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lecture, we will see its application in proving the Mordell-Weil
Theorem.
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Theorem. It also leads to the notion of regulator (‘volume’)
associated with the Mordell-Weil group of an elliptic curve.
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rational number = = ™* in its lowest form, we can define its height as
H(z) =max{| m |, [n [}.

For example, H(1) = 1, and H(35) = 1000.
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m The notion of height is very useful in theory of elliptic curves. In this
lecture, we will see its application in proving the Mordell-Weil
Theorem. It also leads to the notion of regulator (‘volume’)
associated with the Mordell-Weil group of an elliptic curve.

m Roughly speaking, ‘the height of a rational point measures how
complicated the point is from the viewpoint of number theory'. For a
rational number = = ™* in its lowest form, we can define its height as

H(z) = max{| m |, [n [}.
For example, H(1) = 1, and H(35) = 1000.
m For any given number B, the set {z € Q | H(z) < B} is finite.
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m The notion of height is very useful in theory of elliptic curves. In this
The Notion of lecture, we will see its application in proving the Mordell-Weil
e Theorem. It also leads to the notion of regulator (‘volume’)
associated with the Mordell-Weil group of an elliptic curve.

Sketch of the

m Roughly speaking, ‘the height of a rational point measures how
complicated the point is from the viewpoint of number theory'. For a
rational number = = ™* in its lowest form, we can define its height as

H(z) = max{| m |, [n [}.
For example, H(1) = 1, and H(35) = 1000.

m For any given number B, the set {z € Q | H(z) < B} is finite.

m Forapoint P = (z,y) € E(Q) on an elliptic curve E/Q, we define
H(P)=H(x)for P # 0, H(0)=1.



Height of a Point

m The notion of height is very useful in theory of elliptic curves. In this
The Notion of lecture, we will see its application in proving the Mordell-Weil
e Theorem. It also leads to the notion of regulator (‘volume’)
associated with the Mordell-Weil group of an elliptic curve.

m Roughly speaking, ‘the height of a rational point measures how
complicated the point is from the viewpoint of number theory'. For a
rational number = = ™* in its lowest form, we can define its height as

H(z) = max{| m |, [n [}.
For example, H(1) = 1, and H(35) = 1000.

m For any given number B, the set {z € Q | H(z) < B} is finite.

m For apoint P = (z,y) € E(Q) on an elliptic curve E/Q, we define
H(P)=H(x)for P #0, H(O) =1.

m The notion of height can be extended to points defined over any
algebraic extension K of Q (see AEC, Ch VIII).
~ AnupamSaka  UTGuwahai  August2,2020 3/27
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is finite.



The Notion of
Height

Sketch of the
Proof of
Mordell-Weil
Theorem

Elliptic Curves
over Complex

Numbers

Logarithmic Height

m [t is more convenient to use logarithmic height ~(P) so that
h(P + @) can be compared nicely with 2(P) and h(Q). The
(absolute) logarithmic height is defined as

h(P):=log H(P) VP € EQ).

m Lemma 1: Let E be an elliptic curve over a number filed K. For any
real number B, the set

{P € E(K) | M(P) < B}
is finite.

m Lemma 2: Let P, be a fixed point on E(K). Then there exists a
constant ¢y depending on E and P, such that

WP+ P) <2h(P)+¢ VP € EB(K).



The Canonical Height

m Lemma 3: There is a constant ¢ depending on E such that

The Notion of

BT h(2P) > 4h(P) —c VP € E(K).
Sketch of the

Proof of

Mordell-Weil

Theorem

Elliptic Curves
over Complex
Numbers



The Notion of
Height

Sketch of the
Proof of
Mordell-Weil
Theorem

Elliptic Curves
over Complex
Numbers

The Canonical Height

m Lemma 3: There is a constant ¢ depending on E such that

h(2P) > 4h(P) —c VP € B(K).

m It is not difficult to show by induction that the logarithmic height
function behaves almost likes a quadratic function, i.e,

h([n]P) = n*h(P) + O(1).
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m Lemma 3: There is a constant ¢ depending on E such that

h(2P) > 4h(P) —c VP € B(K).

m It is not difficult to show by induction that the logarithmic height
function behaves almost likes a quadratic function, i.e,

h([n]P) = n*h(P) + O(1).

m A natural question arises whether one can find an actual quadratic
form that differs from h by a bounded amount, and an affirmative
answer is the notion of canonical height provided by work of Neron
and Tate.



The Canonical Height

m Lemma 3: There is a constant ¢ depending on E such that
Th_e Notion of
BT h(2P) > 4h(P) —c¢ VP € E(K).
Sketch of the
m It is not difficult to show by induction that the logarithmic height
function behaves almost likes a quadratic function, i.e,

Numbers

h([n]P) = n*h(P) + O(1).

m A natural question arises whether one can find an actual quadratic
form that differs from h by a bounded amount, and an affirmative
answer is the notion of canonical height provided by work of Neron
and Tate.

m The canonical height i(P) is defined as the function

h:EEK)—R, hP):= lim 47"A([2"]P).
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The canonical height h of Neron and Tate on E satisfies the following
properties:
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Let E be an elliptic curve over a number field K with algebraic closure K.
The canonical height h of Neron and Tate on E satisfies the following
properties:

(@) h(P+ Q)+ h(P—Q) =2h(P)+2h(Q) VP,Q € E(K).
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Let E be an elliptic curve over a number field K with algebraic closure K.
The canonical height i of Neron and Tate on E satisfies the following
properties:

(@) h(P+ Q)+ h(P—Q) =2h(P)+2h(Q) VP,Q € E(K).

(b) h([n]P)=n’h(P) VPe E(K), VnedL.

(c) h gives rise to the Neron-Tate height pairing

(,): B(K)x E(K) — R,  (P,Q)=h(P+Q)—h(P)-h(Q).
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Let E be an elliptic curve over a number field K with algebraic closure K.
The canonical height i of Neron and Tate on E satisfies the following
properties:

(@) h(P+ Q)+ h(P—Q) =2h(P)+2h(Q) VP,Q € E(K).

(b) h([n]P)=n’h(P) VPe E(K), VnedL.

(c) h gives rise to the Neron-Tate height pairing

(,): B(K)x E(K) — R,  (P,Q)=h(P+Q)—h(P)-h(Q).

(d) h(P) >o0forall P € E(K),and h(P) = 0 if and only if P is a torsion
point.
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Properties of the Canonical Height

Let E be an elliptic curve over a number field K with algebraic closure K.
The canonical height i of Neron and Tate on E satisfies the following
properties:

(@) h(P+ Q)+ h(P—Q) =2h(P)+2h(Q) VP,Q € E(K).

(b) h([n]P)=n’h(P) VPe E(K), VnedL.

(c) h gives rise to the Neron-Tate height pairing

(,): B(K)x E(K) — R,  (P,Q)=h(P+Q)—h(P)-h(Q).

(d) h(P) >o0forall P € E(K),and h(P) = 0 if and only if P is a torsion
point.

(e) h=h+0(1).
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Properties of the Canonical Height

Let E be an elliptic curve over a number field K with algebraic closure K.
The canonical height h of Neron and Tate on E satisfies the following
properties:

(@) h(P+ Q)+ h(P—Q) =2h(P)+2h(Q) VP,Q € E(K).

(b) h([n]P)=n’h(P) VPe E(K), VnedL.

(c) h gives rise to the Neron-Tate height pairing

(,): B(K)x E(K) — R,  (P,Q)=h(P+Q)—h(P)-h(Q).

(d) h(P) >o0forall P € E(K),and h(P) = 0 if and only if P is a torsion
point.
(e) h=h+0(1).

(f) Any function satisfying the properties above is unique.
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The Weak Mordell-Weil Theorem

m The Weak Mordell-Weil Theorem: Let E be an elliptic curve over a
number field K. Then the quotient group E(K)/2E(K) is finite.
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m The Weak Mordell-Weil Theorem: Let E be an elliptic curve over a
number field K. Then the quotient group E(K)/2E(K) is finite.
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m We sketch the proof of Mordell-Weil Theorem using the weak
version and the canonical height function h.
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The Weak Mordell-Weil Theorem

m The Weak Mordell-Weil Theorem: Let E be an elliptic curve over a
number field K. Then the quotient group E(K)/2E(K) is finite.

This theorem can be proved by embedding E(K)/2E(K) in a
subgroup of the Galois cohomology group H' (Gal(K/K), E[2]),
consisting of classes that satisfy certain local conditions. The
subgroup is called the 2-Selmer groups, which turns out to be finite.

m We sketch the proof of Mordell-Weil Theorem using the weak
version and the canonical height function /. Observe that
h(P) = lim 4 "h([2"]P) = h([2]P) = 4h(P).
n—oo

For any given real number B, the set
{P e E(K) | h(P) < B}

is finite, which clearly follows from the finiteness of such set
with respect to the height 1(P) = log ( | H(P) | ) and the fact
that | h(P) — h(P) | is bounded for all P € E(K).
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m Let Sy = {Q1,Q2,...

modulo 2E(K).

,Qr } be afinite set of representatives of E(K)
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m Let So = {Q1,Q2,...,Qx} be afinite set of representatives of F(K)

modulo 2E(K). Let B = max; h(Q;).
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Proof of the Mordell-Weil Theorem

m Let So = {Q1,Q2,...,Qx} be afinite set of representatives of F(K)

modulo 2E(K). Let B = max; h(Q;).

m Consider the finite set S = {P € E(K) | h(P) < B}. We claim that
E(K) is generated as an abelian group by the elements of the finite
set S, i.e., E(K) = (S).
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A E(K) is generated as an abelian group by the elements of the finite
set S, i.e., E(K) = (S).
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m If possible, let U = E(K) \ (S) be a non-empty set.
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Proof of the Mordell-Weil Theorem

m Let So = {Q1,Q2,...,Qx} be afinite set of representatives of F(K)

modulo 2E(K). Let B = max; h(Q;).

m Consider the finite set S = {P € E(K) | h(P) < B}. We claim that
E(K) is generated as an abelian group by the elements of the finite
set S, i.e., E(K) = (S).

m If possible, let U = E(K) \ (S) be a non-empty set. Then there
exists a point R € U such that A(R) = min{h(T) | T € U}.
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Proof of the Mordell-Weil Theorem

m Let So = {Q1,Q2,...,Qx} be afinite set of representatives of F(K)

modulo 2E(K). Let B = max; h(Q;).

m Consider the finite set S = {P € E(K) | h(P) < B}. We claim that
E(K) is generated as an abelian group by the elements of the finite
set S, i.e., E(K) = (S).

m If possible, let U = E(K) \ (S) be a non-empty set. Then there
exists a point R € U such that A(R) = min{h(T) | T € U}.
Existence of such a point R in a non-empty subset U of E(K)
follows from the finiteness of points of bounded height in E(K).
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Proof of the Mordell-Weil Theorem

m We have R = Q; + 2P for some Q); in the set Sy of representatives
of E(K)/2E(K) and P € E(K).
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Proof of the Mordell-Weil Theorem

m We have R = Q; + 2P for some Q); in the set Sy of representatives
of E(K)/2E(K) and P € E(K).

m Since Q; € (S)yand R ¢ (S),so P ¢ (S).
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Proof of the Mordell-Weil Theorem

m We have R = Q; + 2P for some Q); in the set Sy of representatives
of E(K)/2E(K) and P € E(K).

m Since Q; € (S) and R & (S), so P & (S). Therefore, h(P) > h(R).
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Proof of the Mordell-Weil Theorem

m We have R = Q; + 2P for some Q); in the set Sy of representatives
of E(K)/2E(K) and P € E(K).

m Since Q; € (S) and R & (S), so P & (S). Therefore, h(P) > h(R).

m By properties of the canonical height,

2h(R) 4 20(Qi) = h(R+ Qi) + h(R — Q)
— 2h(Q;) = h(R+ Qi) + h(2P) — 2h(R)
— 2h(Q;) > 0+ 4h(P) — 2h(R)

— 2h(Q;) > 4h(R) — 2h(R) > 2h(R),
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Proof of the Mordell-Weil Theorem

m We have R = Q; + 2P for some Q); in the set Sy of representatives
of E(K)/2E(K) and P € E(K).

m Since Q; € (S) and R & (S), so P & (S). Therefore, h(P) > h(R).

m By properties of the canonical height,

21(R) + 21(Qs) = h(R+ Qi) + h(R — Q)
— 20(Q:) = (R + Qi) + h(2P) — 2h(R)
— 2h(Q;) > 0+ 4h(P) — 2h(R)
— 2h(Q;) > 4h(R) — 2h(R) > 2h(R),

i.e., h(R) < h(Q;) < Band R € S C (S), a contradiction.
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m We have R = Q; + 2P for some Q); in the set Sy of representatives

B of E(K)/2E(K) and P € E(K).

Sketch of the ~ ~
;r;ctzdfeﬁwte” m Since Q; € (S) and R ¢ (S), so P ¢ (S). Therefore, h(P) > h(R).
Theorem

2 i m By properties of the canonical height,
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2h(R) + 2h(Q:) = h(R + Qi) + h(R — Q;)
— 20(Q:) = (R + Qi) + h(2P) — 2h(R)
— 2h(Q;) > 0+ 4h(P) — 2h(R)
— 2h(Q;) > 4h(R) — 2h(R) > 2h(R),

i.e., h(R) < h(Q;) < Band R € S C (S), a contradiction.

m Therefore, U = E(K) \ (S) must be empty, and E(K) is generated
as an abelian group by the finite set S.
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The Regulator of an Elliptic Curve

m The regulator of an elliptic curve E/K is an important arithmetic
invariant, which can be compared to the regulator of a number field.
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The Regulator of an Elliptic Curve

m The regulator of an elliptic curve E/K is an important arithmetic
invariant, which can be compared to the regulator of a number field.

m By Mordell-Weil Theorem, E(K) ® R is a finite dimensional vector
space.
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The Regulator of an Elliptic Curve

m The regulator of an elliptic curve E/K is an important arithmetic
invariant, which can be compared to the regulator of a number field.

Prootar m By Mordell-Weil Theorem, E(K) ® R is a finite dimensional vector

Mordell-Weil

Theorem space. We can consider the F(K)/E(K):rs as a complete lattice
in E(K) ® R. The regulator of E/K is the volume of a fundamental
domain of E(K)/E(K)..rs With respect to the positive definite

quadratic form defined by Neron-Tate height pairing.
m Let P, P>, ..., P € E(K) be a set of generators for
E(K)/E(K)ors. The regulator of of E/K is defined as

RE/K = det ((PZ,P]>) 1<i<r?

1<j<r

where (P, Q) = h(P + Q) — h(P) — h(Q) is the Neron-Tate height
pairing.
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invariant, which can be compared to the regulator of a number field.

Prootar m By Mordell-Weil Theorem, E(K) ® R is a finite dimensional vector

Mordell-Weil

Theorem space. We can consider the E(K)/E(K):rs as a complete lattice
in E(K) ® R. The regulator of E/K is the volume of a fundamental
domain of E(K)/E(K)..rs With respect to the positive definite

quadratic form defined by Neron-Tate height pairing.
m Let P, P>, ..., P € E(K) be a set of generators for
E(K)/E(K)ors. The regulator of of E/K is defined as

RE/K = det ((PZ,P]>) 1<i<r?

1<j<r

where (P, Q) = h(P + Q) — h(P) — h(Q) is the Neron-Tate height
pairing. If » = 0, then we set R, = 1 by convention.
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Importance of the Regulator

m The Analytic Class Number Formula of Dirichlet gives the residue of
the Dedekind zeta function (x (s) of K at the pole s = 1 in terms of
Sketch of the certain arithmetic invariants associated with the number field,
E"EE%E;WQ' namely, the number wx of roots of unity in K, the class number
number hx, the discriminant dx, and the regulator Reg,. of the

number field K:

. 2" . (2m)" - hi - Regy

Y Pa A

m Analogously, the second part of the BSD Conjecture expresses the
first non-vanishing coefficient in the Taylor series expansion of the
‘Hasse-Weil L-function’ of an elliptic curve E/K in terms of
arithmetic invariants associated with the elliptic curve such as the
order of E(K)+ors, the ‘local Tamagawa numbers', the order of the
‘Shafarevich-Tate group’ and the regulator of E/K.
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m A lattice A in C is a group consisting of elements which are integral
linear combination of two fixed non-zero complex numbers wi, wa,
where w; is not a real multiple of ws.
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m A lattice A in C is a group consisting of elements which are integral
linear combination of two fixed non-zero complex numbers wi, wa,
where w; is not a real multiple of w-. l.e.,

A= {mwi + nws | m, n € Z}, w1 € Rws.
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Lattices in C

m A lattice Ain C is a group consisting of elements which are integral
linear combination of two fixed non-zero complex numbers wi, wa,
where w; is not a real multiple of w-. l.e.,

A= {mwi + nws | m, n € Z}, w1 & Ruws.

m Note also that C/A is topologically a torus (a parallelogram with
opposite sides identified, or a dough-nut), and complex analytically
a Riemann surface (an object with nice analytic structure) of genus
1 (‘one hole’).



Elliptic Functions

m An elliptic function relative to a lattice A is a meromorphic function
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Elliptic Functions
m An elliptic function relative to a lattice A is a meromorphic function
on C that satisfies
flz+w) = f(2) VzeC, YweA

The set of all such functions is denoted by C(A), which is clearly a
field.
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Elliptic Functions
m An elliptic function relative to a lattice A is a meromorphic function
on C that satisfies
flz+w) = f(2) VzeC, YweA

The set of all such functions is denoted by C(A), which is clearly a
field. We can think of f as a function of the quotient group C/A.
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m It follows easily from Liouville’s theorem that an elliptic function with
no poles (or with no zeroes) must be constant.
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m An elliptic function relative to a lattice A is a meromorphic function
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flz+w) = f(2) VzeC, YweA

it Curves The set of all such functions is denoted by C(A), which is clearly a
over Complex field. We can think of f as a function of the quotient group C/A.
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m It follows easily from Liouville’s theorem that an elliptic function with
no poles (or with no zeroes) must be constant.

m The Weierstrass p-function associated with a given lattice A is given
by
1 1 1
o) =o=)=5+ 3 [o=om

weA, w#0 (Z o w)z w? .



Elliptic Functions

m An elliptic function relative to a lattice A is a meromorphic function
on C that satisfies

flz+w) = f(2) VzeC, YweA

it Curves The set of all such functions is denoted by C(A), which is clearly a
over Complex field. We can think of f as a function of the quotient group C/A.

Numbers

m It follows easily from Liouville’s theorem that an elliptic function with
no poles (or with no zeroes) must be constant.

m The Weierstrass g-function associated with a given lattice A is given
by
1 1 1
p(z) = p(z,4) = =t Z [m - ﬁ}
weA, w#0
The series above converges absolutely and uniformly on every
compact subset of C \ A.



Elliptic Functions

m An elliptic function relative to a lattice A is a meromorphic function
on C that satisfies

flz+w) = f(2) VzeC, YweA

it Curves The set of all such functions is denoted by C(A), which is clearly a
over Complex field. We can think of f as a function of the quotient group C/A.

Numbers

m It follows easily from Liouville’s theorem that an elliptic function with
no poles (or with no zeroes) must be constant.

m The Weierstrass p-function associated with a given lattice A is given
by
1 1 1
PR == A= 5+ D, [(sz)z - )
weA, w#0
The series above converges absolutely and uniformly on every
compact subset of C \ A. It defines an even, meromorphic function
on C having a double pole with residue 0 at each lattice point and no
other poles.
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m We can compute the derivative of p(z) by term-by-term
differentiation and obtain
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The Weierstrass g-function

m We can compute the derivative of p(z) by term-by-term
differentiation and obtain

de==2 Y oo

z
weA, wH#0

m Clearly, ¢’ is an elliptic function, i.e., p'(z + w) = @' (2) for all w € A.
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The Weierstrass g-function

m We can compute the derivative of p(z) by term-by-term
differentiation and obtain

1

U

o (z)=-2 —.

= 2

m Clearly, ¢’ is an elliptic function, i.e., p'(z + w) = @' (2) for all w € A.

m Integrating with respect z, we obtain p(z + w) = p(z) + ¢(w), where
¢(w) € Cis independent of z.
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The Weierstrass g-function

m We can compute the derivative of p(z) by term-by-term
differentiation and obtain

de==2 Y oo

z
weA, wH#0

m Clearly, ¢’ is an elliptic function, i.e., p'(z + w) = @' (2) for all w € A.

m Integrating with respect z, we obtain p(z + w) = p(z) + ¢(w), where
c(w) € Cis independent of z. Putting z = —% and noting that o(z)
is an even function, we find that c(w) = 0, i.e., p(z) is an elliptic
function.
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The Weierstrass g-function

m We can compute the derivative of p(z) by term-by-term
differentiation and obtain

do=-2 ¥ —o

z
weA, wH#0

m Clearly, ¢’ is an elliptic function, i.e., p'(z + w) = @' (2) for all w € A.

m Integrating with respect z, we obtain p(z + w) = p(z) + ¢(w), where
c(w) € Cis independent of z. Putting z = —% and noting that o(z)
is an even function, we find that c(w) = 0, i.e., p(z) is an elliptic
function.

m One can show that every elliptic function is a rational combination of
pand ¢, i.e.,
C(A) = C(p, ©).
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Algebraic Relation between p and ¢’

m [t can be shown that the Laurent series for p(z) around z = 0 is
given by

1 o0
== Z (2k + 1)Gap2(A)z Qk,

k=
where G2, (A) is the Eisenstein series of weight 2k defined as

Gal)= 3

reA—{0}
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Algebraic Relation between p and ¢’

m [t can be shown that the Laurent series for p(z) around z = 0 is
given by

1 o0
== Z (2k + 1)Gap2(A)z Qk,

k=
where G2, (A) is the Eisenstein series of weight 2k defined as

1
Gar(A) = > —
xeA—{0}

m As any holomorphic elliptic function is constant, it follows that

©'(2)° = 4p(2)* — g2p(2) — g3, g2 = 60G4(A), gs = 140G (A).
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Algebraic Relation between p and ¢’

m [t can be shown that the Laurent series for p(z) around z = 0 is
given by

1 G k
:;+Z2k+1G2k+2( )22,
k=1

where G (A) is the Eisenstein series of weight 2k defined as

1
Gar(A) = > —
xeA—{0}

m As any holomorphic elliptic function is constant, it follows that

©'(2)° = 4p(2)* — g2p(2) — g3, g2 = 60G4(A), gs = 140G (A).

m It can be shown that the polynomial 42 — g22 — g3 has distinct roots,
i.e., its discriminant g5 — 2743 is non-zero.
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Algebraic Relation between g and ¢’

m [t can be shown that the Laurent series for p(z) around z = 0 is
given by

1 [e @)
= ; + Z Qk +1 G2k+2(/1)22k,
k=1

where G (A) is the Eisenstein series of weight 2k defined as
1
Gar(A) = > —
reA—{o0}

m As any holomorphic elliptic function is constant, it follows that
©'(2)" =4p(2)° = g20(2) — g3, g2 = 60Ga(A), gs = 140Gs(A).
m It can be shown that the polynomial 42 — g22 — g3 has distinct roots,

i.e., its discriminant g5 — 2743 is non-zero. Thus, (p(z), ©'(2)) gives
a point on the elliptic curve E, : y? = 42® — gox — g3 defined over C.
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The map C/A — E(C),

is a group isomorphism,

/

z (mod A) — [p(z) : @' (2) :

1
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Isomorphism between C/A and E,(C)

The map C/A — E(C), z (mod A) — [p(2) : '(2) : 1]
is a group isomorphism, i.e.,

[p(21+22) o' (z1+22) s 1] = [p(21) : 9 (21) : 1B [p(22) = 9 (22) = 1].
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Isomorphism between C/A and E,(C)

The map C/A — E(C), z (mod A) — [p(2) : '(2) : 1]
is a group isomorphism, i.e.,

[p(21+22) o' (z1+22) s 1] = [p(21) : 9 (21) : 1B [p(22) = 9 (22) = 1].
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The homomorhism can be shown by constructing a suitable function
on C/A with (z1 + z2) — (21) — (22) + (0) as divisors by using
‘Weierstrass o -function'’.
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Isomorphism between C/A and E,(C)

The map C/A — E(C), z (mod A) — [p(2) : '(2) : 1]
is a group isomorphism, i.e.,
[p(z1+22) : 9 (z1+22) : 1] = [p(21) : 9/ (1) : Ub[p(22) : 9 (22) : 1].

The homomorhism can be shown by constructing a suitable function
on C/A with (z1 + z2) — (21) — (22) + (0) as divisors by using
‘Weierstrass o -function'’.

m The surjectivity is shown by using the fact the non-constant elliptic
function (z) — = must have a zero.



Isomorphism between C/A and E,(C)

The map C/A — E(C), z (mod A) — [p(2) : '(2) : 1]

is a group isomorphism, i.e.,

Elliptic Curves
over Complex

Numbers [p(z1422) : ' (214+22) : 1] = [p(21) : 9 (21) : U@ [p(22) : 9 (22) : 1].
The homomorhism can be shown by constructing a suitable function
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‘Weierstrass o -function'’.

m The surjectivity is shown by using the fact the non-constant elliptic
function (z) — = must have a zero.

m The inverse map is obtained by integrating the invariant holomorphic
differential form ‘2% from a given point O to an arbitrary point P on
E(C). The values of the integral modulo A is path-independent.
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The homomorhism can be shown by constructing a suitable function
on C/A with (z1 + z2) — (21) — (22) + (0) as divisors by using
‘Weierstrass o -function'’.

m The surjectivity is shown by using the fact the non-constant elliptic
function (z) — = must have a zero.

m The inverse map is obtained by integrating the invariant holomorphic
differential form ‘2% from a given point O to an arbitrary point P on
E(C). The values of the integral modulo A is path-independent.
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associate an elliptic curve E,/C.
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Associating Elliptic Curves over C with Lattices

m We just saw that starting with a lattice A in C, we can we can
associate an elliptic curve E,/C.

m The converse is also true. The equation for an elliptic curve E/C
can be written as y? = 42® — ax — b for some a, b € C such that
a® —27b% £ 0.
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Associating Elliptic Curves over C with Lattices

m We just saw that starting with a lattice A in C, we can we can
associate an elliptic curve E,/C.

m The converse is also true. The equation for an elliptic curve E/C
can be written as y* = 42® — axz — b for some «a, b € C such that
a® — 27b% # 0. Given such a and b, one case show that

3 lattice A such that go = 60G4(A) = a, g3 = 140Gs(A) = b.
The proof uses the surjectivity of the modular function

(92(1))°

j C, j(17) = 1728 5 5
s eI (92(7))" — 27(9a(r)
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Associating Elliptic Curves over C with Lattices

m We just saw that starting with a lattice A in C, we can we can
associate an elliptic curve E,/C.

m The converse is also true. The equation for an elliptic curve E/C
can be written as y* = 42® — axz — b for some «a, b € C such that
a® — 27b% # 0. Given such a and b, one case show that

3 lattice A such that go = 60G4(A) = a, g3 = 140Gs(A) = b.

The proof uses the surjectivity of the modular function
(92(7))°
(92(7))* = 27(gs(r))’

m Thus, the set of lattices in C and the set of elliptic curves defined
over C have a one-to-one correspondence.

Jj:h—C, j(r) = 1728




Associating Elliptic Curves over C with Lattices

m We just saw that starting with a lattice A in C, we can we can
O associate an elliptic curve E,/C.

Height

m The converse is also true. The equation for an elliptic curve E/C
can be written as y* = 42® — axz — b for some «a, b € C such that
a® — 27b% # 0. Given such a and b, one case show that

Elliptic Curves
over Complex

Numoers J lattice A such that go = 60G4(A) = a, g3 = 140Gs(A) = b.

The proof uses the surjectivity of the modular function
(92(7))°
(92(7))* = 27(gs(r))’

m Thus, the set of lattices in C and the set of elliptic curves defined
over C have a one-to-one correspondence.

Jj:h—C, j(r) = 1728

m As a consequence, the subgroup of n-torsion points in E(C) is
E(©)[n] ~ (C/A)n]| ~Z/n® Z/n.
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m Two lattice A; and As in C are called homothetic if there exists
a € C* such that ad; = As.
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Homothety and Isomorphism

m Two lattice A; and As in C are called homothetic if there exists
a € C* such that ad; = As.

m Multiplication by « induces a holomorphic isomomorphism

(Z)a : (C//h — C/AQ, (;Sa(z) = Qz mod A2.
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Homothety and Isomorphism

m Two lattice A; and As in C are called homothetic if there exists
a € C* such that aA; = As.
m Multiplication by « induces a holomorphic isomomorphism

(Z)a : (C//h — C/AQ, ()23,1(2) = Qz mod A2.

m The induced map on the corresponding elliptic curves
Bay — Eay, [p(z, A1) 1 9/ (2, A1) : 1] = [p(az, A2) = o' (a2, A2) : 1]

is an isomorphism of elliptic curves over C.
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Homothety and Isomorphism
m Two lattice A, and As in C are called homothetic if there exists
a € C* such that aA; = As.
m Multiplication by « induces a holomorphic isomomorphism

(Z)a : (C//h — C/AQ, ¢a(z) = Qz mod A2.

m The induced map on the corresponding elliptic curves
EAl — EA27 [p(Z7A1) : BO/(Z7A1) : 1] = [p(aZ7A2) : pl(aszQ) : 1}

is an isomorphism of elliptic curves over C. The essential step is to
realize that p(az, A2) € C(A1) = C((p(z, A1), 9’ (2, A1)).



Homothety and Isomorphism

m Two lattice A; and A; in C are called homothetic if there exists
o € C* such that aA; = As,.
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Theorem
(Z)a I(C//h —)C/AQ, ¢a(z) = oz mod Az.
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m The induced map on the corresponding elliptic curves
EAl — EA27 [p(Z7A1) : BO/(Z7A1) : 1] = [p(aZ7A2) : pl(aszQ) : 1}

is an isomorphism of elliptic curves over C. The essential step is to
realize that p(az, A2) € C(A1) = C((p(z, A1), 9’ (2, A1)).

m Therefore, we have a one-to-one correspondence between

{Lattice in C/Homothety} « {Elliptic Curves over C/Isomorphim}.
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Homothetic Lattices and the Upper Half Plane

m Leth = {7 € C| Im(7) > 0} be the complex upper half plane.
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m Leth = {7 € C| Im(7) > 0} be the complex upper half plane. Each
T € b gives a corresponding lattice A, = Z1 + Z.
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Homothetic Lattices and the Upper Half Plane

m Leth = {7 € C| Im(7) > 0} be the complex upper half plane. Each
T € b gives a corresponding lattice A, = Z1 + Z.

m Given any lattice A = Zw: + Zw2, either Im(w2/w1) > 0 or
Im(wi/wz) > 0.
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Homothetic Lattices and the Upper Half Plane

m Leth = {7 € C| Im(7) > 0} be the complex upper half plane. Each
T € b gives a corresponding lattice A, = Z1 + Z.

m Given any lattice A = Zw: + Zw2, either Im(w2/w1) > 0 or
Im(w1/w2) > 0. Assuming the latter and letting 7 = w1 /w2, we find
that A = wa(Z71 + Z) = w2 A-.
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A, forsome 7 € h.
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m Leth = {7 € C| Im(7) > 0} be the complex upper half plane. Each
T € b gives a corresponding lattice A, = Z1 + Z.

m Given any lattice A = Zw, + Zws, either Im(wz/w1) > 0 or
Im(w1/w2) > 0. Assuming the latter and letting 7 = w1 /w2, we find
Elliptic Curves that A = wq(Z7 + Z) = w2 A-. Thus any lattice in C is homothetic to

over Complex

Numbers A'r for some 7 € h

m For 7, 7/ € b, the lattice A is homothetic to A,/ if and only if

+0b b
L2(Z):
cr+d d>€S2()

!
T =T =

a
for some v = (
C

/ b ;
Clearly, 7 = 272 implies

(et +d)A;r = Z(aT +b) + Z(eT + d) = A-.
Conversely, aA, = A, implies that a7’ = a7 + b and a = cr + d for
some integers a, b, ¢, d such that ad — bec = £1.

Thus, 7' = 222, and ad — be = 1 since I'm(r'), Im(r) > 0.
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m Anisomorphism class (E, C) of an elliptic curve E with a cyclic
subgroup C of order of order N is represented by a point
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m We just saw that the set of homothetic classes of lattices is

b

represented by the quotient ST2(0)

m It follows that each isomorphism class of elliptic curves over C is
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m Anisomorphism class (E, C) of an elliptic curve E with a cyclic
subgroup C of order of order N is represented by a point

(A (G + A7)} in =0

=: Yo (), where IH(NV) is a subgroup of

b
SL2(Z) consisting of matrices (a d) such that ¢ = 0 (mod N).
C

m Compactifying Y5(IV), one obtains Xo(N) := w The
0

compact Riemann surface X, (V) is a curve defined by polynomials
with rational coefficients.



An Application

m Anisomorphism class (E, P) of an elliptic curve E with a specified

The Notion of point P of order of order IV is represented by a point [A-, + + A.] in
Height h
etch of the =: Y1 (N 5
o noy W)
Mordell-Weil
Theorem

Elliptic Curves
over Complex
Numbers



An Application

m Anisomorphism class (E, P) of an elliptic curve E with a specified

The Notion of point P of order of order IV is represented by a point [A-, + + A.] in
Height
Sketch of the b =:Y1(N), where I'1 (N) is a subgroup of SL2(Z) consisting
Proof of Fl (N)
Treorem a b

- of matrices such that c =0 (mod N),a =d =1 (mod N).
c d

Numbers



An Application

m Anisomorphism class (E, P) of an elliptic curve E with a specified

The Notion of point P of order of order IV is represented by a point [A-, + + A.] in
Height
Sketch of the b =:Y1(N), where I'1 (N) is a subgroup of SL2(Z) consisting
Proof of Fl (N)
Treorem a b
- of matrices such that c =0 (mod N), a =d =1 (mod N).
c d
Numbers

m For example, by compactifying Y1(11) one obtains
Xi1(11) := M whose defining equation turns out to be
I (N)

y2+y:m3—m.



An Application

m Anisomorphism class (E, P) of an elliptic curve E with a specified

The Notion of point P of order of order IV is represented by a point [A-, + + A.] in

Height

Sketch of the b =:Y1(N), where I'1 (N) is a subgroup of SL2(Z) consisting
Er Fl (N)

Mordell-Weil
Theorem

Elliptic Curves
over Complex
Numbers

. b
of matrices <a d> such that c =0 (mod N),a =d =1 (mod N).
C

m For example, by compactifying Y1(11) one obtains

Xi1(11) := % whose defining equation turns out to be

y2+y:m3—az.

One can further check that X (11)(Q) has only five points,



The Notion of
Height

Theorem

Elliptic Curves
over Complex
Numbers

An Application

m Anisomorphism class (E, P) of an elliptic curve E with a specified

point P of order of order IV is represented by a point [A-, + + A.] in
% =:Y1(N), where I'i (N) is a subgroup of SL(Z) consisting
1

. b
of matrices <a d> such that c =0 (mod N),a =d =1 (mod N).
C

m For example, by compactifying Y1(11) one obtains

Xi1(11) := % whose defining equation turns out to be

y2+y:m3—az.

One can further check that X (11)(Q) has only five points, all of
which are ‘cusps’, i.,e., these points do not belong to Y1 (11)(Q).



An Application

m Anisomorphism class (E, P) of an elliptic curve E with a specified

point P of order of order IV is represented by a point [A-, + + A.] in
% =:Y1(N), where I'i (N) is a subgroup of SL(Z) consisting
1

. b
- of matrices | ¢ such that c =0 (mod N),a =d =1 (mod N).
¢ d
Numbers

m For example, by compactifying Y1(11) one obtains

Xi1(11) := % whose defining equation turns out to be

y2+y:m3—x.

One can further check that X (11)(Q) has only five points, all of
which are ‘cusps’, i.,e., these points do not belong to Y1 (11)(Q).
One can then conclude that there is no elliptic curve defined over Q
with a point of order 11.
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Additional References

m A First Course in Modular Forms, F. Diamond and J. Shurman,
Springer 2005.

®m The Modular Curves X,(11) and X1(11), Tom Weston.
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