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Restriction theory

Given 1 ≤ p ≤ 2, for which exponents 1 ≤ q ≤ ∞ does∫
Sd−1

|f̂ (ω)|q dσ(ω) . ‖f ‖q
Lp(Rd )

hold?

Restriction Conjecture. 1 ≤ p < 2d
d+1 , q ≤ d−1

d+1p
′

Stein–Tomas (1975). 1 ≤ p ≤ 2d+1
d+3 , q = 2

Curvature plays a role: Any smooth compact hypersurface of
nonvanishing Gaussian curvature will do.
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Riesz diagram for the restriction operator
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Sharp restriction theory

D. Oliveira e Silva, IST Sharp, maximal & variational restriction theory



Foschi, reloaded (Negro–OS–Thiele, 2022)

WTS ‖f̂ σ‖4 ≤ ‖σ̂‖4 for all ‖f ‖L2(S2) = ‖1‖L2(S2)

‖f̂ σ‖44 = ‖f σ ∗ f σ‖22 =

∫
(S2)4

δ
( 4∑
j=1

ωj

) 4∏
j=1

f (ωj) dσ(ωj)

WLOG f even R-valued, thus u = f̂ σ even R-valued, u + ∆u = 0∫
R3

u4 = −
∫
R3

(∆u)u3 =

∫
R3

∇u · ∇(u3) =
3

4

∫
R3

|∇u2|2

ETS Λ(f , f , f , f ) ≤ Λ(1, 1, 1, 1)

Λ(f1, f2, f3, f4) :=

∫
(S2)4
|ω1 + ω2|2δ

( 4∑
j=1

ωj

) 4∏
j=1

fj(ωj)dσ(ωj)

ETS Λ(f 2, f 2, 1, 1) ≤ Λ(1, 1, 1, 1) by Cauchy–Schwarz
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Foschi, reloaded II

ETS Λ(f 2, f 2, 1, 1) ≤ Λ(1, 1, 1, 1)
Write f 2 = 1 + g ,

∫
S2 g = 0
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Foschi, reloaded II
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ETS Λ(f 2, f 2, 1, 1) ≤ Λ(1, 1, 1, 1)
Write f 2 = 1 + g ,

∫
S2 g = 0 = ĝσ(0)
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Conclusion(s)

Extension.
‖f̂ σ‖L4(R3) ≤ 2π‖f ‖L2(S2)

Restriction. ∫
S2
|f̂ (ω)|2 dσ(ω) ≤ 4π2‖f ‖2

L4/3(R3)

Convolution.

‖f σ ∗ f σ‖L2(R3) ≤ (2π)
1
2 ‖f ‖2L2(S2)

The latter inequality implies:∣∣∣∣∣
∫
(S2)2

f (ω)f (ω′)g(ω − ω′) dσ(ω) dσ(ω′)

∣∣∣∣∣ . ‖f ‖2L2(S2)‖g‖L2(R3)
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Maximal restriction theory
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Hardy–Littlewood maximal function

Mf (x) = sup
r>0

1

|Br |

∫
Br

|f (x − y)|dy

The operator M is weak-(1, 1) and strong-(p, p), 1 < p ≤ ∞:

|{x ∈ Rd : Mf (x) > λ}| . λ−1‖f ‖L1(Rd )
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Hardy–Littlewood maximal function

Mf (x) = sup
r>0

1

|Br |

∫
Br

|f (x − y)|dy

The operator M is weak-(1, 1) and strong-(p, p), 1 < p ≤ ∞:

|{x ∈ Rd : Mf (x) > λ}| . λ−1‖f ‖L1(Rd )

Lebesgue differentiation theorem

If f ∈ L1loc(Rd), then, for almost every x ∈ Rd ,

lim
r→0+

1

|Br |

∫
Br

f (x − y) dy = f (x)
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Hardy–Littlewood maximal function

Mf (x) = sup
r>0

1

|Br |

∫
Br

|f (x − y)|dy

The operator M is weak-(1, 1) and strong-(p, p), 1 < p ≤ ∞:

|{x ∈ Rd : Mf (x) > λ}| . λ−1‖f ‖L1(Rd )

Lebesgue differentiation theorem

If f ∈ L1loc(Rd), then, for almost every x ∈ Rd ,

lim
r→0+

1

|Br |

∫
Br

f (x − y) dy = f (x)

In fact, almost every x ∈ Rd is a Lebesgue point of f ∈ L1loc(Rd):

lim
r→0+

1

|Br |

∫
Br

|f (x − y)− f (x)| dy = 0

D. Oliveira e Silva, IST Sharp, maximal & variational restriction theory



Let Rf := f̂ |S1 . It is known that

‖Rf ‖Lq(S1,σ) . ‖f ‖Lp(R2), 1 ≤ p < 4
3 , p

′ ≥ 3q (1)

What is the “intrinsic” pointwise relation between Rf and f̂
for general f ∈ Lp? Let χ ∈ S(R2) be real-valued, even,

∫
χ = 1;

let χε := ε−2χ(ε−1·). If (1) holds, then for σ-a.e. ω ∈ S1,

(f̂ ∗ χεk )(ω)→ Rf (ω) as k →∞

along some sequence εk → 0+. What happens in general?
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Müller–Ricci–Wright (2019)

Let f ∈ Lp(R2). Then:

If 1 ≤ p < 4
3 , then limε→0+(f̂ ∗ χε)(ω) = Rf (ω), σ-a.e.

If 1 ≤ p < 8
7 , then σ-a.e. ω ∈ S1 is a Lebesgue point of f̂
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(f̂ ∗ χεk )(ω)→ Rf (ω) as k →∞
along some sequence εk → 0+. What happens in general?

Müller–Ricci–Wright (2019)

Let f ∈ Lp(R2). Then:

If 1 ≤ p < 4
3 , then limε→0+(f̂ ∗ χε)(ω) = Rf (ω), σ-a.e.

If 1 ≤ p < 8
7 , then σ-a.e. ω ∈ S1 is a Lebesgue point of f̂

Lp(R2)–Lq bounds for the two-parameter maximal function

Mf (x) = sup
0<ε,ε′<1

∣∣∣∣∫
R2

f̂ (x + s,
√

1− x2 + t)χε(s)χε′(t)ds dt

∣∣∣∣
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The case of S2

Let χ ∈ S(R3) be real-valued, even,
∫
χ = 1; let χε := ε−3χ(ε−1·)
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The case of S2

Let χ ∈ S(R3) be real-valued, even,
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χ = 1; let χε := ε−3χ(ε−1·)
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ε>0
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∥∥∥∥
L2ω(S2)
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If f ∈ Lp(R3), 1 ≤ p ≤ 8
7 , then σ-almost every point of S2 is a

Lebesgue point of f̂ .
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Later we will see how to extend the corollary to the full range
1 ≤ p ≤ 4

3 .
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7 , then σ-almost every point of S2 is a

Lebesgue point of f̂ .

Later we will see how to extend the corollary to the full range
1 ≤ p ≤ 4

3 .

Mf (ω) = sup
ε>0

∣∣∣(f̂ ∗ χε)(ω)
∣∣∣ = sup

ε>0

∣∣∣∣∫
R3

f̂ (ω + y)χε(y) dy

∣∣∣∣
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Proof of ‖Mf ‖L2(S2) . ‖f ‖L4/3(R3)

Linearize the maximal operator Mf :

Aε(·)f (ω) =

∫
R3

f̂ (ω + y)χε(ω)(y)dy

Show ‖Aε(·)f ‖L2(S2) . ‖f ‖L4/3(R3)

Show ‖A∗ε(·)g‖L4(R3) . ‖g‖L2(S2)

Show
∥∥∥Â∗ε(·)g ∗ Â∗ε(·)g∥∥∥L2(R3)

. ‖g‖2L2(S2)

Pair with a function h ∈ L2(R3) satisfying ‖h‖2 = 1:

D. Oliveira e Silva, IST Sharp, maximal & variational restriction theory



Proof of ‖Mf ‖L2(S2) . ‖f ‖L4/3(R3)

Linearize the maximal operator Mf :

Aε(·)f (ω) =

∫
R3

f̂ (ω + y)χε(ω)(y)dy

Show ‖Aε(·)f ‖L2(S2) . ‖f ‖L4/3(R3)

Show ‖A∗ε(·)g‖L4(R3) . ‖g‖L2(S2)

Show
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∣∣∣∣
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Pair with a function h ∈ L2(R3) satisfying ‖h‖2 = 1:∣∣∣∣〈Â∗ε(·)g ∗ Â∗ε(·)g , h〉L2(R3)

∣∣∣∣
=
∣∣∣ ∫

(S2)2
g(ω)g(ω′)(h ∗ χε(ω) ∗ χε(ω′))(ω − ω′) dσ(ω) dσ(ω′)

∣∣∣
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∥∥∥Â∗ε(·)g ∗ Â∗ε(·)g∥∥∥L2(R3)
. ‖g‖2L2(S2)

Pair with a function h ∈ L2(R3) satisfying ‖h‖2 = 1:∣∣∣∣〈Â∗ε(·)g ∗ Â∗ε(·)g , h〉L2(R3)
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Variational restriction theory
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Given a : (0,∞)→ C and 1 ≤ % <∞, the %-variation norm of a is

‖a‖V % := sup
m∈N∪{0}

ε0>ε1>···>εm>0

(
|a(ε0)|% +

m∑
j=1

|a(εj−1)− a(εj)|%
) 1
%
.
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Variational endpoint Stein–Tomas on S2 (Kovač–OS 2021)

If 2 < % <∞, then∥∥∥(f̂ ∗ χε)(ω)
∥∥∥
L2ω(S2;V

%
ε )
.χ,% ‖f ‖L4/3(R3) (2)
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∥∥∥
L2ω(S2;V

%
ε )
.χ,% ‖f ‖L4/3(R3) (2)

Recover maximal endpoint Stein–Tomas on S2 as %→∞
If f ∈ Lp(R3), 1 ≤ p ≤ 4

3 , then (2) implies quantitative
bounds on the rate of convergence of

1

|B(ε)|

∫
B(ω,ε)

f̂ (x) dx → f̂ (ω) as ε→ 0+
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ε )
.χ,% ‖f ‖L4/3(R3) (2)

Recover maximal endpoint Stein–Tomas on S2 as %→∞
If f ∈ Lp(R3), 1 ≤ p ≤ 4

3 , then (2) implies quantitative
bounds on the rate of convergence of

1

|B(ε)|

∫
B(ω,ε)

f̂ (x) dx → f̂ (ω) as ε→ 0+

Large sets without Fourier restriction theorems
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Two ingredients

Variational estimates for convolution-type operators

If ϕ ∈ S(Rd) and 2 < % <∞, then

‖(h ∗ ϕε)(x)‖
L2x (Rd ;Ṽ %ε )

.d ,ϕ (%− 2)−1‖h‖L2(Rd )
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Bourgain (1989): d = 1, proof extends to all d ≥ 1
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.d ,ϕ (%− 2)−1‖h‖L2(Rd )

Bourgain (1989): d = 1, proof extends to all d ≥ 1

Jones–Seeger–Wright (2008)
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Two ingredients

Variational estimates for convolution-type operators

If ϕ ∈ S(Rd) and 2 < % <∞, then

‖(h ∗ ϕε)(x)‖
L2x (Rd ;Ṽ %ε )

.d ,ϕ (%− 2)−1‖h‖L2(Rd )

Bourgain (1989): d = 1, proof extends to all d ≥ 1

Jones–Seeger–Wright (2008)

Gaussian domination (Stein 1970’s & Durcik, Kovač 2012–)

Given χ ∈ S(R3) real-valued and even, let ϑ(x) := −x · (∇χ̂)(x).
Let ϕ(x) = exp(−π|x |2) and ψ̂(x) := −x · (∇ϕ̂)(x). Then:

|ϑ(x)| .χ
∫ ∞
1

ψ̂
( x
α

) dα

α2
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Does restriction imply maximal/variational restriction?
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Does restriction imply maximal/variational restriction?

Christ–Kiselev (2001)

Let 1 ≤ p < q <∞ and β = 1
p −

1
q . Let T : Lp(R)→ Lq(R) be a

bounded linear operator. Define the maximal truncations

(T?f )(x) = sup
α∈R
|T (f 1α)(x)|

where 1α = 1(−∞,α). Then

‖T?f ‖Lq(R) ≤ (2β − 1)−1‖T‖p→q‖f ‖Lp(R)
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Does restriction imply maximal/variational restriction?

Christ–Kiselev (2001)

Let 1 ≤ p < q <∞ and β = 1
p −

1
q . Let T : Lp(R)→ Lq(R) be a

bounded linear operator. Define the maximal truncations

(T?f )(x) = sup
α∈R
|T (f 1α)(x)|

where 1α = 1(−∞,α). Then

‖T?f ‖Lq(R) ≤ (2β − 1)−1‖T‖p→q‖f ‖Lp(R)

Many applications (e.g. retarded Strichartz estimates)

Variational version: If 1 ≤ p < q <∞ and % > p, then

‖T (f 1α)‖Lq(V %α) .p,q,% ‖T‖p→q‖f ‖Lp
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Let p ∈ [1, 2] and q ∈ (1,∞) be such that p < q. Assume

‖f̂ ‖Lq(S,σ) . ‖f ‖Lp(Rd )

Take a (complex-valued, Borel) measure µ with C∞-smooth Fourier
transform satisfying, for some η > 0,

|∇µ̂(x)| . (1 + |x |)−1−η
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Let p ∈ [1, 2] and q ∈ (1,∞) be such that p < q. Assume

‖f̂ ‖Lq(S,σ) . ‖f ‖Lp(Rd )

Take a (complex-valued, Borel) measure µ with C∞-smooth Fourier
transform satisfying, for some η > 0,

|∇µ̂(x)| . (1 + |x |)−1−η

“Fourier restriction implies maximal and variational Fourier restriction”
(Kovač 2019)

Under the above conditions, let % ∈ (p,∞). Then:∥∥∥∥sup
t>0
|f̂ ∗ µt |

∥∥∥∥
Lq(S,σ)

. ‖f ‖Lp(Rd )

∥∥∥∥∥∥∥ sup
m∈N∪{0}

tm>···>t1>t0>0

 m∑
j=1

∣∣∣f̂ ∗ µtj−1 − f̂ ∗ µtj

∣∣∣%
 1

%

∥∥∥∥∥∥∥
Lq(S,σ)

. ‖f ‖Lp(Rd )
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Remarks

Examples of admissible averaging measures:
dµ(x) = χ(x)dx with χ ∈ S(Rd)
dµ(x) = 1B1(x)dx if d ≥ 2
dµ = surface measure on Sd−1 if d ≥ 4

Condition p < q is satisfied for:
Endpoint Stein–Tomas: (p, q) = (2 d+1

d+3 , 2)

Restriction conjecture endpoint: q = d−1
d+1p

′ (recall p < 2d
d+1 )

Let p ∈ [1, 2] and q ∈ (1,∞) be such that p < q. Assume

‖f̂ ‖Lq(S,σ) . ‖f ‖Lp(Rd )

Let (p?, q?) = ( 2p
p+1 , 2q), and h = f ∗ f̃ . Then ĥ = |f̂ |2, and
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D. Oliveira e Silva, IST Sharp, maximal & variational restriction theory



Remarks

Examples of admissible averaging measures:
dµ(x) = χ(x)dx with χ ∈ S(Rd)
dµ(x) = 1B1(x)dx if d ≥ 2
dµ = surface measure on Sd−1 if d ≥ 4

Condition p < q is satisfied for:
Endpoint Stein–Tomas: (p, q) = (2 d+1

d+3 , 2)

Restriction conjecture endpoint: q = d−1
d+1p

′ (recall p < 2d
d+1 )

Let p ∈ [1, 2] and q ∈ (1,∞) be such that p < q. Assume

‖f̂ ‖Lq(S,σ) . ‖f ‖Lp(Rd )

Let (p?, q?) = ( 2p
p+1 , 2q), and h = f ∗ f̃ . Then ĥ = |f̂ |2, and
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Let (p?, q?) = ( 2p
p+1 , 2q), and h = f ∗ f̃ . Then ĥ = |f̂ |2, and∥∥∥∥∥∥sup

t>0

(
−
∫
B(ω,t)

|f̂ (ξ)|2 dξ

) 1
2

∥∥∥∥∥∥
Lq?ω (S ,σ)

. ‖f ‖Lp? (Rd )
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|f̂ (ξ)| dξ

∥∥∥∥∥
Lq?ω (S ,σ)

. ‖f ‖Lp? (Rd )
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Lebesgue points in the full Stein–Tomas range

Corollary

If f ∈ Lp(R3), 1 ≤ p ≤ 8
7 , then σ-almost every point of S2 is a

Lebesgue point of f̂ .

Bilinear trick gets the full range 1 ≤ p ≤ 4
3 (J. P. Ramos 2020).

Instead of directly estimating

M+f (ω) := sup
t>0
−
∫
B(ω,t)

|f̂ (ξ)|dξ

bound the auxiliary bilinear expression

sup
t>0

∣∣∣∣∣−
∫
B(ω,t)

f̂ (ξ)g(ξ)dξ

∣∣∣∣∣
whenever ‖g‖∞ = 1. Same proof applies, obtain

‖M+f ‖L2(S2) . ‖f ‖L4/3(R3)
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Large sets without Fourier restriction theorems

Bilz 2022 (TAMS)

There exists a function in
⋂

p∈(1,∞] L
p(Rd) whose Fourier

transform has no Lebesgue points in some compact set of
Hausdorff dimension d .
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Bilz 2022 (TAMS)

There exists a function in
⋂

p∈(1,∞] L
p(Rd) whose Fourier

transform has no Lebesgue points in some compact set of
Hausdorff dimension d .

Corollary 1

There exists a compact E ⊂ Rd with dimH(E ) = d such that, for
any Borel measure µ on Rd with µ(E ) > 0 and any 1 < p ≤ 2 and
1 ≤ q ≤ ∞,

sup
f ∈S(Rd )

‖f̂ ‖Lq(µ)
‖f ‖p

=∞
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Large sets without Fourier restriction theorems

Bilz 2022 (TAMS)

There exists a function in
⋂

p∈(1,∞] L
p(Rd) whose Fourier

transform has no Lebesgue points in some compact set of
Hausdorff dimension d .

Corollary 1

There exists a compact E ⊂ Rd with dimH(E ) = d such that, for
any Borel measure µ on Rd with µ(E ) > 0 and any 1 < p ≤ 2 and
1 ≤ q ≤ ∞,

sup
f ∈S(Rd )

‖f̂ ‖Lq(µ)
‖f ‖p

=∞

Corollary 2

Let 0 ≤ α ≤ d and 1 ≤ p ≤ 2d
2d−α . There exists a compact

E ⊂ Rd such that dimH(E ) = α and pres(E ) = p.
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Thank you
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