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Some Mathematical aspects of 
Navier-Stokes equations
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Millenium Problem:
Well posedness of the Cauchy problem for finite energy solutions: 
existence, uniqness, regularity

! 0, . = !&

2D: yes (Ladyzhenskaya, 1958)
3D:  existence of global weak solutions. (Leray, 1934) but 
uniqness and regularity=open for 

! ' ()(0;T;(*(ℝ -)) with   /) +
-
* > 1 (Serrin’s criterium)

Interesting questions: If there is a blow-up solution, what is its shape?
Is there loss of unicity after blow-up?



Symmetries
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Are they self-similar solutions? (cf Leray)



Some Mathematical aspects of 
Navier-Stokes equations

!"($) =
' ($
$

! ), $ =
1
2-)

.
$
2-)

Self-similar
Solutions

Forward self-similar if / > 1

Backward  self-similar if / < 1

No non-zero BSS solution       (Tsai, 1998)

Existence of FSS solution for !" ∈ 45 ℝ7 ∖ 0 (Jia&Sverak, 2013)

Non-uniqness of FSS solution for !" ∈ 45 ℝ7 ∖ 0 (Guillod &Sverak, 2017)

>>>>>>   Generalized Backward self-similar if / < 1
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(Guillod & Wittwer, 2015)



Some Mathematical aspects of 
Navier-Stokes equations

Conjecture (Guillod-Sverak, 2018)
Existence of generalized backward self-similar blow-up followed by loss of unicity

Proved for Complex Ginzburg-Landau system (3D)

!"# − % Δ# + # # ( = νΔ#

Same energy conservation as NS
Same scale invariance as NS
Invariance under U(1) instead of SO(3)

Can we guide the intuition of mathematicians by suitable in silico or in fluido experiments
to find the releveant shape of U?
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Exploring issues in NS:
Numerics vs experiments
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Numerics Experiments

Equation is exact
All variables available
Easy to vary nu and u0
Periodic BC easy

Non periodic BC hard
Discretization of equations
Limitation in number of grid points
- No limit l small
- Limit t small hard
Lack of statistics

Limit l small and t small are automatic
Huge statistics easy
Easy to implement almost any BC

Periodic 3D BC impossible 
Difficulty of measurements
Resolution (time and scale) issue
More challenging to vary nu and u0
Issue with compressibility if blow-up



The von Karman flow



Numerical simulation of von Karman flow:
SFEMaNS

Spectra/Finite Elements for Maxwell and Navier-Stokes

Cylindrical geometry
Radial and vertical: Finite elements
Azimuthal Spectral: (Fourier)  
Penalty method for moving boundaries (impellers)

DNS and LES using entropy viscosity (Guermond et al, 2011)



SetUp Fluid P(bars) T(K) Re (!/#)
SHREK Helium 1.1 2.62 or 2 108 or ∞
SHREK Nitrogen 1.1 284 105

VKS Sodium 410 107

VKE
VKE

Water
Glycerol

1.8
1.8

300
300

105

102

Changing viscosity in the lab



Eulerian velocity measurement

ANR EXPLOIT: T. Chabo, A. Cheminet,C. Cuvier,  F. Daviaud, P. Debue, B. Dubrulle, J-M. Foucault, D. Geneste, J-P. Laval, Y. Ostovan, V. Padilla, V. Valori, C. 
Wiertel

Measuring velocities in the lab



Numerics vs lab: mean velocity at Re=103

Lab

DNS

Cappanera et al, Computers&Fluids, 2020



Numerics vs lab: velocity profiles at Re=103

Azimuthal velocity profile Radial velocity profile

At z=+- 0.4 and 0
Cappanera et al, Computers&Fluids, 2020



Numerics vs lab: instantaneous velocity at Re=105

Lab

LES

Cappanera et al, Computers&Fluids, 2020



Numerics vs lab: energy dissipation
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Cappanera et al, Computers&Fluids, 2020



Numerics vs lab: energy dissipation
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Numerics vs lab: non-uniqueness
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Multiple solutions: non-uniqueness!!!!



Non-uniqueness: phase transition, stochastic
attractor at large scales
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Thalabard et al, NJP (2015)

Saint-Michel et al, NJP (2014)

Faranda et al, PRL (2017)

Statistical theory à la Miller-Robert-Sommeria (inviscid)

Stochastic attractor



Numerics vs lab: blow-up?
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LECTURES ON THE ONSAGER CONJECTURE

ROMAN SHVYDKOY
Department of Mathematics, Stat. and Comp. Sci., M/C 249,

University of Illinois, Chicago, IL 60607, USA

(Communicated by [the associate editor name])

ABSTRACT. These lectures give an account of recent results pertaining to the celebrated
Onsager conjecture. The conjecture states that the minimal space regularity needed for a
weak solution of the Euler equation to conserve energy is 1/3. Our presentation is based
on the Littlewood-Paley method. We start with quasi-local estimates on the energy flux,
introduce Onsager criticality, find a positive solution to the conjecture in Besov spaces of
smoothness 1/3. We illuminate important connections with the scaling laws of turbulence.
Results for dyadic models and a complete resolution of the Onsager conjecture for those
is discussed, as well as recent attempts to construct dissipative solutions for the actual
equation.

The article is based on a series of four lectures given at the 11th school “Mathematical
Theory in Fluid Mechanics” in Kácov, Czech Republic, May 2009.

”...in three dimensions a mechanism for
complete dissipation of all kinetic
energy, even without the aid of
viscosity, is available.”

L. Onsager, 1949

1. Lecture 1: motivation, Onsager criticality.

1.1. Onsager’s original conjecture. The motion of an ideal homogeneous (with constant
density 1) incompressible fluid is described by the system of Euler equations given by

∂u

∂t
+ (u ·∇)u = −∇p, (1)

∇ · u = 0, (2)
where u is a divergence-free velocity field, and p is the internal pressure. We assume that
the fluid domain Ω here is either periodic or the entire space. It is an easy consequence of
the antisymmetry of the nonlinear term in (1) and the incompressibility of the fluid that the
law of energy conservation holds for smooth solutions:

∫

Ω
|u(t)|2dx =

∫

Ω
|u0|2dx, for all t ≥ 0. (3)

2000 Mathematics Subject Classification. Primary: 76F02, 76B03; Secondary: 42B37.
Key words and phrases. Euler equation, Navier-Stokes equation, weak solutions, turbulence, Onsager conjec-

ture, Besov spaces, dyadic models.
The author is grateful to the Department of Mathematical Analysis, Faculty of Mathematics and Physics,

Charles University, and Jindřich Nečas Center for Mathematical Modeling for warm hospitality during the prepa-
ration of these notes. The research is partially supported by the NSF grant DMS - 0907812.

1

If  h ≤ 1/3 à Dissipation through irregularities (singularities)

` ⇡ 0In the limit of

Without viscosity !

If  h > 1/3 à Euler equation conserves energy,
Dissipation in Navier-Stokes by viscosity.

(Eyink 1994, Constantin et al, 1994)�u(`) ⇠ `h

D u( ) x[ ]∝ limℓ→0 ℓ3h−1

Duchon&Robert. Nonlinearity  (2000),
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Inertial dissipation:

Local energy balance for weak solutions

Regular Test function of width ℓ
(

"u=u(x+r)-u(x) Velocity increment
(Isett, 2018)

See Eyink&Sreenivasan (2006)
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Inertial dissipation:

Local energy balance vs regularity

Scalar regularity indicator !ℓ#
Corresponds to local energy transfer
+= towards small scale
-= towards large scale

B. Dubrulle, JFM perspectives, 2019
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Duchon&Robert. Nonlinearity  (2000),

D(u) = lim
`!0

1

4

Z

r`
d3r r�`(r) · �ur|�ur|2

Inertial dissipation= singularity/large gradient  detector!
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Without Viscosity With Viscosity

Velocity increment!u=u(x+r)-u(x)

∂tu+u∂xu =ν ∂xxu
Develops shocks=singularity in the inviscid limit

Dubrulle 2019 JFM Perspectives

Local energy balance vs regularity
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Finding the irregularities in von Karman 3D flow
Experiments

Estimation of dissipation and circulation production rates. With our velocity fields, we can

compute the velocity increments �u(r) = u(x2D + r2D)� u(x2D), From this, we define two scale

dependent scalar functions: the local energy dissipation rate D`(u) 15:

D`(u) =
1

4

Z
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d3r (rG`)(r) · �u(r) |�u(r)|2, (4)

where V is a full disk, and the local rate of velocity circulation decay16:
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C being any contour advected by the fluid and G is a spherically symmetric function of r

given by:

G`(r) =
1

N
exp(�1/(1� (r/2`)2)), (7)

where N is a normalization constant such that
R
d3rG`(r) = 1.

In addition, we may also compute the local rate of viscous dissipation at the resolution scale,

given by:

D⌫
�x(u) = ⌫SijSij, (8)
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Supplementary figure 5: Maps of the instantaneous dimensionless coarse-grained inertial energy

dissipation D`(u) as a function of scale ` for a flow at Re ⇡ 3 ⇥ 105. a) Maps of D`(u) at three

different scales. b) Maps of D`(u) at different scales, along a line going through a peak in inertial

dissipation. The colors code D`(u). The scale is expressed in units of the grid step: 0.25 mm.

this computation, we have used a spherically symmetric function of x given by:

G`(r) =
1

N
exp(�1/(1� (r/(2`)2)), (1)

where N is a normalization constant such that
R

d
3
rG`(r) = 1. According to 1, the results should

not depend on the choice of this function, in the limit ` ! 0.

To estimate the scaling range of the extreme event, we have performed the computation of

D`(u) at different resolutions, using different averaging windows to reconstruct the velocity flow

from the same image. An example is provided in Fig. 6. One sees that, as the resolution is

increased, the region of elevated D`(u) becomes sharper and sharper, but globally remains at the

same location (emphasized by the white dot). On the other hand, the plot of D`(u) at this location

7

We observe the same 
Kind of structure than in 
Burgers.
We can map areas with
Strong local transferts at the 
Kolmogorov scale!
We can study these events!

Saw  et al. (2016), Nature-Comm. 7

Low DR Tracks regions with h>1/3
High DR: Tracks regions with h<1/3

�u(`) ⇠ `h

D u( ) x[ ]∝ limℓ→0 ℓ3h−1

- Kuzzay D. et al. (2017), Nonlinearity.



Finding the irregularities in von Karman 3D flow
DNS
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Faller  et al. (2020), JFM (2021)
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How frequent are singularities, if any?

∂tu+u∂xu =ν ∂xxu

Constraints on the singularity
using dissipation

Dℓ
I ≈ dµ(h,ℓ)∫ ℓ3h−1 ≈ ℓ3h−1+C(h)
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Isolated point in space: shocks

Isolated points in space-time, 
consistent with Cafarelli’s theorem

Burgers

0             

Navier-Stokes   

Very rare!!!!!-> need a statistical study to find them



Finding the irregularities in von Karman 3D flow
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We look for the rarest,
Strongest events

Saw  et al. (2016), Nature-Comm. 7 - Kuzzay D. et al. (2017), Nonlinearity.

We study velocity fields at places
where DR > 160 std



Screw vortices: experiments

28
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|v|

Debue PhD Thesis  (2019); ;
Debue et al, JFM (2020)



Roll vortices : experiments
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Debue PhD Thesis  (2019); ; Debue et al, JFM (2020)



U-turns : experiments

30
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Debue PhD Thesis  (2019); ; Debue et al, JFM (2020)



Screw vortices : numerics

31Nguyen PhD Thesis  (2020); Nguyen et al, PRE (2020)



A « typical event » : numerics

32/41Nguyen PhD Thesis  (2020); Nguyen et al,  PRE (2020)

Average over the 200 events with lower holder, after reorientation of event along same axis.



A « typical event » compared with Burgers vortex

33Nguyen PhD Thesis  (2020); Nguyen et al, PRE  (2020)
Comparison with Burgers vortex



Are we seeing Burgers vortices?

Moffatt, Focus on Fluids (2020)

Streamlines around Burgers vortex



Link with reconnection? Numerics

35Nguyen PhD Thesis  (2020); Nguyen et al, PRE  (2020)

Iso-surface of Holder exponent



Link with reconnection? Numerics

36Nguyen PhD Thesis  (2020); Nguyen et al, PRE (2020)



Link with reconnection? Experiment

37Geneste et al, in preparation (2021)

Eulerian Eulerian+Lagrangian



Reconnection and Blow-up

Kimura&Moffatt JFM (2017), (2020) 

Biot-Savart self-similar evolution
Blow-up?



Reconnection and Blow-up: Numerics

Yao&Hussain JFM (2020) 

DNS simulation of rings reconnection
No blow-up due to vortex core deformation, but…



Reconnection and Blow-up: Numerics

Yao&Hussain JFM (2020) 

DNS simulation of rings reconnection
No blow-up due to vortex core deformation, but… self-similar behaviour prereconnection



Reconnection and Blow-up: Gross-Pitaievsky

Villois et al preprint (2020) 

Self-similar behaviour behaviour pre and after reconnection
Irreversibility, spontaneous stochasticity



Link with reconnection? Experiment

42Geneste et al, in preparation (2020)



δu ≈ ℓh ⇒ Dℓ
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−1/(1+h)

Kuzzay et al  et al. (2017), Nonlinearity
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Have we found a singularity of NS?

Inviscid limit With Viscosity

Quasi-singularity if h>-1



δu ≈ ℓh ⇒ Dℓ
I ≈ ℓ3h−1 and Dℓ

ν ≈ νℓ2h−2

Dℓ
I

Dℓ
ν
≈
ℓ3h−1

νℓ2h−2
≈
ℓh+1

ν
⇒ηh ≈ Re

−1/(1+h)

logE

logk

!" = $

Kuzzay et al  et al. (2017), Nonlinearity
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Have we found a singularity of NS?



Re=106

h=0,01 mm

Present experiment GVK experiment

Re=106

h=0,05 mm

Possibility to explore sub-Kolmogorov scales
Detection of stronger velocity gradients and quasi-singularities

∆"~$ ∆"~$/5

20 cm 1 m

Re=6x103

h=0,4 mm

R=50 cm
R=10 cm

Re=6x103

h=2 mm

Exploring smaller scales with GVK experiment



• Spontaneous stochasticity (ongoing work)
• Look for self-similarity (time resolved meas.)
• Go towards smaller scale (GVK)
• Strengthen link with reconnection
• ?????

• Inputs from mathematicians=welcome!

Perspectives


