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Generalized Gradient Flows
·ρ = − ∇gℰ(ρ)

Continuity Equation

Force-Flux Relation

Energy-Force Relation

∂tρ + div j = 0
j = ∂ξ𝖱∗(ρ, ξ)
ξ = − grad Dℰ(ρ)

driving energyℰ ≏
dual dissipation potential𝖱∗ ≏
dissipation potential𝖱 ≏

⇔ ∂j 𝖱(ρ, j) = ξ
Force-Flux Relation



j = ∂ξ𝖱∗(ρ, ξ) ⇔ ⟨ξ, j⟩ = 𝖱(ρ, j) + 𝖱∗(ρ, ξ)Legendré duality

Chain rule −
d
dt

ℰ(ρ) = − ⟨Dℰ(ρ), ∂tρ⟩

= ⟨Dℰ(ρ), div j⟩ = − ⟨grad Dℰ(ρ), j⟩Continuity equation

Generalized Gradient Flows

ℐ(ρ, j) := ∫
T

0
𝖱(ρt, jt) + 𝖱∗(ρt, − grad Dℰ(ρt)) dt + ℰ(ρT) − ℰ(ρ0) = 0

Energy-Dissipation Balance

Continuity Equation

Force-Flux Relation

Energy-Force Relation

∂tρ + div j = 0
j = ∂ξ𝖱∗(ρ, ξ)
ξ = − grad Dℰ(ρ)

Fisher information=: 𝒟(ρt)



Energy-Dissipation Balance

Generalized Gradient Flows

It usually happens that the differential equations for a given phenomenon are known first, 
and only later is the Lagrangian function found,  

from which the differential equations can be obtained. 

Methods of Theoretical Physics, Morse and Feshbach, 1953

Continuity Equation

Force-Flux Relation

Energy-Force Relation

∂tρ + div j = 0
j = ∂ξ𝖱∗(ρ, ξ)
ξ = − grad Dℰ(ρ)

ℐ(ρ, j) := ∫
T

0
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Fisher information=: 𝒟(ρt)



0 ≤ ℐ(ρ, j) := ∫
T

0
𝖱(ρt, jt) + 𝒟(ρt) dt + ℰ(ρT) − ℰ(ρ0) = 0

Energy-Dissipation Balance

Variational Principle

⇔ (ρ, j) ∈ argmin {ℐ(μ, ℓ) : (μ, ℓ) ∈ CE}
(𝔛, 𝖱, ℰ)-(GGF) :⇔ ℐ(ρ, j) = 0

Generalized Gradient Flows

PDE  Optimization⟶

Continuity Equation

Force-Flux Relation

Energy-Force Relation

∂tρ + div j = 0
j = ∂ξ𝖱∗(ρ, ξ)
ξ = − grad Dℰ(ρ)
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Random Walks on Tessellations

What assumptions about the 
tessellations and transition intensities 
lead to a diffusive limit?  
What is the impact of these 
assumptions on the limiting process?

Questions:

∂tρh
K = ∑

L∼K
(κh

LK ρh
L − κh

KL ρh
K)

Tessellation:   𝒯h = (Vh, Eh)



Markov Jump Process

grad φ(K, L) = φL − φK, div j(K ) = ∑
L∼K

( jKL − jLK )j = jKL,Flux:

Driving energy: ℰh(ρ) =
1
2

Ent(ρ |πh)

Dual dissipation potential: 𝖱∗
h(ρ, ξ) = ∑

KL∈Eh

2(cosh(ξKL /2) − 1) uKuL ϑh
KL

Relative Entropy

∂tρ + div j = 0
j = ∂ξ𝖱∗(ρ, ξ)
ξ = − grad Dℰ(ρ)

∂tρh
K = ∑

L∼K
(κh

LK ρh
L − κh

KL ρh
K)

Tessellation:   𝒯h = (Vh, Eh)

∃ πh : ϑh
KL := κh

KLπh
K symmetricGradient flow    Detailed balance⟺

uK =
ρK

πh
K



Markov Jump Process

𝒟h(ρ) =
1
2 ∑

KL∈Eh
(grad u (K, L))

2
ϑh

KLFisher information:

ℐh(ρh, jh) := ∫
T

0
𝖱h(ρh

t , jh
t ) + 𝒟h(ρh

t ) dt + ℰh(ρh
T) − ℰh(ρh

0) = 0

Energy-Dissipation Balance

grad φ(K, L) = φL − φK, div j(K ) = ∑
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Discrete-to-Continuum Limit

𝒯h = (Vh, Eh)
ρh ∈ 𝒫(Vh), jh ∈ ℳ(Eh)
(ρh, jh) ∈ CEh : ℐh(ρh, jh) = 0

Discrete world Ω ⊂ ℝd

ρ ∈ 𝒫(Ω), j ∈ ℳ(Ω; ℝd)
(ρ, j) ∈ CE : ℐ0(ρ, j) = 0

Continuous world

Ω ⊂ ℝd

̂ρh = ∑
K∈Vh

ρh
K 1K, ̂𝚥h = ∑

KL∈Eh

jh
KLσh

KL

( ̂ρh, ̂𝚥h) ∈ CE : ̂ℐh( ̂ρh, ̂𝚥h) = 0

Intermediate world Compactness: ( ̂ρh, ̂𝚥h) ⇀∗ (ρ, j)

ℐ0(ρ, j) ≤ lim inf
h→0

̂ℐh( ̂ρh, ̂𝚥h)

Liminf inequality:

Chain rule: ℐ0(ρ, j) ≥ 0



Variational Convergence

Liminf inequality: ℐ0(ρ, j) ≤ lim inf
h→0

ℐh(ρh, jh)

ℐh(ρh, jh) := ∫
T

0
𝖱h(ρh

t , jh
t ) + 𝒟h(ρh

t ) dt + ℰh(ρh
T) − ℰh(ρh

0)Recall:

𝒟h(ρh) =
1
2 ∑

KL∈Eh
(grad uh (K, L))

2
ϑh

KL, uh
K =

ρh
K

πh
K

-convergence result:Γ Γ- lim
h→0

𝒟h(ρh) = 𝒟0(ρ) :=
1
2 ∫Ω

⟨∇ u, 𝕋 ∇ u⟩ dπ

𝕋h := ∑
KL∈Eh

θh
KL(xL − xK) ⊗ (xL − xK)1K

Diffusion tensor

⇀∗ 𝕋
Uniformly elliptic

Uniformly bounded



Example: Tilted Tessellation



𝕋h := ∑
KL∈Eh

θh
KL(xL − xK) ⊗ (xL − xK)1K

Diffusion tensor:

𝕋h ⇀∗ 𝕋 = ( 1 + α4 α2(1 − α2)
α2(1 − α2) (1 − α2)2 )

α = cos γ

Example: Tilted Tessellation



Random Walks on Tessellations

Result: Let  be a family of discrete solutions satisfying(ρh)h>0

sup
h>0

ℰh(ρh
0 |πh) < ∞, lim

h→0
Ent( ̂ρh

0 | ̂πh) = Ent(ρ0 |π)

and a s.p.d. diffusion tensor  such that𝕋 ∈ L∞(Ω; ℝd×d)
Under some assumptions, there is a unique pair (ρ, j) ∈ CE

Hraivoronska, T. (2023), Hraivoronska, Schlichting, T. (2024)

ℐ0(ρ, j) = ∫
T

0
𝖱(ρt, jt) + 𝒟(ρt) dt + Ent(ρT |π) − Ent(ρ0 |π) = 0

𝒟(ρ) =
1
2 ∫Ω

∇ u
2

𝕋
dπ

Fisher information

𝖱(ρ, j) =
1
2 ∫Ω

dj
dρ

2

𝕋−1

dρ
Dissipation potential 

In particular,
∂tρt = div(𝕋 ∇ρt − ρt𝕋 ∇log π) in distributions
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 a probability space:     in distribution, where∃ Xh → X

dXt = 𝕋(Xt)∇log π(Xt) dt + 2𝕋(Xt) ∘ dBt

Stochastic interpretation



Wrapping things up

Diffusive limits

∂tρ = div𝕋(∇ρ − ρ∇log π)

PDEs  Optimization⟶

Physics

∂tρ + div j = 0
j = Dξ𝖱∗(ρ, ξ)
ξ = − grad Dℰ(ρ)

Energy-Dissipation Identity

ℐ(ρ, j) = 0

Thank you!


