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Generalized Gradient Flows

p=- Vgg(p)
0,p+divy=0 Continuity Equation
j — ()gR*(p, f) Force-Flux Relation
5 = — grad Dg(p) Energy-Force Relation

é = driving energy
Force-Flux Relation

R* = dual dissipation potential :
< OiR(p,j) =¢

R = dissipation potential



Generalized Gradient Flows

0,p+divy=0 Continuity Equation
j — ()gR*(p, f) Force-Flux Relation
5 = — grad Dg(p) Energy-Force Relation

Legendré duality Jj= agR*(P, 5) < <59]> — R(Paj) + R*(P, 5)

Chain rule —%%(p) = —(D&(p), 0,p)
Continuity equation = (D& (p),divj) = — (grad D&(p), j)
Energy-Dissipation Balance =: D(p,) Fisher information

F(p, J) = L R(pp j) + R*(p,, — grad DE(p,) dt + &(p;) — E(py) = 0



Generalized Gradient Flows

0,p+divy=0 Continuity Equation
j — ()gR*(p, f) Force-Flux Relation
f = — grad Dg(p) Energy-Force Relation
Energy-Dissipation Balance =: D(p,) Fisher information
J(p,]) = J R(ps j,) + R*(p,, — grad DE(p,)) dt + E(pyr) — E(py) = 0
0

It usually happens that the differential equations for a given phenomenon are known first,
and only later is the Lagrangian function found,
from which the differential equations can be obtained.

Methods of Theoretical Physics, Morse and Feshbach, 1953




Generalized Gradient Flows

0,p+divy=0 Continuity Equation
j — ()gR*(p, f) Force-Flux Relation
5 = — grad Dg(p) Energy-Force Relation

Energy-Dissipation Balance
T

0 < F(p, ) = J R(pp j) + D(p) di + E(py) — E(p) = 0
0

Variational Principle
(X,R, &)-(GGF) & F(p,j)=0
& (p,j) €argmin{F(u, ) : (u,¢) € CE}

PDE — Optimization
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Random Walks on Tessellations

Tessellation: 7, = (V,, E))

ho_ h h_ . h _h
0Pk = Z (KLK PrL — KkL pK) ~~~~~~~~ R
L~K )

Questions:

% What assumptions about the
tessellations and transition intensities
lead to a diffusive limit?

% What is the impact of these

assumptions on the limiting process?




Markov Jump Process e s
= 0:.R*(p,
& =—grad D& (p)

| T— S——

Tessellation: 5, = (V,,E})

0P = Z (KgK pL = Kip pl@
L~K

: : h . h ._ h _h .
Gradientflow < Detailed balance 7" : '9KL = Ky Ty symmetric

K
Flux: j = jgz, grad (K. L) = o — o, divj(K) = ) (jixs —Jjix)
L~K
i : _ 1 h ; Pk
Driving energy: & (p) = EEnt('D | z")  Relative Entropy Uy = —
g

Dual dissipation potential:  R7(p,¢&) = Z Z(COSh(fKL/z) — 1)\/MKML '91}&
KLeE"



Markov Jump Process e s
= 0:.R*(p,
& =—grad D& (p)

T S

Tessellation: 5, = (V,,E})

0P = Z (K{tK pL = Kip pl@
L~K

: : h . h ._ h _h .
Gradientflow < Detailed balance 7" : '9KL = Ky Ty symmetric

Flux: j = jgr, grad o(K,L) = ¢ — ¢y, divj(K) = Z (jKL _jLK)
L~K
Energy-Dissipation Balance

T

In(p", j") = ‘A Rl J + D (ph dr + gh(P%) — %h(pé’) =0
0

1 2
Fisher information: D,(p) = 5 2 <grad \/Z (K, L)) ’91}&
KLeE"



Discrete-to-Continuum Limit

----------
- i
- -~
RS
~

Pfh = (Vh, Eh) Discrete world Q C Rd Continuous world
ph e PV, j" € ME") pEPQ), j€ MR
(p",j" € CEy = F(p", jH =0 (p,J) € CE: Fo(p,j) =0

| — R T—— R

L e

Compactness: (", 7") —=* (p, j)

QC Rd Intermediate world
N/ h N h_h Liminf inequality:
P = Z Pl J' = Z JK1OKL q y. o
KeV" KLEE" Jo(p,j) < 111;1 1Onf In(Pp" 7"

(p",J" e CE: Fy(p", i =0

T —— O

Chainrule: Jy(p,j) >0




Variational Convergence

Liminf inequality: Jo(p,J) < lirhn iOIlfjh(Ph,jh)

T

Recall: fh(ph,jh) = J

Rh(pth’jth) +H9h(,0th)
0

dt + %h(p%) — %h(P(l)l )

1 2 pi
D" =5 Y, (ead Vi (K.D) 8. up==

MK —
KLeE"

Diffusion tensor

1 ~an
[-convergence result: T-lim 9,(p") = Dy(p) := 5[ (VA/u, TV/u) dn

Uniformly bounded
\ Uniformly elliptic

KLeE"

T" .= Z Or (x; —x) Q@ (xp —x )1 =*T {



Example: Tilted Tessellation
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Example: Tilted Tessellation

VAR AR A |

// // // // // // // // // //

/
/ /

/

A/

[ [ ]/ [ [/
[

/S SSS S

[
[/ /][]

f [ J f f F T

Diffusion tensor:

Thi= ) 0800 — x0) ® (g, — x0) I

KLeE"

Th—\*T=<

a = CoSy

1 +a

a’(1 — a?)

a’(1 — a?)

(1 - a®)?

)



Random Walks on Tessellations

Result: Let (ph)h>0 be a family of discrete solutions satisfying

sup &,(pl| 7" < oo, lim Ent(p! | #") = Ent(p, | x)
>0 h—0

Under some assumptions, there is a unique pair (p, j) € CE
and a s.p.d. diffusion tensor T € L®(Q:; R*?) such that

T
Iopsj) = [ R(pyw j)) + D(p,) dt + Ent(py| 7) — Ent(py| 7) = 0
0
Dissipation potential ) Fisher information
R(p. 7) 1J‘ ' p () IJ ‘V\/—‘zd
J) == — = — u| ar
PD=7] |ap| P =5 -

In particular,

0,0, = div(TVp,—p,TVlogr) in distributions

Hraivoronska, T. (2023), Hraivoronska, Schlichting, T. (2024)



Random Walks on Tessellations

Result: Let (ph)h>0 be a family of discrete solutions satisfying

sup &,(pl| 7" < oo, lim Ent(p! | #") = Ent(p, | x)
>0 h—0

Under some assumptions, there is a unique pair (p, j) € CE
and a s.p.d. diffusion tensor T € L®(Q:; R*?) such that

T

To(pJ) = [ R(p,, ) + D(p,) dt + Ent(py| 7) — Ent(py| 7) = O
0

Dissipation potential ) Fisher information
R( ) 1J dj d 9() 1J ‘V\/—‘zd
P )= | 52| @pP p)=— ul dn
2 ) 1 dp |4 2 )o T
Stochastic interpretation 3 a probability space: X" > X in distribution, where

dX, = T(X,) Vlog #(X)) dt + 1/2T(X)) = dB,

Hraivoronska, T. (2023), Hraivoronska, Schlichting, T. (2024)



Wrapping things up

Physics
/

v
PDEs — Optimization

d,p +divj =0
J = DR(p, )
¢ = —gradD&(p)

— T

Diffusive limits
0,p =divl(Vp —pVlogn)

T —

Energy-Dissipation Identity
F(p.j) =0

Thank you!



