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Emissions

@y = (X[, X5, .0y Xy)
Measurement record

What can we learn about a quantum system by
looking at the measurement record?

And, how to understand and exploit the power
of temporal correlations in the measurement
record?
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Learning from emissions in time
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Measurement record (W) = {(kl, Tl), (kz, TQ), cees (kNa TN)}

How precisely can we estimate a parameter encoded in the dynamics by
starting from the measurement record?
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Classical estimation theory
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Parameter-dependent
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Classical estimation theory
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Cramér-Rao bound

N2 1
E, (9 _ 9) >
1:N FIN(Q)

Fisher information for the set of random variables X, ..., Xy
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Classical estimation theory
The Fisher information is defined as:

0 2
F,.(0) = Z pe(xl...xN)<%log pe(xl...xN)>

X).. Xy
02
= — Z DPo(Xy.. .xN)ﬁ log py(x;...xy)
Xp. .- Xy
[EX How strongly does p
1:N

depend on 6?
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Classical estimation theory

l.i.d. random variables
pX;.. Xy) =pX) - ... - pXy)

¥

F.(0) = NF,(0)

Cramér-Rao bound gives linear scaling of the precision

Ey [(@ o)

1 1
> =
- Fin0)  NF(0)
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Extension to multiple parameters

Fisher information matrix

[Fin()]; = D, pew) ilogp(W) ilogp(w)
I:N i,] ~ 0 90. 0 00. 0

l J

Covariance matrix

02l = 3 po) (600 — ) (900 - 6))

1
CR bound: ¢*>

> o2 — F~1(0): positive semidefinite
@ 7 )
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What about correlations?

Define conditional Fisher information

0 0
[FX2|X1(8)]U = Z Po(X1, X5) 50 log py(x, [ X)) 0. log py(x, | x;)

i
X15X7 J

Chain rule: y |
Fy,1x,(0) = Fy, x,(0) = Fx,(0) n X, X X, X, X X
k‘ o) — [ ]
N A
Fi.n(0) = Fi(0) + Z Fk|1;k_1(9) 2
k=2 o— [ 1 1

For 1:N: §)—
estimation atrue

Zegers, Entropy 17, 4918 (2015)
Micadei et al., New J. Phys. 17, 023057 (2015)
Radaelli, Landi, Modi, Binder, New J. Phys. 25 053037 (2023)
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Memory and Markov order

Stationary process

p(Xor=w)=p(Xgxs=w) VKeZLeNwed" (Noexplicittime dependence)

Markov order

M = min {R st.p (X1 X o) =P (X1 X)) } (Truncate conditionals at -M)

E.g. Markov chain /4 = 1, i.i.d. variables 4 = 0.
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Memory and the Markov order

Finite Markov order ./ + stationary process

CR bound:
. [ (é ~ 9>2] . _ 1 N 1
X1y T FiN©O)  FigO0)+ (N —=AOF yi11:000)  NF 44101:.0(6)

Still linear, but with a different slope.
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Memory and the Markov order
CR bound:

5 1
o>
Fi.n(0)

Finite Markov order /. :
o 1 1
Fin@)  Fi40)+ N — AOF yir1.4(0)  NF g41)1:.4(0)

Cf. i.i.d. variables:

1
Fi.n@)  NF(0)

=> Still linear, but with a different slope.
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Thermometry on Ising spin chains

Consider a thermal state (kg = 1):
p(Xl . .XN) o le_H(XIXN)/T
V4

General connection between thermal state Fisher information for 7 and
the heat capacity:

F(T) = £ C = _G(H) c = —C(N)
T2 oT N

. C
;\I;I_TOE =f=Fu111.4(T)
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Thermometry on Ising spin chains

Ising Hamiltonian:
e <l __ < =l
H=-8Y 0 -13 0,
J J

Thermal states of Ising chain Hamiltonian have Markov order ./Z = 1.

_ F1:2(T)
2F|(T)
=> & > 1:super-additive, £ < 1: sub-additive.
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Thermometry on Ising spin chains

1 . F1:2(T)
- 2F(T)

10!

1073

10~2
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Take-home message #1
e |.i.d. hypothesis often does not hold.

e Finite Markov order . -> linear precision, different slope.

e Correlations can be helpful or detrimental for estimation.
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Learning from emissions in time
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Measurement record Wy = {(kl, Tl), (kz, Tz), cous (kNa TN)}

How precisely can we estimate a parameter encoded in the
dynamics by starting from the measurement record?
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Quantum Jump Unraveling (QJU)

=Zp=—ilH,p]+ 2 VD [Lk] p
k=1

QZ[L]-:L-LT—%{LTL,.}
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Quantum Jump Unraveling (QJU)

Ik, Jks Jks
Jump super-operator No-jump super-operator No-jump evolution
— — — 2T
S =nbpli Lo=L-3 5 V@=e
keM

dp = dtZLp + Z (de(t) — dfTr[ f kp]) < Al — p)
k
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Probability of a measurement sequence

Measurement record a)lzN = {(kl, Tl), (kz, Tz), cees (k . TN)}

Pr(w,.) = Tr :jk

Lot Lot
eTON L I e Py

Tl 4

What is the Fisher information contained in the measurement record?
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N and tfensembles

N-ensemble a)liN = {(kla Tl)a (k29 TZ)a RE (kNa TN)} N — o0

PO
Jk‘1 Jk’2 Jk3
Tt
00000 . . .0k0... ... 0ka0. .. ... 0ks0. ..
t-ensemble @, = {xO, X1s «ves Xt} dt = 0
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(Multi-channel) renewal processes

=> jump fully determines the next state jkp = Tr [jkp] Oy,

A simple example:

Single qubit, two jump operators

1)

L_=/y(+ 1o_

L, =\/ﬁ0+
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Renewal processes Prion | wl

M = 1 process!

Pr(a)lzN) — W(TN, kNl kn—1)° .o W(Tl, kl | ko)

Wk, t|q) =Tr [jkeffof(;q] =Tr
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Renewal processes
W(z, k|q) =
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Renewal processes

ot = o Iﬂm[ gl lﬁm[ m Iﬁ

1 1
B NFI:N(Q) - NF2|1(9)

\4

62
dtW(z, k| q)(ﬁ In W(z, k| Q)>




FI for channels and times

' )
Fi.n0) = FfR,(H) + FE;U]eS|Ch(9) Lk, %) ... Qmﬂm\

FERO =N 3 pklap, (9)Inpklg)° %—M\
k,qgeM P(wn)
! ®  [0W(z|k, @)
Fimesichigy =N 3" piklg) J de 12
1:N k’qZEMp( lq Py . T Wk
W(z|k,q) = Wiz.kl9) pklg) = J Wit k|g) = —Tr [fkffaldq]
pk|g) 0
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FI for channels and times

Information in the jump times vs information in the jump channels.

(4,
;g‘J) WN
(4, ) )
_ rch times|ch
Fi(0) = Fh(0) + Fiimes|chg,
- ko N
A(:]V)\
3 1)
| [
L8 . i
|§ T_ ~ — All ) "
F\ I an e 2; ~ Channels i
= |0> %.76“615‘“116‘ 15 20 25 310 0'%:0 05 10 15 20 25 37-0

n n
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Take-home message #2

e Renewal processes — reset memory after jump.
e M =1
e Analytical Fl rate

e Partial monitoring / imperfect detection: renewal property gets lost
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Non-renewal processes

Pr(wy.y) o< Tr | ro

Ik Jks Jks

How to do metrology on this measurement record? Two issues:

[ How to compute the How to actually perform the
Fisher information? estimation?
o : R "
400 f =
ol
E:200-

ot arXiv: 2402.06556
L J
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Non-renewal: the monitoring operator

r . — 1T - . 1
Unnormalised conditional state Probability of a trajectory
oo BV | | erfonl =[]

L d L —J
r 1

. Qﬁa)l N
56')1:N -
Tr [pwlzN]

Monitoring operator

S. Gammelmark et al., PRA 87.3 032115 (2013)
F. Albarelli et al., Quantum 2 110 (2018) 31
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Non-renewal: the monitoring operator

[ —
2
Fl N(e) = _a)I:N Tr éa)lzN
L |
5 _ a‘gﬁwlw
Tr lpwl;N_ =p(a)1:N) glzN = Tl’[p~ ]
) N
Tr liww_ . <aep(w1:N)2 = (pInplay)’ = E [Tr l‘fww] 2] = F,.y(0)
) (p(a)lzN))

Numerical computation of the Fisher information in the
measurement record

S. Gammelmark et al., PRA 87.3 032115 (2013)
F. Albarelli et al., Quantum 2 110 (2018)
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Maximum Likelihood Estimation

B MLE simulation @ MLE simulation
el — CR bound —CR bound
g
% 1070751
&
=gt =
o) wn
2 =
Té 9l ey
@)
Z.
O | I I | I (6]
1oL L0 108 1L
Yest tf
Evolve &, along a trajectory, as if @ = 0. MLE: maximise the probability

Probability of that trajectory:

2
; — )= argmary ) = argmin (1[5,
4 (9) =p [a)l:N|9] — Tr [’52’1;1\/] argmax;£'(6) argm|n9< r lg 1:N]

L 1L J
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Non-renewal: Gillespie-Fisher algorithm

— Ll

06 — Ll

04l — ] L,

— L,

02

Generate WTD for all
jumps at current state

—

—

e

O
T

Sample from jumps
distribution and evolve

L pand &

=0

Sample from WTD
and evolve p until
jump

]
Generate jumps
distribution
— J

The numerically heaviest
guantities can be
precomputed

v

Significant advantage when
computing many trajectories
for relatively small systems

M. Radaelli, G.T. Landi, F.C. Binder, Phys. Rev. A 110, 062212 (‘24); M. Radaelli, J.A. Smiga, G.T. Landi, F.C. Binder, arXiv 2402.06556 (‘24)
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Non-renewal: Gillespie-Fisher algorithm

W(z|pi_) =Tr [j e gofpj—ll
with: 7 = ) 7,

keM

Generate WTD for all
jumps at current state

— 3

M. Radaelli, G.T. Landi, F.C. Binder, Phys. Rev. A 110, 062212 (‘24); M. Radaelli, J.A. Smiga, G.T. Landi, F.C. Binder, arXiv 2402.06556 (‘24) 35
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Non-renewal: Gillespie-Fisher algorithm

—

— Ll

Generate WTD for all
jumps at current state

—

-

"
"
4
t

—

Sample from WTD
and evolve p until
jump

-

Pi—1 = P; = egOTij—l/Tr[ o]

M. Radaelli, G.T. Landi, F.C. Binder, Phys. Rev. A 110, 062212 (‘24); M. Radaelli, J.A. Smiga, G.T. Landi, F.C. Binder, arXiv 2402.06556 (‘24)
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Non-renewal: Gillespie-Fisher algorithm

—

— Ll

Generate WTD for all
jumps at current state

—

e

"
"
4
t

Sample from WTD
and evolve p until
jump

—

Generate jumps
distribution

=0

p(k]| py) = Tr(J kP! Tr(F py)

M. Radaelli, G.T. Landi, F.C. Binder, Phys. Rev. A 110, 062212 (‘24); M. Radaelli, J.A. Smiga, G.T. Landi, F.C. Binder, arXiv 2402.06556 (‘24)
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Non-renewal: Gillespie-Fisher algorithm

Generate WTD for all
jumps at current state

—

[ 17

—

>

O
T

Sample from jumps
distribution and evolve

L pand &

Sample from WTD
and evolve p until
jump

=0

]
Generate jumps
distribution
— J
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5= 0= Fi i/ Trl e
M J jkje‘gOTf
pj= M p;,/Trl ]

B a9</%xj),0j—1 + MG

5.
/ Tr(%xjpj—l)
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Non-renewal: Gillespie-Fisher algorithm

— Ll
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Sample from jumps
distribution and evolve

L pand &

=0

Sample from WTD
and evolve p until
jump

]
Generate jumps
distribution
— J

The numerically heaviest
guantities can be
precomputed

v

Significant advantage when
computing many trajectories
for relatively small systems

M. Radaelli, G.T. Landi, F.C. Binder, Phys. Rev. A 110, 062212 (‘24); M. Radaelli, J.A. Smiga, G.T. Landi, F.C. Binder, arXiv 2402.06556 (‘24)
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Non-renewal: Gillespie-Fisher algorithm
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M. Radaelli, J.A. Smiga, G.T. Landi, F.C. Binder, arXiv 2402.06556 (‘24) 40
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Fisher information rate

t-ensemble -> discretise time: x{.; = X;X,... X7

FX.ry) = FX|.p) + F(Xpyq | X 1) (chain rule for the FI)
| o !

In the limit dt — O:

where 15 = Tr [L,ijpt(c)] is the stochastic current.

Radaelli, Landi, Modi, Binder, New J. Phys. 25 053037 (2023)
M. Radaelli, J.A. Smiga, G.T. Landi, F.C. Binder, arXiv 2402.06556 (2024) 41
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Take-home message #3

e Non-renewal — 4 = oo

e But: numerically tractable (-> monitoring operator)

e Fl asymptotically linear with time
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