and Ti–He,37 it should be possible to
observe any X–He molecule in a buffer gas cell under the proper
conditions.

IV. RELIABILITY OF CLASSICAL TRAJECTORY
CALCULATIONS AT LOW TEMPERATURES

The reliability of classical trajectory calculations for scattering
observables depends on the collision energy at which the system
is studied. In particular, the lower the collision energies, the more
the quantum mechanical effects become prominent. In general, the
importance of quantum mechanical effects on a system is related to
the number of partial waves contributing to the scattering observ-
ables. Classically, the largest number of the allowed partial wave is
calculated by setting the centrifugal barrier equal to the collision
energy Ec.53 For the systems under consideration in this work, the
two-body X–RG long-range interaction (i.e., −C6�r6X-RG) dominates
the potential interaction. Thus, we have

`max =�6�0C
1
6
6 �Ec2 �

1
3
, (19)

with �0 being the two-body reduced mass.
As an example, `max values for the X–He pairs are listed in

Table I. Note that in the case of three-body collisions, the total

TABLE I. The largest classically allowed partial wave `max [see Eq. (19)] contributing
to the scattering observables for collision energy Ec .

Ec (K)

X–RG 100 10 1

Li–Hea 15 7 3
–Neb 24 11 5
–Arc 32 15 7
–Krc 36 16 7
–Xec 39 18 8
Na–Hea 17 8 3
–Neb 35 16 7
–Arc 51 24 11
–Krc 61 28 13
–Xec 68 31 14
N–Hed 13 6 2
–Are 33 15 7
–Kre 39 18 8
P–Hed 16 7 3
As–Hed 17 8 3
Ti–Hef 18 8 4

avdW coefficient C6 is taken from Ref. 56.
bvdW coefficient C6 is taken from Ref. 57.
cvdW coefficient C6 is taken from Ref. 28.
dvdW coefficient C6 is taken from Ref. 58.
evdW coefficient C6 is taken from Ref. 59.
fvdW coefficient C6 is taken from Refs. 37 and 61.

angular momentum will be affected by the He–He interaction, and
the expected number of partial waves may increase compared with
the one obtained from the X–RG long-range interaction potential.
Moreover, based on Eq. (19), at a given collision energy, heavier RG
atoms show larger `max. This can be understood, considering that
the heavier the system is, the closer to the classical realm it is. In this
case, it is also related to the fact that heavier RG atoms show a larger
static polarizability and hence a larger C6 (in general).

Therefore, due to the relatively large number of partial waves,
we believe that the CT calculation presented in Sec. II is a reasonable
approach to study the formation of vdW molecules even at energies
near 4 K. For a more detailed comparison between the quantum and
classical results obtained by the hyperspherical CT method in three-
body collisions, see Ref. 41.

V. CONCLUSIONS AND PROSPECTS
In summary, we have shown, via a classical trajectory method

introduced in Ref. 41, that van der Waals molecules can be formed
through direct three-body recombination. In particular, we have
investigated the energy dependence and temperature dependence
of the three-body recombination rates for six vdW complexes con-
taining atoms with totally different chemical properties. As a result,
we found that the X–RG molecule’s dissociation energy is the deter-
minant parameter to differentiate between the low and high-energy
regimes. At low energies, the formation rate of vdW molecules is
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FIG. 6. Opacity function P(Ec, b) of the formation of As–He vdW molecules in As
+ He + He collisions projected onto the Ec − b plane with the semi-logarithmic
scale. The white curve shows b∝ E−1�6c , and the white dashed line indicates De.

deviates from the initial relation given by Eq. (17) and is closer to
k3(Ec)∝ E−1�2c .

In addition, it is worth mentioning that including the three-
body interaction term of the X–He–He potential energy surface will
lead to a deviation from the derived power-law behavior for bmax and
k3(Ec).

2. High-energy regime
To explore the effect of short-range details of potential on the

formation of vdW molecules at higher collision energies, without
loss of generality, we focus on the energy-dependent three-body
recombination rate for Ti + He + He. The CT calculations are per-
formed by means of three different potentials for the Ti–He interac-
tion, namely, ab initio potential from Refs. 37, 61, and 62, Bucking-
ham potential27 with the form U(r) = C1 exp(−C2r) − C6/r6, and the
LJ potential used in previous calculations. The results are displayed
in Fig. 7. The C6 dispersion coefficient in the LJ and Buckingham
potentials is derived from ab initio calculations.37,61

As expected from our previous discussion, despite the non-
negligible differences in the shape of the short-range interaction
potential [compare red (LJ), blue (ab initio), and green (Bucking-
ham) curves in the inset of Fig. 7], the three-body recombina-
tion rates k3(Ec) at collision energies below the dissociation energy
(Ec < De) are the same, which confirms our observation that low-
energy collisions are dominated by the long-range tail of the X–He
potential.

In contrast, proceeding to the high-energy regime, we spot two
distinct behaviors. First, the three-body recombination rate related
to the shallower X–RG potential (smallerDe) shows a slightly steeper
energy dependence, and accordingly, the power law is different [see
panel (a) in Fig. 7]. Second, the energy dependence of the three-body
recombination rate does not depend on the equilibrium distance of
the X–Hemolecule as long as the dissociation energy is the same [see
panel (b) in Fig. 7]. In other words, the dissociation energy seems to

FIG. 7. Comparison of the three-body recombination rate leading to the formation
of Ti–He vdW molecules as a function of collision energy Ec (log–log plot) between
ab initio potential and (a) LJ and (b) Buckingham (Buck.) potentials shown in the
inset. The blue, red, and green dashed lines indicate dissociation energies related
to ab initio, LJ, and Buckingham potentials, respectively.

be the most relevant short-range parameter of the two-body poten-
tial affecting the recombination rate. Therefore, the inclusion of
non-additive interactions on the X–RG–RG potential energy surface
may lead to a slightly different trend.

It is important to note that the long-range tail of the ab initio
potential contains higher order terms proportional to 1/r8, 1/r10,
. . . coming from the spherical multipole moment expansion of the
involved electronic clouds. However, the three-body recombination
rates obtained for both LJ and ab initio potentials are identical in
the whole energy regime as well as for Buckingham and ab initio
potentials in the low-energy regime. Therefore, our results strongly
suggest that the effect of long-range interaction on the formation of
vdW complexes is mainly through the 1/r6 term of the dispersion
potential.

B. Temperature-dependent three-body
recombination rate for X–He–He systems

In the final part of our discussion, we focus on the produc-
tion of vdW molecules in buffer gas cells. In particular, we inves-
tigate the thermal averaged three-body recombination rate as a
mechanism for the formation of X–He vdW molecules at temper-
atures 4 K ≤ T ≤ 20 K. The thermal average of the three-body
recombination rate is obtained via integrating the energy-dependent
three-body recombination rate Eq. (9) over the appropriate
three-body Maxwell–Boltzmann distribution of collision energies,
yielding

k3(T) = 1
2(kBT)3 �

∞
0

k3(Ec)E2
c e
−Ec�(kBT)dEc , (18)

where kB is the Boltzmann constant. The results obtained by per-
forming the thermal average (18) for six different X + He + He
reactive collisions for 4 K ≤ T ≤ 20 K are shown in Fig. 8. Com-
paring the data in panels (d)–(f) of Fig. 8, it is noticed that the trend
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Few-body processes (cold chemistry) play a 
relevant role on impurity physics

A single ion evolves into a molecular ion in an 
atomic or molecular gas

Van der Waals molecules emerge as a 
consequence of three-body recombination

Any atom in a buffer gas source may form a van 
der Waals molecule
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