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Chiral fermions

Majorana fermions:

1937
Dirac equation: Weyl fermions: E.Majorana, 1906-38?
P. Dirac, 1928 H. Weyl, 1929

Fermions:
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Currents in a magnetic field
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vector pseudo-vector
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An electric current parallel to B
requires a parity breaking



Currents in a magnetic field

Consider a gas of massless charged
Weyl fermions of a certain chirality,
say left-handed (cf weak interactions)

Put this gas in an external magnetic field B;
the interaction of spin with B, and
the locking of momentum to spin

7 p) = —1

induce the current 77, B



PHYSICAL REVIEW D VOLUME 22, NUMBER 12 15 DECEMBER 1980

Equilibrium parity-violating current in a magnetic field

~ Alexander Vilenkin
Physics Department, Tufts University, Medford, Massachusetts 02155
(Received 1 August 1980)

It is argued that if the Hamiltonian of a system of charged fermions does not conserve parity, then an equilibrium
electric current parallel to B can develop in such a system in an external magnetic field B. The equilibrium current is
calculated (i) for noninteracting left-handed massless fermions and (ii) for a system of massive particles with a Fermi-
type parity-violating interaction. In the first case a nonzero current is found, while in the second case the current
vanishes in the lowest order of perturbation theory. The physical reason for the cancellation of the current in the
second case is not clear and one cannot rule out the possibility that a nonzero current appears in other models.

But: no current in equilibrium

Bloch theorem, ...

C.N. Yang

PHYSICAL REVIEW D VOLUME 22, NUMBER 12 15 DECEMBER 1.980

Cancellation of equilibrium parity-violating currents

Alexander Vilenkin
Physics Department, Tufts University, Medford, Massachusetts 02155



Early work on currents
in magnetic field due to P violation

(see DK, Prog.Part.Nucl.Phys. 75 (2014) 133
for a complete (?) list of references)

A.Vilenkin (1980) “Equilibrium parity-violating current in a magnetic field”;
(1980) “Cancellation of equilibrium parity-violating currents”

G. Eliashberg (1983) JETP 38, 188
L. Levitov, Yu.Nazarov, G. Eliashberg (1985) JETP 88, 229

M. Joyce and M. Shaposhnikov (1997) PRL 79, 1193;
M. Giovannini and M. Shaposhnikov (1998) PRL 80, 22

A. Alekseev, V. Cheianov, J. Frohlich (1998) PRL 81, 3503



The way out: chiral anomaly

For massless fermions, the axial current
A_ T _ 1R L
J, =Yy sV =J,—J,
IS conserved classically due to the global U,(1) symmetry:

oI =0

This is because left- and right-handed fields decouple in
the massless limit:

my = m(YLvr + YrYL) — 0

However, this conservation law is destroyed by quantum effects



Chiral anomaly

The axial current is not conserved:

62 S. Adler ‘69
pw © = . =4 J. Bell, R. Jackiw ’ 69
Ouly =5 E- B

This is a consequence of UV regularization of QFT.

A textbook example: neutral pion decay

T — vy

J. Steinberger
(1921- Dec 2020;
Nobel prize 1988)
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computed the decay
rate in 1949!



PHYSICAL REVIEW VOLUME 76, NUMBER 8 OCTOBER 15, 1949

On the Use of Subtraction Fields and the Lifetimes of Some Types of Meson Decay

J. STEINBERGER*
The Institute for Advanced Study, Princeton, New Jersey

(Received June 13, 1949)

The method of subtraction fields in current meson perturbation theory is described, and it is shown that
it leads to finite results in all processes. The method is, however, not without ambiguities, and these are
stated. It is then applied to the following problems in meson decay: Decay of a neutral meson into two and
three y-rays, into a positron-electron pair, and into another neutral meson and photon; decay of a charged
meson into another charged meson and a photon, and into an electron (or u-meson) and neutrino. The
lifetimes are tabulated in Tables I, IT and III. The results are quite different from those of previous calcu-
lations, in all those cases in which divergent and conditionally convergent integrals occur before subtraction,
but identical whenever divergences are absent. The results are discussed in the light of recent experimental
evidence.

(A) Decay of a Neutral Scalar Meson
into 2 Photons!®

(1) Scalar meson with scalar coupling.

ge’
A“(kl)Ay(k2)[I‘”+JFV]!
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7S. Tomonaga, Prog. Theor. Phys. 1, 27 (1946). Koba, Tati,
and Tomonaga, Prog. Theor. Phys. 2, 101 (1947); 2, 198 (1947).

S S. Kanesawa and S. Tomonaga, Prog. Theor. Phys. 3, 1 (1948). o
J. Steinberger 8 R. P. Feynman, Phys. Rev. 76, 748 (1949). J. R. Oppenheimer
(1 921 _ DeC 2020 9]. Schwinger, Phys. Rev. 74, 1439 (1948); 75, 651 (1949). 1904 1967

i ’ 19 J. R. Oppenheimer was the first to point out that present ( } )
Nobel prize 1988) ‘ theory requires the y-instability of neutral mesons coupled to

nucleons. The calculations were first made by R. Finkelstein,
Phys. Rev. 72, 415 (1949).
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Vol. 368, Issue 6490, pp. 506-509
DOI: 10.1126/science.aay6641

2 o

& e
OuTh=55E-B

b
v
3 2n72
0 moa N¢
I (71' - g/}/) = =
57673F2,
r 4
9.5
9 F i
=85} 4
S
2 GBH, NLO
= AM, NLO ’
=
1
e nomaly I I
= T T T
3
7 = £
- <= T e
= =~ =8 S 5= 5=
%3 22 BE (@ ‘8 EE g
g8 8BS S EE K £ £

6.5

Theory and Experiments

REPORT

Precision measurement of the neutral pion lifetime
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Chiral anomaly

The axial current is not conserved:

62 S. Adler ‘69
ey 6 w0 = J. Bell, R. Jackiw ’ 69
dJh=--E-B
ZT
0 w, d , V
A = = w, d
u, d , V

The chiral charge is not conserved;
a chirally imbalanced state of chiral fermions is not
a true ground state of the system!

WW\/<{:\VJE V
VB
Ha A



Chiral anomaly

Ja=—-J,+ Jg
LEFT RIGHT

: ’ In classical background
il = fields (E and B), chiral
anomaly induces an
imbalance between left-

Chiral anomaly

b o and right-handed
. fermions:;
sy e? . . chiral chemical
OuJa = g T B potential:

]
Adler; Bell, Jackiw (1969); Nielsen, Ninomiya (1983) K5 = 5(“3 - “L)



S. Adler ‘69

0 Ch1ra1 an()maly J. Bell, R. Jackiw ’ 69
T = ¥y

EaAMY (ky, k) = ane™P k1o kag an = —i /27>
k)\
The chiral anomaly does not vanish at finite mass, Possibility of anomalous

and mass corrections have been evaluated, see e.g.ag, transport in systems with

A.D. Dolgov, V.I. Zakharov, Nucl. Phys. B27 (1971) 52 a finite gap (strange quarks,
.D. Dolgov, V.I. Zakharov, Nucl. Phys. B27 71) 525 . 5
R. Armillis et al, JHEP 0912 (2009) 029 semiconductors)*
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Chiral Magnetic Effect

DK’04; DK, A. Zhitnitsky ‘07; DK, L.McLerran, H.-Warringa ’07; K.Fukushima, DK, H.Warringa,
“Chiral magnetic effect” PRD’08;  Review and list of refs: DK, arXiv:1312.3348 [Prog.Part.Nucl.Phys]

Chiral chemical potential 1s formally _ 40
equivalent to a background chiral gauge field: M5 = A5

wol}

In this background, and in the presence of B, p
vector e.m. current 1s generated: <|

2
LY T UV -
(FL FL,MV . FR FR,W)

J
~ Olog Z[A,, A)]
N 0A,(z)

Coefficient 1s fixed by
the chiral anomaly, no

corrections
14

Chirally imbalanced system is a non-equilibrium, steady state

e
1672

o, J" = R
M5

Compute the current through  gu

Absent in
Maxwell theory!




Chiral Magnetic Effect

Alternative derivation:

K.Fukushima, DK, H.Warringa,
“Chiral magnetic effect” PRD’08;

Consider the thermodynamical potential at finite : pus = Ag

|eB|ZZans/oo dp3[ ps-I—TZlOg (1+e ﬁ(wps:tu))]

s=4+ n=0

w2, = [sgn(ps)(p3 + 2le B|n)Y? + su5] + m?

P,s
o0

Compute the current through  j, — A
3

using 0/0A; = ed/dp;

A3=0
2
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= J=ﬁM5B
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Chirality in 3D:
the Chiral Magnetic Effect

chirality + magnetic field = current

} spin

@ H é 1 momentum

DK, Zhitni 'tsky ‘07
DK,McLerran
3 Warringa 07
) 16 Fykushi ma

Review: DK, arxiv:1312.3348 (Prog.Part.Nucl.Phys’14 DK, Warringa ‘08



arXiv:1105.0385, PRL
Chiral magnetic effect in lattice QCD with chiral chemical potential

Arata Yamamoto
Department of Physics, The University of Tokyo, Tokyo 113-0033, Japan
(Dated: May 3, 2011)

We perform a first lattice QCD simulation including two-flavor dynamical fermion with chiral
chemical potential. Because the chiral chemical potential gives rise to no sign problem, we can
exactly analyze a chirally asymmetric QCD matter by the Monte Carlo simulation. By applying
an external magnetic field to this system, we obtain a finite induced current along the magnetic
field, which corresponds to the chiral magnetic effect. The obtained induced current is proportional
to the magnetic field and to the chiral chemical potential, which is consistent with an analytical
prediction.
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Chiral magnetic effect as a signature of
chiral symmetry restoration
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The spontaneous breaking of chiral symmetry does not allow
the chiral magnetic current to propagate



Systematics of anomalous conductivities

Magnetic field Vorticity
Vector /,L A ‘u “A
current —2 9
2T 27
Axial U i - i i
current 2—77:2 47_[2 | 12

19



Chiral magnetic conductivity:
discrete symmetries

— P — parity
f . B’ T —time reversal
27r2
P- odd P -even
T-odd \ / Todd
P-odd cf Ohmic
P-odd effect! conductivity:
Effect persists in J=coE
hydrodynamics! T-odd,
I-even dissipative
Non-dissipative current! .
(reversible dynamics)




CME vs superconductivity ;fi ‘

London theory of superconductors, ‘35:
e V-A=0

Fritz and Heinz London

Chiral anomaly:

€ —
Ouli =5 7E B
1—»—»
s ~ EBt

_9 superconducting
[E B~ J} current, tunable

by magnetic field!

for EHE

DK, arXiv:1612.05677



