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Restriction theory

Given 1 ≤ p ≤ 2, for which exponents 1 ≤ q ≤ ∞ does∫
Sd−1

|f̂ (ω)|q dσ(ω) . ‖f ‖q
Lp(Rd )

hold?

Restriction Conjecture. 1 ≤ p < 2d
d+1 , q ≤ d−1

d+1p
′

Stein–Tomas (1975). 1 ≤ p ≤ 2d+1
d+3 , q = 2

Curvature plays a role: Any smooth compact hypersurface of
nonvanishing Gaussian curvature will do.
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Riesz diagram for the restriction operator to Sd−1
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Radial case (L. Schwartz)

Let d ≥ 2 and 1 ≤ p < 2d
d+1 . If f ∈ Lp(Rd) is radial, then f̂ is

continuous on Rd \ {0}.
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Radial case (L. Schwartz)

Let d ≥ 2 and 1 ≤ p < 2d
d+1 . If f ∈ Lp(Rd) is radial, then f̂ is

continuous on Rd \ {0}.

Proof sketch.

f̂ (ρ) 'd ρ
2−d
2

∫ ∞
0

f (r)J d−2
2

(ρr)r
d
2 dr
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WLOG f |B1≡ 0 because f1 := f 1B1 ∈ Lpc ⊂ L1 implies continuity

of f̂1.
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(ρr)r
d
2 dr

WLOG f |B1≡ 0 because f1 := f 1B1 ∈ Lpc ⊂ L1 implies continuity

of f̂1. Integral converges absolutely & uniformly in ρ ∈ [a, b]:

|f̂ (ρ)| .ρ

∫ ∞
1
|f (r)|r

d−1
2 dr =

∫ ∞
1
|f (r)|r

d−1
p · r

d−1
p′ · r−

d−1
2 dr

≤
(∫ ∞

1
|f (r)|prd−1 dr

) 1
p
(∫ ∞

1
rd−1−p

′( d−1
2

) dr

) 1
p′
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) 1
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1
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Note that d − 1− p′(d−12 ) < −1 if and only if p < 2d
d+1 .
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Knapp’s example on Sd−1

Let ed = (0, . . . , 0, 1) ∈ Rd and f = 1Cδ , with the cap Cδ given by

Cδ = {ω ∈ Sd−1 : |ω − ed | ≤ δ}

Then ‖f ‖Lq′ (Sd−1) = σ(Cδ)
1
q′ ' δ

d−1
q′ , whereas

|f̂ σ(x)| & δd−1 if x ∈ R?δ

Here R?δ is the box dual to the smallest box containing Cδ. Thus

‖f̂ σ‖p′ & δd−1‖1R?δ‖p′ = δd−1|R?δ |
1
p′ ' δd−1

(
δ−(d−1)δ−2

) 1
p′

= δ
d−1− d+1

p′

By letting δ → 0+, the estimate

δ
d−1− d+1

p′ . ‖f̂ σ‖p′ . ‖f ‖Lq′ (Sd−1) ' δ
d−1
q′

is only possible if d − 1− d+1
p′ ≥

d−1
q′ , i.e., q ≤ d−1

d+1p
′.
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Symmetric setup

Given a subgroup G ⊂ O(d), a function f : Rd → C is
G -symmetric in Rd if f ◦ A = f for every A ∈ G .

Focus on Gk := O(d − k)× O(k) for some 0 ≤ k ≤ d .

Td ,p(k) := sup
06=f ∈Lpk

(∫
Sd−1 |f̂ (ω)|2 dσ(ω)

) 1
2

‖f ‖Lp(Rd )

Lpk := {f ∈ Lp(Rd) : f is Gk -symmetric}

Note Td ,p(d − k) = Td ,p(k), let m = (d − k) ∧ k .

m = 0: radial functions, RC holds (1 ≤ p < 2d
d+1 suffices)

m = 1: Knapp’s example precludes any improvement over

1 ≤ p <
2d

d + 1
, q ≤ d − 1

d + 1
p′
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Riesz diagram for the Gk -symmetric restriction problem to Sd−1
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Gk-symmetric Knapp

Let f = 1Cδ,k , with the Gk -symmetric “cap” given by

Cδ,k = {(η, ζ) ∈ Rd−k × Rk : |η|2 + |ζ|2 = 1, |η| < δ}
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Gk-symmetric Knapp

Let f = 1Cδ,k , with the Gk -symmetric “cap” given by

Cδ,k = {(η, ζ) ∈ Rd−k × Rk : |η|2 + |ζ|2 = 1, |η| < δ}

‖f ‖Lq′ (Sd−1) = σ(Cδ,k)
1
q′ '

(∫ δ
0 rd−k−1(1− r2)

k−2
2 dr

) 1
q′ ' δ

d−k
q′
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d−k
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Write x = (y , z) ∈ Rd−k × Rk and estimate

f̂ σ(x) =
∫ δ
0 rd−k−1(1− r2)

k−2
2

J d−k−2
2

(r |y |)

(r |y |)
d−k−2

2

J k−2
2

(
√
1−r2|z|)

(
√
1−r2|z|)

k−2
2

dr
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dr

|f̂ σ(x)| & δd−k j
1−k
2 if x ∈ Ej where

Ej := {x ∈ Rd : 0 ≤ |y | ≤ cδ−1,
zj−c√
1−δ2 ≤ |z | ≤ zj + c} and {zj}j≥1 is

the sequence of local maxima of the Bessel function J k−2
2
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‖f̂ σ‖Lp′ (Rd )

‖f ‖Lq′ (Sd−1)

&


δ

d+k
p

+ d−k
q
−d−1

, if 1
p <

k+1
2k

δ
d+k
p

+ d−k
q
−d−1| log(δ)|

1
p′ , if 1

p = k+1
2k

δ
d−k
p

+ d−k
q
−d+k

, if 1
p >

k+1
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Theorem A (Mandel–OS 2021)

Let d ≥ 4 and 2 ≤ k ≤ d − 2 and m = (d − k) ∧ k . Then∫
Sd−1

|f̂ (ω)|2 dσ(ω) .k,p,d ‖f ‖2Lp(Rd )

holds for every Gk -symmetric f : Rd → C if 1 ≤ p ≤ 2(d+m)
d+m+2 .

Improves Stein–Tomas since 2(d+m)
d+m+2 > 2d+1

d+3

Range is optimal (Gk -symmetric Knapp)

Weighted two-dimensional restriction-type estimates for∫
R2

1|ω1||x1|≥11|ω2||x2|≥1(1+|x1|)−α(1+|x2|)−βe−ix ·(|ω1|,|ω2|)f (x)dx

Tools: Inequalities of Pitt (weighted Hausdorff–Young) and
Stein–Weiss (weighted Hardy–Littlewood–Sobolev)
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Theorem B (Mandel–OS 2021)

Let d ≥ 4 and 2 ≤ k ≤ d − 2 and m = (d − k) ∧ k 6= d
2 . Then

‖f̂ ‖
L

2m
m−1 ,∞(Sd−1)

.k,d ‖f ‖
L

2m
m+1 ,1(Rd )

holds for every Gk -symmetric function f : Rd → C.

If d ∈ 2N and k = d − k , then m = d
2 and

‖f̂ ‖
L

2d
d−2

,∞
(Sd−1)

.k,d ‖f ‖X 2d
d+2

where Xp := Lp,1x (Rd−k ; Lp,1y (Rk)) + Lp,1y (Rk ; Lp,1x (Rd−k))

Real interpolation for mixed Lorentz spaces (Mandel 2023)
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2

d+1
2d

Stein–Tomas

Theorem A

Theorem B

d+m+2
2(d+m)

Restriction
Conjecture

Riesz diagram for the Gk -symmetric restriction problem to Sd−1
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Three applications

1 Improved mapping properties of Helmholtz resolvent acting on
Gk -symmetric functions (cf. Kenig–Ruiz–Sogge 1987)

2 Unconditional existence of endpoint Stein–Tomas maximizers
in the Gk -symmetric setting (cf. Frank–Lieb–Sabin 2016)

3 Gk -symmetry breaking for ground states of biharmonic NLS
(cf. Lenzmann–Weth 2021)
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3 Gk -symmetry breaking for ground states of biharmonic NLS
(cf. Lenzmann–Weth 2021)

Corollary (Mandel–OS 2021)

Let d ≥ 4 and 2 ≤ k ≤ d − 2 and 1 ≤ p < 2(d+m)
d+m+2 . Maximizing

sequences for Td ,p(k), normalized in Lp(Rd), are precompact in Lpk .
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Corollary (Mandel–OS 2021)

Let d ≥ 4 and 2 ≤ k ≤ d − 2 and 1 ≤ p < 2(d+m)
d+m+2 . Maximizing

sequences for Td ,p(k), normalized in Lp(Rd), are precompact in Lpk .

Td ,p(k) = sup
06=f ∈Lpk

(∫
Sd−1 |f̂ (ω)|2 dσ(ω)

) 1
2

‖f ‖Lp(Rd )

In particular, maximizers exist when p = 2d+1
d+3 .
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Maximizing sequences are precompact in L2?
k

Key lemma (no vanishing)

Let d ≥ 4 and 2 ≤ k ≤ d − 2. Then, for every ε > 0, there exists
ρ = ρ(k, d , ε) <∞ for which |f̂ σ(x)| < ε if |x | > ρ, for every
Gk -symmetric f ∈ L2(Sd−1) such that ‖f ‖L2(Sd−1) = 1.

No such property can hold for general f ∈ L2(Sd−1):

E(e iy ·f )(x) =

∫
Sd−1

e iy ·ωf (ω)e ix·ω dσ(ω) = E(f )(x + y)

If a nonzero function f and its modulation e iy ·f are both Gk -symmetric
on Sd−1, then necessarily y = 0. Since 2k

? < 2? <∞,

1
2Td,p(k) ≤ ‖f̂nσ‖2? ≤ ‖f̂nσ‖θ2k?‖f̂nσ‖

1−θ
∞

and so there exists (xn) ⊂ Rd such that |f̂nσ(xn)| ≥ ε0 > 0. Key lemma

implies that the sequence (xn) is bounded, and this leads (Arzelà–Ascoli)

to the existence of a nonzero weak limit.
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Radial ground states of biharmonic NLS

∆2u + 2a∆u + bu = |u|p−2u in Rd (1)

Ra,b(p) := inf
0 6=u∈H2(Rd )

qa,b(u)

‖u‖2p

qa,b(u) =

∫
Rd

(|∆u|2 − 2a|∇u|2 + b|u|2) dx
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a ≤ 0: ga,b(r) strictly increases with r ≥ 0, and so every
ground state of (1) is radial if p ∈ 2N (Lenzmann–Sok 2021)
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Ra,b(p) := inf
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qa,b(u)
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qa,b(u) =

∫
Rd

(|∆u|2−2a|∇u|2+b|u|2) dx =

∫
Rd

ga,b(|ξ|)|û(ξ)|2 dξ

a ≤ 0: ga,b(r) strictly increases with r ≥ 0, and so every
ground state of (1) is radial if p ∈ 2N (Lenzmann–Sok 2021)

a > 0: since ga,b(r) is not monotonic on R+, Fourier
rearrangement does not apply. By scaling, (a, b) = (1, 1 + ε).
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Nonradial ground states of biharmonic NLS

∆2u + 2∆u + (1 + ε)u = |u|p−2u in Rd (2)

R◦ε(p) := inf
0 6=u∈H2(Rd )

qε(u)

‖u‖2p

qε(u) =

∫
Rd

(
|∆u|2 − 2|∇u|2 + (1 + ε)|u|2

)
dx =

∫
Rd

gε(|ξ|)|û(ξ)|2 dξ

gε(r) = r2 − 2r + (1 + ε) = (r2 − 1)2 + ε
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Lenzmann–Weth (2021)

Let d ≥ 2 and 2 < p < 21?. There exists ε0 = ε0(p, d) > 0 such
that every ground state of (2) is nonradial if 0 < ε < ε0.
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Lenzmann–Weth (2021)

Let d ≥ 2 and 2 < p < 21?. There exists ε0 = ε0(p, d) > 0 such
that every ground state of (2) is nonradial if 0 < ε < ε0.

Note that 21? = 2d+1
d−1 is the endpoint Stein–Tomas exponent.
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Gk-symmetry breaking for ground states of biharmonic NLS
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Gk-symmetry breaking for ground states of biharmonic NLS

Rk
ε (p) := inf

0 6=u∈H2
k

qε(u)

‖u‖2p
Rrad
ε (p) := inf

06=u∈H2
rad

qε(u)

‖u‖2p
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Rk
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0 6=u∈H2
k

qε(u)

‖u‖2p
Rrad
ε (p) := inf

06=u∈H2
rad

qε(u)

‖u‖2p

Mandel–OS (arXiv:2306.03720)

Let d ≥ 2, 1 ≤ k ≤ bd/2c, 2 < p < 2k? . Then there exists
ε0 = ε0(p, d , k) such that, for 0 < ε < ε0,

R◦ε(p) ∨ R1
ε(p) < R2

ε(p) < · · · < Rk
ε (p)

< Rk+1
ε (p) ∧ . . . ∧ Rbd/2cε (p) ≤ Rrad

ε (p) <∞

Each Rayleigh quotient is attained (except possibly R1
ε(p)).
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Each Rayleigh quotient is attained (except possibly R1
ε(p)).

In particular, ground states are neither radial nor
Gk-symmetric.
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ε0 = ε0(p, d , k) such that, for 0 < ε < ε0,

R◦ε(p) ∨ R1
ε(p) < R2

ε(p) < · · · < Rk
ε (p)

< Rk+1
ε (p) ∧ . . . ∧ Rbd/2cε (p) ≤ Rrad

ε (p) <∞

Each Rayleigh quotient is attained (except possibly R1
ε(p)).

In particular, ground states are neither radial nor
Gk-symmetric.

The case k = 1 implies Lenzmann–Weth since 21? = 2d+1
d−1 .
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Lower & upper bounds (Mandel–OS 2023)

Let d ≥ 2, 1 ≤ k ≤ d − 1, 2 < p < 2?. As ε→ 0+,

R◦ε(p) ∼= ε1−
1∧α1

2

Rk
ε (p) ∼= ε1−

1∧αk
2

Rrad
ε (p) ∼=

{
ε1−

1∧αrad
2 , if p 6= 2rad?

ε
1
2 | log(ε)|

1−d
d , if p = 2rad?

αk :=

1
2 −

1
p

1
2 −

1
2k?

αrad :=

1
2 −

1
p

1
2 −

1
2rad?

Rmk. αk ∈ (0, 1) iff p ∈ (2, 2k?) and αrad ∈ (0, 1) iff p ∈ (2, 2rad? )
Upper bounds: test against Gk -symmetric Knapp
Lower bounds: work hard(er)
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Lower bounds: proof sketch (for Rk
ε(p) only)

Decompose u ∈ H2
k as u = v + w with v̂(ξ) = 1||ξ|−1|≤ 1

2
û(ξ).

Since ‖u‖p ≤ ‖v‖p + ‖w‖p and qε(u) = qε(v) + qε(w),

qε(u)

‖u‖2p
≥ qε(v) + qε(w)

(‖v‖p + ‖w‖p)2
≥ 1

2

qε(v) + qε(w)

‖v‖2p + ‖w‖2p
≥ 1

2

(
qε(v)

‖v‖2p
∧ qε(w)

‖w‖2p

)
Sobolev embedding takes care of w . For v , estimate for p ≥ 2k? :

‖v‖2p ∼=
∥∥∥∥∫

Rd

e i〈ξ,·〉v̂(ξ) dξ

∥∥∥∥2
p

≤

(∫ 3
2

1
2

∥∥∥∥∫
Sd−1

e i〈ω,r ·〉v̂(rω) dσ(ω)

∥∥∥∥
p

dr

)2

∼=

(∫ 3
2

1
2

∥∥∥∥∫
Sd−1

e i〈ω,·〉v̂(rω) dσ(ω)

∥∥∥∥
p

dr

)2

.

(∫ 3
2

1
2

‖v̂(r ·)‖L2(Sd−1) dr

)2

.

(∫ 3
2

1
2

dr

gε(r)

)(∫
Rd

|v̂(ξ)|2gε(|ξ|) dξ

)
∼= ε−

1
2 qε(v)

If p ∈ (2, 2k?), interpolate with ‖v‖22 . 1
ε

∫
|v̂ |2gε = ε−1qε(v)
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Asymptotic behaviour of ground states as ε→ 0+

Let d ≥ 2, 1 ≤ k ≤ d − 1, Aε,δ := {ξ ∈ Rd : ||ξ| − 1| ∈ Iε,δ} with
Iε,δ := [δ

√
ε, δ−1

√
ε]. Decompose uε = vε +wε where v̂ε = 1Aε,δ ûε.
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Iε,δ := [δ

√
ε, δ−1

√
ε]. Decompose uε = vε +wε where v̂ε = 1Aε,δ ûε.

Concentration (Mandel–OS 2023)

Let 2 < p < 2?. Let ∗ ∈ {◦, k , rad}. If uε = vε + wε is a minimizer
for R∗ε(p) for a given positive null sequence (δε)ε>0, then

lim
ε→0+

‖wε‖p
‖vε‖p

= lim
ε→0+

qε(wε)

qε(vε)
= 0
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lim
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‖wε‖p
‖vε‖p

= lim
ε→0+

qε(wε)

qε(vε)
= 0

Roughness (Mandel–OS 2023)

Let 2 < p < 2k? . Let ∗ ∈ {◦, k}. If uε is a minimizer for R∗ε(p),
then for every t > 0 and every positive null sequence (δε)ε>0,

lim
ε→0+

sup
|r−1|∈Iε,δε

‖ûε(r ·)‖Ht(Sd−1)

‖ûε(r ·)‖L2(Sd−1)

=∞
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(Zagreb) • R. Mandel (KIT) • G. Negro (IST) • R. Quilodrán •
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