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Fourier transform

f̂ (ξ) =

∫
Rd

f (x)e−2πix ·ξ dx

This defines a contraction from L1 to L∞

It extends to a unitary operator on L2

It extends to contraction from Lp to Lp
′
, if 1 ≤ p ≤ 2 and

1
p + 1

p′ = 1
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Sharp inequalities in harmonic analysis

Sharp Hausdorff–Young: Beckner (1975)

If d ≥ 1 and 1 ≤ p ≤ 2, then

‖f̂ ‖Lp′ (Rd ) ≤ Bd
p‖f ‖Lp(Rd )

where Bp = p
1

2p (p′)
− 1

2p′ . A maximizer is f = exp(−| · |2).
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‖f̂ ‖Lp′ (Rd ) ≤ Bd
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where Bp = p
1

2p (p′)
− 1

2p′ . A maximizer is f = exp(−| · |2).

Sharp Hardy–Littlewood–Sobolev: Lieb (1983)

If d ≥ 1, 0 < λ < d and p = 2d
2d−λ , then∣∣∣ ∫

Rd

∫
Rd

f (x)|x − y |−λg(y) dx dy
∣∣∣ ≤ Lλ,d‖f ‖Lp(Rd )‖g‖Lp(Rd )

with Lλ,d = π
λ
2

Γ( d−λ
2

)

Γ(d−λ
2

)

(
Γ( d

2
)

Γ(d)

)λ
d
−1

. A maximizer is f = (1 + | · |2)
λ
2 −d .
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Why do we care about sharp inequalities?

Beautiful proofs that reveal hidden structure and “enemies”

Sharpened and stable versions, e.g. Christ 2014: If d ≥ 1 and
1 < p < 2, then there exists c = c(p, d) > 0 such that

‖f̂ ‖Lp′ (Rd ) ≤

(
Bd

p − c
dist2

p(f ,G)

‖f ‖2
Lp(Rd )

)
‖f ‖Lp(Rd )

Deep and often surprising applications

harmonic analysis: nonlinear Brascamp–Lieb inequality
(Bennett–Bez–Buschenhenke–Cowling–Flock 2020)
differential geometry: isoperimetry for a minimal
submanifold in euclidean space (Brendle 2021)
number theory: sphere packing in dimension 8 (Viazovska
2017) and in dimension 24 (Cohn–Kumar–Miller–Radchenko–
–Viazovska 2017)
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Restriction theory

Given 1 ≤ p ≤ 2, for which exponents 1 ≤ q ≤ ∞ does∫
Sd−1

|f̂ (ω)|q dσ(ω) . ‖f ‖q
Lp(Rd )

hold?

Restriction Conjecture. 1 ≤ p < 2d
d+1 , q ≤ d−1

d+1p
′

Stein–Tomas (1975). 1 ≤ p ≤ 2d+1
d+3 , q = 2

Curvature plays a role: Any smooth compact hypersurface of
nonvanishing Gaussian curvature will do.
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Bochner–Riesz

In what sense do Fourier series/integrals converge?

ŜδR f = SδR f̂ , where SδR(ξ) =
(
1− |ξ|

2

R2

)δ
+

• ‖Sδ1 f ‖Lp(Rd ) . ‖f ‖Lp(Rd ) iff δ > 0 and d |12 −
1
p | <

1
2 + δ ?
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(
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2

R2

)δ
+

• ‖Sδ1 f ‖Lp(Rd ) . ‖f ‖Lp(Rd ) iff δ > 0 and d |12 −
1
p | <

1
2 + δ ?

Kakeya

What is the smallest area needed to rotate a unit line segment (a
“needle”) by 180 degrees in the plane?

f ∗δ (ω) = sup
a∈Rd

1

|T δ|

∫
T δω(a)

|f |

• ∀ε > 0∃Cε <∞ : ‖f ∗δ ‖Ld (Sd−1) . Cεδ
−ε‖f ‖Ld (Rd ) ?
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1

|T δ|

∫
T δω(a)

|f |

• ∀ε > 0∃Cε <∞ : ‖f ∗δ ‖Ld (Sd−1) . Cεδ
−ε‖f ‖Ld (Rd ) ?

More recently: `2-decoupling (2015), Vinogradov MVT (2016)
Also: local smoothing conjecture (solved in R2+1 only in 2020)
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Why should any nontrivial restriction inequality hold?

The adjoint of the restriction operator, Rf = f̂ |Sd−1 , is the

extension operator, Ef = f̂ σ, given by

f̂ σ(x) =

∫
Sd−1

f (ω)e iω·x dσ(ω)

Their composition is ERf = f ∗ σ̂, and σ̂ decays at ∞:
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|σ̂(λed)| =
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∣∣∣∣
'

∣∣∣∣∣
∫
Rd−1

e iλ(1−|ω′|2)
1
2 η(ω′)dω′

(1− |ω′|2)
1
2
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1−d

2
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Riesz diagram for the restriction operator

1
p

1
q

1

0 1d+1
2d

1
2
d+3
d+1

1
2

d+1
2d

Stein–Tomas

Restriction
Conjecture
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Agmon–Hörmander (1975)

1

ρ

∫
Bρ

|f̂ σ(x)|2 dx

(2π)d
≤ Ad(ρ)

∫
Sd−1

|f (ω)|2 dσ(ω)

Tao: RSd−1(2→ 2; 1
2 ); Ag–Hör: Ad(ρ)→ 1

π as ρ→∞
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∫
Sd−1

|f (ω)|2 dσ(ω)
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2 ); Ag–Hör: Ad(ρ)→ 1

π as ρ→∞

j0,1 j1,1 j0,2 j1,2 j0,3 j1,3 j0,4 j1,4 j0,5

1

π

Negro–OS (2023): Best constant A2(ρ)
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Sharpened Agmon–Hörmander: constructive stability

δd(f ; ρ) := Ad(ρ)‖f ‖2
L2(Sd−1) −

1

ρ

∫
Bρ

|f̂ σ(x)|2 dx

(2π)d

Sd(ρ)d2(f ,Md(ρ)) ≤ δd(f ; ρ) ≤ Ad(ρ)d2(f ,Md(ρ))
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D. Oliveira e Silva, IST Sharp restriction theory



Vega (1988)
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Sharp Stein–Tomas

If d ≥ 2 and q ≥ 2d+1
d−1 , then ‖f̂ σ‖Lq(Rd ) ≤ Td ,q‖f ‖L2(Sd−1).

Td ,q := sup
06=f ∈L2

Φd ,q(f ) := sup
06=f ∈L2

‖f̂ σ‖Lq(Rd )

‖f ‖L2(Sd−1)
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‖f̂ σ‖Lq(Rd )

‖f ‖L2(Sd−1)

Maximizers exist if q > 2d+1
d−1 , or if (d , q) ∈ {(2, 6), (3, 4)}

(Fanelli–Vega–Visciglia 2011, Christ–Shao 2012, Shao 2016, Frank–Lieb–Sabin 2016, Flock–Stovall 2022)
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Christ–Shao (2012)

‖f̂ σ‖L4(R3) . ‖f ‖L2(S2) iff ‖f σ ∗ f σ‖L2 . ‖f ‖2
L2 ; Symmetrize!
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0
π

4
cos-1 1

3


π

2

2 π

Left: The sumset C?φ + C?φ, where C?φ = −Cφ ∪ Cφ and Cφ ⊂ S2 is
the (red) cap centered at the north pole with half-angle φ = π

4 .
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Christ–Shao (2012)

‖f̂ σ‖L4(R3) . ‖f ‖L2(S2) iff ‖f σ ∗ f σ‖L2 . ‖f ‖2
L2 ; Symmetrize!

-2 -1 0 1 2

-2
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0

1

2

0
π

4
cos-1 1

3


π

2

2 π

Right: The Stein–Tomas functional Φ(f ) = ‖f ‖−2
2 ‖f σ ∗ f σ‖2 for

f = 1Cφ and 0 < φ < π
2 (blue). It holds that 2Φ(1C?φ) = 3Φ(1Cφ) if

and only if cosφ ≥ 1
3 .
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d−1 , or if (d , q) ∈ {(2, 6), (3, 4)}

(Fanelli–Vega–Visciglia 2011, Christ–Shao 2012, Shao 2016, Frank–Lieb–Sabin 2016, Flock–Stovall 2022)

Foschi (2015) & Carneiro–OS (2015)

Characters uniquely maximize Φd ,4 if d ∈ {3, 4, 5, 6, 7}.
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d−1 , or if (d , q) ∈ {(2, 6), (3, 4)}

(Fanelli–Vega–Visciglia 2011, Christ–Shao 2012, Shao 2016, Frank–Lieb–Sabin 2016, Flock–Stovall 2022)

Foschi (2015) & Carneiro–OS (2015)

Characters uniquely maximize Φd ,4 if d ∈ {3, 4, 5, 6, 7}.

OS–Quilodrán (2021)

Let d ∈ {3, 4, 5, 6, 7} and q ≥ 6 be an even integer. Then
characters are the unique complex-valued maximizers of Φd ,q.
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τ

ξ′

ξ1
q10p

Cone: τ = |ξ|

Hyperboloid: ξ1 = 1, τ2 −
∣∣ξ′∣∣2 = 1

Hyperboloid: |ξ − q| − |ξ| = |q| − 2

Paraboloid: 4ξ1 = 4−
∣∣ξ′∣∣2

Ellipsoid: |ξ − p| + |ξ| = |p| + 2

Sphere: |ξ| = 1
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Paraboloids

Schrödinger IVP: ut = i∆u, u(0, ·) = f ∈ L2(Rd)

‖e it∆f ‖
L2+ 4

d (R1+d )
≤ Sd‖f ‖L2(Rd ) (1)

Extension on the paraboloid {(τ, ξ) ∈ R1+d : τ = |ξ|2}
Sharp versions for d ∈ {1, 2}? 2 + 4

d ∈ 2N (Ozawa–Tsutsumi 1998,

Hundertmark–Zharnitsky 2006, Foschi 2007, Bennett–Bez–Carbery–Hundertmark 2009, Gonçalves 2019)

(µ ∗ µ)(τ, ξ) = π
2 · 1

(
τ > |ξ|2

2

)
(µ ∗ µ ∗ µ)(τ, ξ) = π√

3
· 1
(
τ > ξ2

3

)
Sharp inequalities ‖e it∆f ‖L4(R1+2) ≤ 2−

1
2 ‖f ‖L2(R2)

‖e it∆f ‖L6(R1+1) ≤ 12−
1

12 ‖f ‖L2(R)

Gaussians are the unique maximizers
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Conjecture (Lieb 1990 & Hundertmark–Zharnitsky 2006)

Gaussians maximize (1) for all d ≥ 1.
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Christ–Quilodrán (2014)

Let 1 < p < 2 + 2
d and q = d+2

d p′. Gaussians are critical points for
the Lp → Lq extension inequality on the paraboloid,
‖e it∆f ‖Lq(R1+d ) ≤ Sd ,p‖f ‖Lp(Rd ), if and only if p = 2.
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Let 1 < p < 2 + 2
d and q = d+2

d p′. Gaussians are critical points for
the Lp → Lq extension inequality on the paraboloid,
‖e it∆f ‖Lq(R1+d ) ≤ Sd ,p‖f ‖Lp(Rd ), if and only if p = 2.

Gonçalves–Zagier (2022)

‖e it∆f ‖L6(R1+1) ≤
(

5
9

) 1
6 12−

1
12 ‖f ‖L2(R)

for every odd function f ∈ L2(R), with equality if and only if
f (x) = bxe−ax

2
for some a, b ∈ C such that Re(a) > 0.
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Gonçalves–Zagier (2022)

‖e it∆f ‖L6(R1+1) ≤
(

5
9

) 1
6 12−

1
12 ‖f ‖L2(R)

for every odd function f ∈ L2(R), with equality if and only if
f (x) = bxe−ax

2
for some a, b ∈ C such that Re(a) > 0.

OS–Quilodrán (2018)

The inequality (non-sharp: Keel–Tao 1998)

‖(I + ∆)
1
4 e it(∆+∆2)f ‖L4(R1+2) ≤ 2−

1
2 ‖f ‖L2(R2)

is sharp but possesses no maximizers. Concentration occurs at 0.
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Geometric comparison principle

If τ = |ξ|2, then the convolution µ ∗ µ is constant in its support:
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If τ = |ξ|2 + |ξ|4, then we instead have the picture on the right.
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Geometric comparison principle

If τ = |ξ|2, then the convolution µ ∗ µ is constant in its support:

If τ = |ξ|2 + |ξ|4, then we instead have the picture on the right.

OS–Quilodrán (2020)

Let φ : Rd → [0,∞) ∈ C 1 be a strictly convex function. Consider
| · |2 and | · |2 + φ with projection measures ν0 and ν. Then

ν∗(n)(ξ, τ) ≤ ν∗(n)
0 (ξ, τ − nφ(ξ/n)), for ξ ∈ Rd , τ > nψ(ξ/n),

with strict inequality in the interior of the support of ν∗(n).
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Application to PDE (fourth order Schrödinger equations)

Keel–Tao (1998): iut − µ∆u + ∆2u = 0, u(0, ·) = f ∈ L2(R2)

‖(µI + ∆)
1
4 e it(∆2−µ∆)f ‖L4(R1+2) ≤ Kµ‖f ‖L2(R2)

Scaling: µ ∈ {0, 1}; Kµ ≥ S2

Jiang–Shao–Stovall (2014): existence if Kµ > S2 or
concentration if Kµ = S2

OS–Quilodrán (2018): maximizers exist if µ = 0 but do not
exist if µ = 1

Also in R1+1, but trickier:

Kenig–Ponce–Vega (1991): iut + uxxxx = 0, u(0, ·) = f ∈ L2

‖D
1
3 e it∂

4
x f ‖L6(R1+1) ≤ K‖f ‖L2(R)

Jiang–Pausader–Shao (2010): existence if K > S1 or
concentration if K = S1

Brocchi–OS–Quilodrán (2020): maximizers exist; they also
decay super-exponentially fast in L2
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Cones

Wave IVP: utt = ∆u, (u, ut)(0, ·) = (f , g) ∈ Ḣ
1
2 × Ḣ−

1
2∥∥∥cos(t

√
−∆)f (x) + sin(t

√
−∆)√
−∆

g(x)
∥∥∥
L

2 d+1
d−1 (R1+d )

≤Wd‖(f , g)‖
H

1
2

(2)
Extension on the 2-cone {(τ, ξ) ∈ R1+d : τ2 = |ξ|2}
Sharp versions for d ∈ {2, 3}? 2d+1

d−1 ∈ 2N (d = 3: Foschi 2007)

(ν+ ∗ ν+)(τ, ξ) = 2π · 1 (τ > |ξ|)

Sharp inequality, maximized by ((1 + | · |2)
1−d

2 , 0) if d = 3
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1
2∥∥∥cos(t

√
−∆)f (x) + sin(t

√
−∆)√
−∆

g(x)
∥∥∥
L

2 d+1
d−1 (R1+d )

≤Wd‖(f , g)‖
H

1
2

(2)
Extension on the 2-cone {(τ, ξ) ∈ R1+d : τ2 = |ξ|2}
Sharp versions for d ∈ {2, 3}? 2d+1

d−1 ∈ 2N (d = 3: Foschi 2007)

(ν+ ∗ ν+)(τ, ξ) = 2π · 1 (τ > |ξ|)

Sharp inequality, maximized by ((1 + | · |2)
1−d

2 , 0) if d = 3

D. Oliveira e Silva, IST Sharp restriction theory



Cones

Wave IVP: utt = ∆u, (u, ut)(0, ·) = (f , g) ∈ Ḣ
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Sharp inequality, maximized by ((1 + | · |2)
1−d

2 , 0) if d = 3

Conjecture (Foschi 2007)

The data ((1 + | · |2)
1−d

2 , 0) maximize (2) for all d ≥ 2.

[(1 + | · |2)
1−d

2 ]∧(ξ) = cd |ξ|−1 exp(−|ξ|)
F-functions: f̂?(ξ) = |ξ|−1 exp(A|ξ|+ b · ξ + c), |Re(b)| < −Re(A)
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Penrose transform

r = |x |

t
R1+d

R

T

−π

π

π

D1+d

[−π, π]× Sd

X0 = cosR

X

ω sinR

R

Sd

P : R1+d → D1+d

(T ,R) = (arctan(t + r) + arctan(t − r), arctan(t + r)− arctan(t − r))

Key : (1 + | · |2)
1−d

2 on Rd Penrose transform
// 1 on Sd
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Spatial dimension d 2-cone 1-cone
2 NO YES
3 YES YES

4, 6, 8, . . . NO Loc
5, 7, 9, . . . Loc Loc

YES: Foschi 2007; NO: Negro 2018; Loc: Gonçalves–Negro 2022
What about p 6= 2? On the 1-cone:

‖Ef ‖Lq(R1+d ) ≤ Cp,q‖f ‖Lp( dν+), 1 < p < 2d
d−1 , q = d+1

d−1p
′ (3)

Ef (t, x) =

∫
Rd

e i(t,x)·(|ξ|,ξ)f (|ξ|, ξ) dξ
|ξ|
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What about p 6= 2? On the 1-cone:

‖Ef ‖Lq(R1+d ) ≤ Cp,q‖f ‖Lp( dν+), 1 < p < 2d
d−1 , q = d+1

d−1p
′ (3)

Ef (t, x) =

∫
Rd

e i(t,x)·(|ξ|,ξ)f (|ξ|, ξ) dξ
|ξ|

d = 2 (Barcelo 1985) d = 3 (Wolff 2001) d = 4 (Ou–Wang 2022)

D. Oliveira e Silva, IST Sharp restriction theory



Spatial dimension d 2-cone 1-cone
2 NO YES
3 YES YES

4, 6, 8, . . . NO Loc
5, 7, 9, . . . Loc Loc

YES: Foschi 2007; NO: Negro 2018; Loc: Gonçalves–Negro 2022
What about p 6= 2? On the 1-cone:
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d−1 , q = d+1

d−1p
′ (3)

Ef (t, x) =

∫
Rd

e i(t,x)·(|ξ|,ξ)f (|ξ|, ξ) dξ
|ξ|

d = 2 (Barcelo 1985) d = 3 (Wolff 2001) d = 4 (Ou–Wang 2022)

Negro–OS–Stovall–Tautges (2023)

Let d ≥ 2 and 1 < p < 2d
d−1 and q = d+1

d−1p
′. Then:

Maximizing sequences for (3) are precompact* mod symmetries

F-functions are critical points if and only if p = 2
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What about hyperboloids?

τ = 〈ξ〉 :=
√

1 + |ξ|2
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Upper sheet of the 2-hyperboloid

Hd =
{

(τ, ξ) ∈ R1+d : τ = 〈ξ〉
}

Ef (t, x) =

∫
Rd

e i(t,x)·(〈ξ〉,ξ)f (〈ξ〉, ξ)
dξ

〈ξ〉

‖Ef ‖Lq(R1+d ) ≤ Hd ,q ‖f ‖L2(Hd )

Strichartz⇒

{
6 ≤ q <∞, if d = 1

2 + 4
d ≤ q ≤ 2d+1

d−1 , if d ≥ 2

Quilodrán 2015: H2,4 = 2
3
4π, H2,6 = (2π)

5
6 ,H3,4 = (2π)

5
4 , and

maximizers do not exist.

What about H1,6?

What about 2 + 4
d < q < 2d+1

d−1 ?

D. Oliveira e Silva, IST Sharp restriction theory



Upper sheet of the 2-hyperboloid

Hd =
{

(τ, ξ) ∈ R1+d : τ = 〈ξ〉
}

Ef (t, x) =

∫
Rd

e i(t,x)·(〈ξ〉,ξ)f (〈ξ〉, ξ)
dξ

〈ξ〉

‖Ef ‖Lq(R1+d ) ≤ Hd ,q ‖f ‖L2(Hd )

Strichartz⇒

{
6 ≤ q <∞, if d = 1

2 + 4
d ≤ q ≤ 2d+1

d−1 , if d ≥ 2

Quilodrán 2015: H2,4 = 2
3
4π, H2,6 = (2π)

5
6 ,H3,4 = (2π)

5
4 , and

maximizers do not exist.

What about H1,6?

What about 2 + 4
d < q < 2d+1

d−1 ?

D. Oliveira e Silva, IST Sharp restriction theory



Upper sheet of the 2-hyperboloid

Hd =
{

(τ, ξ) ∈ R1+d : τ = 〈ξ〉
}

Ef (t, x) =

∫
Rd

e i(t,x)·(〈ξ〉,ξ)f (〈ξ〉, ξ)
dξ

〈ξ〉

‖Ef ‖Lq(R1+d ) ≤ Hd ,q ‖f ‖L2(Hd )

Strichartz⇒

{
6 ≤ q <∞, if d = 1

2 + 4
d ≤ q ≤ 2d+1

d−1 , if d ≥ 2

Quilodrán 2015: H2,4 = 2
3
4π, H2,6 = (2π)

5
6 ,H3,4 = (2π)

5
4 , and

maximizers do not exist.

What about H1,6?

What about 2 + 4
d < q < 2d+1

d−1 ?

D. Oliveira e Silva, IST Sharp restriction theory



Upper sheet of the 2-hyperboloid

Hd =
{

(τ, ξ) ∈ R1+d : τ = 〈ξ〉
}

Ef (t, x) =

∫
Rd

e i(t,x)·(〈ξ〉,ξ)f (〈ξ〉, ξ)
dξ

〈ξ〉

‖Ef ‖Lq(R1+d ) ≤ Hd ,q ‖f ‖L2(Hd )

Strichartz⇒

{
6 ≤ q <∞, if d = 1

2 + 4
d ≤ q ≤ 2d+1

d−1 , if d ≥ 2

Quilodrán 2015: H2,4 = 2
3
4π, H2,6 = (2π)

5
6 ,H3,4 = (2π)

5
4 , and

maximizers do not exist.

What about H1,6?

What about 2 + 4
d < q < 2d+1

d−1 ?

D. Oliveira e Silva, IST Sharp restriction theory



Upper sheet of the 2-hyperboloid

Hd =
{

(τ, ξ) ∈ R1+d : τ = 〈ξ〉
}

Ef (t, x) =

∫
Rd

e i(t,x)·(〈ξ〉,ξ)f (〈ξ〉, ξ)
dξ

〈ξ〉

‖Ef ‖Lq(R1+d ) ≤ Hd ,q ‖f ‖L2(Hd )

Strichartz⇒

{
6 ≤ q <∞, if d = 1

2 + 4
d ≤ q ≤ 2d+1

d−1 , if d ≥ 2

Quilodrán 2015: H2,4 = 2
3
4π, H2,6 = (2π)

5
6 ,H3,4 = (2π)

5
4 , and

maximizers do not exist.

What about H1,6?

What about 2 + 4
d < q < 2d+1

d−1 ?

D. Oliveira e Silva, IST Sharp restriction theory



Upper sheet of the 2-hyperboloid

Hd =
{

(τ, ξ) ∈ R1+d : τ = 〈ξ〉
}

Ef (t, x) =

∫
Rd

e i(t,x)·(〈ξ〉,ξ)f (〈ξ〉, ξ)
dξ

〈ξ〉

‖Ef ‖Lq(R1+d ) ≤ Hd ,q ‖f ‖L2(Hd )

Strichartz⇒

{
6 ≤ q <∞, if d = 1

2 + 4
d ≤ q ≤ 2d+1

d−1 , if d ≥ 2

Quilodrán 2015: H2,4 = 2
3
4π, H2,6 = (2π)

5
6 ,H3,4 = (2π)

5
4 , and

maximizers do not exist.

What about H1,6?

What about 2 + 4
d < q < 2d+1

d−1 ?

D. Oliveira e Silva, IST Sharp restriction theory



Som recent sharp results

Carneiro–OS–Sousa (2019)

H1,6 = 3−
1

12 (2π)
1
2 , and maximizers do not exist.

D. Oliveira e Silva, IST Sharp restriction theory



Som recent sharp results

Carneiro–OS–Sousa (2019)

H1,6 = 3−
1

12 (2π)
1
2 , and maximizers do not exist.

Carneiro–OS–Sousa (2019)

Maximizers exist if 6 < q <∞ (d = 1) and 4 < q < 6 (d = 2).

D. Oliveira e Silva, IST Sharp restriction theory



Som recent sharp results

Carneiro–OS–Sousa (2019)

H1,6 = 3−
1

12 (2π)
1
2 , and maximizers do not exist.

Carneiro–OS–Sousa (2019)

Maximizers exist if 6 < q <∞ (d = 1) and 4 < q < 6 (d = 2).

Carneiro–OS–Sousa–Stovall (2021)

Maximizers exist if 2 + 4
d < q < 2d+1

d−1 , for every d ≥ 1.

D. Oliveira e Silva, IST Sharp restriction theory



Som recent sharp results

Carneiro–OS–Sousa (2019)

H1,6 = 3−
1

12 (2π)
1
2 , and maximizers do not exist.

Carneiro–OS–Sousa (2019)

Maximizers exist if 6 < q <∞ (d = 1) and 4 < q < 6 (d = 2).

Carneiro–OS–Sousa–Stovall (2021)

Maximizers exist if 2 + 4
d < q < 2d+1

d−1 , for every d ≥ 1.

D. Oliveira e Silva, IST Sharp restriction theory



New Lp–Lq global restriction estimates to the one-sheeted
hyperboloid {(τ, ξ) ∈ R1+2 : 1 + τ 2 = |ξ|2}

Bruce–OS–Stovall (2021)

Unconditional estimates in the bilinear range q > 10
3 .

Restriction conjecture for low frequency region implies global
restriction estimates for exponent pairs within the red quadrilateral.
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