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Standard sirens: distances in cosmology;
* Late Universe: Measuring HO and EoS dark energy;

cosmological parameters;

modify gravity, lensing, ...
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* Cosmology with GWs

* Late Universe:

Universe: High Energi(Particle Physics>

Can we really probe High Energy Physics
using Gravitational Waves (GWs) ? How ?



GWs: probe of the early Universe

Why ?

One and ONLY One reason ...
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@ WEAKNESS of GRAVITY:

ADVANTAGE: GW DECOUPLE upon Production
DISADVANTAGE: DIFFICULT DETECTION

@ ADVANTAGE: GW — Probe for(Early Universe]

_) Decouple — Spectral Form Retained
Specific HEP < S ecnﬁc GW

What processes of the early Universe ?
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Gravitational Framework
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General Relativity (GR) G =z L
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The Equivalence Principle

AQEB

@ Earth

surface —_— Space
. —_— Rocket

m it —

o

Situations appear
to be identical !
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The Equivalence Principle

(Earth gravity too
weak to observe

the effect, but —— e.g. the sun does a better job !

Eddington 1919

. o star

Light does not
change speed,
but direction



The Equivalence Principle

Einstein understood like this...
light bending,
light red/blue-shifting,
gravitational time dilation,




The Equivalence Principle

Einstein understood like this...

a mathematical formulation was needed !




Mathematical formulation
of General Relativity (GR)
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General Relativity Equations
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General Relativity Equations

‘Space-Time' Geometry
dictates Movement of Matter
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General Relativity Equations

Einstein convention
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General Relativity: Generalisation of Special Relativity
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General Relativity: Generalisation of Special Relativity
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General Relativity: Generalisation of Special Relativity
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General Relativity (GR) Guv = 7z T
geometlry matter
metric
T
G, =Dlgas] = mszTW(Matt, Rad, Top.Defects, DarkEnergy, ...
l source

2nd order, non-Linear

'

Extremely difficult to solve !



END of digression on
GENERAL RELATIVITY
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Gravitational Framework

. 1
General Relativity (GR) G =z L
geometlry matter
a
[mp — (87G)"Y2 =2.44-10'8 GeV} ;\:ﬂ%\\ﬁ?\ass

ds® = g, (z)dztdx”

Vo DIFF : x* — 2'"(x)
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Gravitational Framework

General Relativity (GR) Guv = 7z T
geometlry matter
metric
|
G, =Dlgas] = mngW(Matt, Rad, Top.Defects, DarkEnergy, ...)
* source of GWs

expand in perturbations
9dop = Gap T 59045

How do we define GWs ?



9o = Jas + 59045
Let’s continue
this approach...



9o = Jas + 59045
Let’s continue
this approach...

But not before you
load yourselves with coffee
(‘cause you are gonna need it)




Definition of GWs
1st approach
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1st approach to GWs Juv = Nuv + Iy ()
(hw| < 1)




Gravitational Wave Definition

Minkowski

Y T
~EARIZED GRAV G = T+ Py (1)
(| <1)
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1st approach to GWs

DIFF - m%’ﬂ(:p)

Minkowski

(1081 S ) | e

h/w(x) — h;ly(x’) = h/w(x) — 0(ﬂ§,/)




Gravitational Wave Definition

1st approach to GWs

DIFF - x%’u(:p)

Minkowski

Guv = Muw + My (z)

( ](%f,/(a:)\ S ‘huu‘ )

hﬂy(x) — h/fw(x’) = h/w(x) — 0(”5,/)

Notation: .

(

6(M<§y) = aﬂél/ + 61/5”

\ a[Mév] = aﬂ‘fv - al/éﬂ

p [N TR,
ot — 't =t + & (x)‘es.\d“a\




Gravitational Wave Definition

1st approach to GWs

DIFF - m%’ﬂ(:p)

Minkowski

(1081 S ) | e

h/w(x) — h;ly(x’) = h/w(x) — 0(ﬂ§,/)




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Muv + hpw ()

Let’s expand Einstein Equations !
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1st approach to GWs

Trace-reversed

huw = hpyy —

1
5 hn,uy

Minkowski

] fixeo
Juv = Nuv T h,uu ('T) “am
(Jhuw| <1)

» 0% 0oy + 1y 0% 07 hop — 0“Ouhavy = —
—

O(h.«) Einstein tensor expanded




Gravitational Wave Definition

1st approach to GWs

Trace-reversed

huw = hpyy —

1
5 hn,uy

res\Y

O (10,6 (0)] S ] )

Minkowski

» 0% 0oy + 1y 0% 07 hop — 0“Ouhavy = —

-

O(h.«) Einstein tensor expanded

2

2
Mp

T




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed

2

1
h/“/ — h,u,/ — 5]177’“”

» aaaa}_l’uy _l_ nuyaaaﬁﬁaﬁ - aO{a(Mi_’LaV) — —W
w—d p
— O(h.x) Einstein tensor expanded

™" | orentz gauge

T




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed

2

1
M = Py — §h77,uv

» aaaa}_luy _l_ nuyaaaﬁﬁaﬁ - aO{a(Mi_’Lal/) — _W
w_/ p
— O(h.x) Einstein tensor expanded

™" Lorentz gauge
v

Technical Note: If 97, # 0 |-x--smss=srremmmseaemmmmzaaaemmmannn,

T




Gravitational Wave Definition

Minkowski
R
1st approach to GWs Juv = Npw + By () £rame
(lhuw| < 1)
Trace-reversed
_ 1 _ _ _ 2
huv = by — §h77/w » 0%l + 100" hag — 0%uhaw) = _WT/W

res'\d\la\ 0" hyuy =0

W, - p

O(h.«) Einstein tensor expanded

™" Lorentz gauge

v

Technical Note: If 0% R, # 0 |=--=s=mmmeemmmea e

o — 't =t 4 H(x)

hw(z) = h/uu(ml) = hyw(x) — 0.y



Gravitational Wave Definition

Minkowski

o gwed
1st approach to GWs Guv = N + My (T) fram
(Jhuw| <1)
Trace-reversed
_ 1 _ _ _ 2
huw = hpy — §h77/w = 01,1 + 000 R — OO uhon) = ~ 5T

- - p
— O(h.x) Einstein tensor expanded
res‘\dua\ 0"hy, =0

™" Lorentz gauge
v

Technical Note: If 97, # 0 |-x--smss=srremmmseaemmmmzaaaemmmannn,




Gravitational Wave Definition

Minkowski
R
1st approach to GWs Guv = N + My (T) fram
(lhuw| < 1)
Trace-reversed
_ 1 _ _ _ 2
huv = hpw — §h77/w » 0% Oolyus + 1y 0% 07 hop — 0% hen) = _WTW

- - p
— O(h.x) Einstein tensor expanded
res‘\dua\ 0"hy, =0

™" Lorentz gauge
v

Technical Note: If 97, # 0 |-x--smss=srremmmseaemmmmzaaaemmmannn,




Gravitational Wave Definition

1st approach to GWs

Trace-reversed

1

huw = hpyy — §h77W

res'\d“a\
sy

0"y = 0

Minkowski

=l 901 + 002 has — 00 uhon) = ——5 Ty

Lorentz gauge

w_/ P

O(h.«) Einstein tensor expanded

v

Technical Note: If 97, # 0 |-x--smss=srremmmseaemmmmzaaaemmmannn,

o'+ i_ziw (x")




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed

2

1
h/“/ — h,u,/ — 5]177’“”

» aaaa}_l’uy _l_ nuyaaaﬁﬁaﬁ - aO{a(Mi_’LaV) — —W
w—d p
— O(h.x) Einstein tensor expanded

™" | orentz gauge

T




Gravitational Wave Definition

0"y = 0

Minkowski
I gwed
1st approach to GWs G = T + P (T) -
(Jhuw| <1)
Trace-reversed
- 1 ) ) ) 5
P = Py = 2 P g 0.5, + 10”0 hag = 90 hav) = ~ iz T
=0 =0

Lorentz gauge




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Muv + hpw ()

Trace-reversed
_ 1
h/“/ — h,u,/ — 5]177“”

res'\d\la\ 0" hyuy =0
™" | orentz gauge




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed
_ 1
h/“/ — h,u,/ — 5]177[“/

res'\d\la\ 0" hyuy =0
™" | orentz gauge




Gravitational Wave Definition

Minkowski

1st approach to GWs = ! + h, () “*ed
PP Juv = Nuv v “aﬁ\e

(Jhuw| <1)
Trace-reversed

- 1
h,uz/ = h,uu o §h77,uy

— 0, 10 s — DBl = 3 T
- p

\ _

— N 9
\ces‘\dua\ 0"h,, =0 —> 00 0%hyy = _WTW %/
sy™"  Lorentz gauge S




Gravitational Wave Definition

Minkowski

1st approach to GWs

Trace-reversed

h/“/ — h,u,/ — 5]177“”

1

res'\d“a\
gy

0"h,, =0
Lorentz gauge

T

fixed

Juv = Nuv + h,ul/ ($) “aﬁ\e
(lhuw| < 1)

N _
# l’ 0a0%h

AN

) " Oy -+ nm —W -

2
- =T,
o T

-7

—

m?2

2

p

P —

- TW:J/
(10-4=6d.o.f.) —




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Muv + hpw ()

Is that all ?




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Muv + hpw ()

Is that all ? Not really ...
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Minkowski

1st approach to GWs Juv = Muv + hpw ()

pt = ot + () —)

with 9, 8¢, = 0

(further residual gauge)




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Muv + hpw ()

o't =t 4 M (x) —

with 9, 0%E,, = 0

(S€”
IET.., =0 0,0"h;; =0 &“a“i\é\eess
(further residual gauge) “_” H *J tra ge)




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Muv + hpw ()

1

v =0, hi=0, Ohy;=0]|"7

o't =t 4 M (x) —

with 9, 8°¢,, = 0 0ad Ty = ——5 Ty | W00

(further residual gauge) IF 1), # 0 m2 e)
\nside - ga\9
\ 6-4=2d.0.f.? N

30\.“ ce .




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Muv + hpw ()

o't =t 4 M (x)

e—
with 9,0, = 0 9 997 2 | e
_- — eSS
(further residual gauge) IF L # 0 “ Ry m2 M \ e)
. p ga
\

6-4=2d.o.f.?




Gravitational Wave Definition

Minkowski
T fixed
1st approach to GWs G = N + v (2) ¢ o
(lhuw| < 1)
B = gh R () Cannot make h,q = ()
with § 5’0‘5 —0 » — 5 Yet t_here
at Sp IF T > 0 aaa h,uy 2T are still only
(further residual gauge) Md mp 2 radiative
e
S e ! (6-4=2d.0.f.) dof?
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Gravitational Wave Definition

(TT gauge: 6 -4 =2d.o.f.)

1st approach to GWs Wt =0, h;=0, 0jhij=0 Ouisia®
SOUCE

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ?
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y



Gravitational Wave Definition

(TT gauge: 6 -4 =2d.o.t.)

1st approach to GWs M =0, hi=0, 0jhiy = 0@
Quis
Soure

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

2 dof =
2 polarizations

+ Polarization

y
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SOUCE

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

2 dof = 2 polarizations fas(t, %) = / df / div hyy (f, )e 2T/ (E=1x)

\ (plane wave)
transverse plane



Gravitational Wave Definition

(TT gauge: 6-4 =2 d.o.f.)

1st approach to GWs ' =0, hi=0, 0hiy= 0@
Qu\s\
SOUCE

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

2 dof = 2 polarizations fas(t, %) = / df / div hyy (f, )e 2T/ (E=1x)

\ (plane wave)
transverse plane

he  hy 0) Transverse-

Z ha(f (A) (n) = hy —hy O Traceless
A=+ x (2 dOf)



Gravitational Wave Definition

(TT gauge: 6-4 =2 d.o.f.)

1st approach to GWs M =0, hi=0, 0jhi;=0

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

pyoemn 3 {1 £ e
he {7 {3 Sy O

wt = 3"/7

https://www.youtube.com/watch?v=U_ hLM1WPDgM https://www.youtube.com/watch?v=EtL9UyRx Us



https://www.youtube.com/watch?v=U_hLM1WPDqM
https://www.youtube.com/watch?v=U_hLM1WPDqM
https://www.youtube.com/watch?v=EtL9UyRx_Us
https://www.youtube.com/watch?v=EtL9UyRx_Us
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Minkowski
2nd approach to GWs G =N +909, (|09, < 1)
(gauge invariant def.)
5goo=—2</5 """"""""""""""""""""""""""""""""""""""""""""""""" (svt decomposition)
0goi = 0gio = (OB +S;), s: scalar

g | ~Vivector
| 0gy = 0gi = 200, + (00 — 36,V )E+ OF; + oF; + by, L tensor




Gravitational Wave Definition

Minkowski
2nd approach to GWs G =N +909, (|09, < 1)
(gauge invariant def.)
g0 = 26, (svt decomposition)
- Ogor = g0 = (OB +5)), s scalar

g | ~Vivector
| 0gy = 0gi = 200, + (00 — 36,V )E+ OF; + OF; + by, L tensor




Gravitational Wave Definition

T (svt metric perturbations)

(svt E/p-tensor components)

................................................................................

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty



Gravitational Wave Definition

T (svt metric perturbations)

080i = 0gio = (0B + Si)

!
581']' — 5gji — —2¢5,‘j —+ (({91({9] — §5le2)E + aiFj -+ c‘?]-F,- —+ hija

................................................................................

(svt E/p-tensor components)

1
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty
08 v T,
Scalar(s) ) o, B, Y, E o, U, P,
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hj 11;




Gravitational Wave Definition

e / """""""""""""""""""""""""" (svt metric perturbations)

(svt E/p-tensor components)

................................................................................

1

58@/ VAR B 4 T'L“/
¥ K KK
|Scalar(s) o, B, Y, E o, U, P,
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hj 11;




Gravitational Wave Definition

T (svt metric perturbations)

4

Ty =Ti = poy+ (90 —

1

...............................................................................

3

(svt E/p-tensor components)

"

5l‘jv2)0' + &-vj + (9]'7)1' + Hij-

5g'LW T'L“; yi /J/
¥ ¥ ¥
|Scalar(s) ° ¢, B, Y, E P, U, P, O
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hj 11;




Gravitational Wave Definition

T (svt metric perturbations)

080i = 0gio = (0B + Si)

"

|
 0gy = 0gji = — 200 + (0i0) — §5ZjV2)E + OiFj + OjFi + hij,

................................................................................

(svt E/p-tensor components)

1
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty
08 v T,
Scalar(s) ) \ o, B, Y, E o, U, P,
Vector(s) » € R —> S, Fie— u;, U;
Tensor(s) | hj 11;




Gravitational Wave Definition

e (svt metric perturbations)

080i = 0gio = (0B + Si)

 0gy = 0gji = — 200 + (0i0) — §5ZjV2)E + OiFj + OjFi + hij,

................................................................................

(svt E/p-tensor components)

1 AN

Ty =Tji = pd; + (0:0; — 26;V*)o + 0v; + Ojoi + Ty

______________________________________________________________________ S
08 v T,
Scalar(s) ) o, B, Y, E o, U, P,
Vector(s) p € R Si, Fi —> U;, U; +—
Tensor(s) | hj 11;




Gravitational Wave Definition

T (svt metric perturbations)

080i = 0gio = (0B + Si)

-

1 |
 0gy = 0gji = — 200 + (0i0) — §5ZjV2)E + OiFj + OjFi + hij,

(svt E/p-tensor components)

................................................................................

- N
Ty =T = pdy + (90 = 36;V7)o + 00; + doi + 1.

08 v T,

Scalar(s) ) o, B, Y, E o, U, P,
V@CtOI’(S) > c %3 \ Si, Fl' \ U, 0;

Tensorg S) |




Gravitational Wave Definition

T (svt metric perturbations)

g0 =g = (OB +S5), 16 degrees

5 1 : of freedom
(58ij = 5gji = —2¢5ij + (({918] — §5ljvz)E + aiFj -+ @Fl + hija

U (svt E/p-tensor components)

To; = Tio = Ou + i, 16 degrees

| of freedom

Tij — Tji — p(sij =+ (818] — §5le2)0 + &-vj + (9]'7)1' + HZJ

08 v T,

Scalar(s) ) o, B, Y, E o, U, P,
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hij I,




Gravitational Wave Definition

A Sg, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
0gij = 0gji = —200; + (0,0; — 205V )E + OiF; + OjF: + hyj,

To=p. (svt E/p-tensor components)

Toi = Too = Ou + w; 16 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

In order NOT
to over-count {
degrees of
freedom




Gravitational Wave Definition

Sge = g, (svt metric perturbations)

00 — — ’ ;

b0 = dgi0 = (DB +S1). 16 degrees
i of freedom
08y = 0gi = =200+ (0,0, — 304V )E+ OF; + OFi + by,

T00:ﬂ """""""""""""""""""""""""""""""""" (svt E/p-tensor components)

Toi = Tio = Ot + ui, 16 degrees
| ; of freedom
Tij — Tji — p(sij =+ (818] — §5le2)0 + &-vj + (9]'7)1' + HZJ

( 9,S; = 0 (1 constraint), 0;F; = 0 (1 constraint), Y Metric

\ .
In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | perturbations
{0 over-count <

degrees of
freedom




Gravitational Wave Definition

5g """ - ¢ """"""""""""""""""""""""""""" (svt metric perturbations)

g 00 = — <49, 5

0goi = 0gio = (OB + i), 16 degrees

5 i ; of freedom
0gij = 0gji = —20; + (0;0; — 26;V°)E + O;F; + O;F; + hy, |

Toozp """""""""""""""""""""""""""""" (svt E/p-tensor components)

Toi = Tio = Ot + ui, 16 degrees

| ; of freedom

[ 9;S; = 0 (1 constraint), 0;F; = 0 (1 constraint), ) Metric

\ .
In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | perturbations
{0 over-count <

degrees of
freedom

Qiu; = 0 (1 constraint), d;v; = 0 (1 constraint), ) Energy/Momentum
>

\ O1I;; = 0 (3 constraints), II; = 0 (1 constraint), tensor




Gravitational Wave Definition

Sge = g, (svt metric perturbations)

00 — — ’ ;

b0 = dgi0 = (DB +S1). 16 degrees
i of freedom
: 581’]’ = 5gji — —2¢5,‘j + (8,(‘9] — §5le2)E -+ &-Fj + ajFi + hija

T00:ﬂ """""""""""""""""""""""""""""""""" (svt E/p-tensor components)

Toi = Tio = Ot + ui, 16 degrees
5 ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

[ 0;S; = 0 (1 constraint), 0;F; = 0 (1 constraint), onstraints for

In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | metric perturbations
{0 over-count <

degrees of
freedom

O;u; = 0 (1 constraint), 0;u; = 0 (1 constraint), ) onstraints for E /p

\ OII; = 0 (3 constraints), II; = 0 (1 constraint), lensor components




Gravitational Wave Definition

T s (svt metric perturbations)

L 0go0 = —20, .

800 @ 10

080i = 08ip = (&'B + Si) , Jﬁ/degrees

: | ; of freedom
581] — 58]’1’ — —2¢5ij + (aza] — —5ijV2)E + 8iFj + c‘?jF,- + hija :

e (5wt Efp-tensor components)

10

Toi = Tip = Ou + uj, y@/degrees

5 ’ of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

[ 0;S; = 0 (1 constraint), 0;F; = 0 (1 constraint), onstraints for

In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | metric perturbations
{0 over-count <
degrees of
freedom

O;u; = 0 (1 constraint), 0;u; = 0 (1 constraint), ) onstraints for E /p

\ OII; = 0 (3 constraints), II; = 0 (1 constraint), lensor components




Gravitational Wave Definition

Sge = g, (svt metric perturbations)

00 — — ’ ;

b0 = dgi0 = (DB +S1). 10 degrees
i of freedom
: 581’]’ = 5gji — —2¢5,‘j + (8,(‘9] — §5le2)E -+ &-Fj + ajFi + hija

T00:ﬂ """""""""""""""""""""""""""""""""" (svt E/p-tensor components)

Toi = Tio = Oiu + w;, 10 degrees
5 ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

[ 0;S; = 0 (1 constraint), 0;F; = 0 (1 constraint), onstraints for

In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | metric perturbations
{0 over-count <

degrees of
freedom

O;u; = 0 (1 constraint), 0;u; = 0 (1 constraint), ) onstraints for E /p

\ OII; = 0 (3 constraints), II; = 0 (1 constraint), lensor components




Gravitational Wave Definition

T (svt metric perturbations)

080i = 0gio = (0:B + Si) 10 degrees

1 g of freedom
gy = Ogi = — 200 + (00 — 304V + OF; + OF, + hy,

................................................................................

Too = p, (svt E/p-tensor Compo?ents)

Toi = Too = Ou + w; 10 degrees

| of freedom

Ty =Ti =poy+ (99 35UV2)" + 0ivj + Ojui + H,



Gravitational Wave Definition

A Sg, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
0gij = 0gji = —200; + (0,0; — 205V )E + OiF; + OjF: + hyj,

To=p. (svt E/p-tensor components)

Toi = Too = Ou + w; 10 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Physical

. o*T,, =0
Constraints :



Gravitational Wave Definition

A Sg, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
0gij = 0gji = —200; + (0,0; — 205V )E + OiF; + OjF: + hyj,

To=p. (svt E/p-tensor components)

Toi = Too = Ou + w; 10 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

V?u = p (1 constraint),

Phvsical ; 4 constraints

Congtraints O*Ty =0 ':{> { Vi = E(u —p) (1 constraint),} (due to E/p
conservation)

V?v; = i (2 constraints).

\



Gravitational Wave Definition

(5g """""""" 5 ¢ """"""""""""""""""""""""""""""""" (svt metric perturbations)

= 00 = — E

080i = 08io = (OB + Si), 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — £ 05V)E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

| 6

Toi = Tio = Ot + uy, Mdegrees

| ’ of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

V?u = p (1 constraint),

Physical B 3
Constraints (9“TM,, =0 ':{> { Vie = E(u —p) (1 constraint),}

onstraints
“(due to E/p
conservation)

V?v; = i (2 constraints).

\



Gravitational Wave Definition

A Sg, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — £ 05V)E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

Ty = Too = O + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Physical

. o*T,, =0
Constraints :



Gravitational Wave Definition

A Sg, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — £ 05V)E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

Ty = Too = O + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Physical
OHG,,, = 0 L
Constraints : => [..]



Gravitational Wave Definition

A Sg, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — £ 05V)E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

Ty = Too = O + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

..................................................................................

Symmetry




Gravitational Wave Definition

T (svt metric perturbations)

0g0i = 080 = (0iB +5i), 10 degrees
’ ' of freedom

(svt E/p-tensor components)

................................................................................

1 | of freedom
Tj =Ty = p oy + (00 — 70;V*)o + 0wy + i + IL;. .

..................................................................................

Physical | 98m — 08w — 9u&y — D8,

Symmetry | so--eeeeeeeeeeo AN
(4dof S = (80, &i) = (do, Oid + i)i

: l with 0;d; = 0, :
SPUroUS ) o




Gravitational Wave Definition

T (svt metric perturbations)

0goi = 0gio = (OB + i), 10 degrees
’ ' of freedom

(svt E/p-tensor components)

................................................................................

1 | of freedom
Tj =Ty = p oy + (00 — 70;V*)o + 0wy + i + IL;. .

..................................................................................

( Xy, — X, + &, \ ( ¢ —¢d—dy, B—B—dy—d,

5 1 , B
Physical | %k 2 98w ~ s ~ 08 SR R
(4 dof |ior ShoSUm EETE

: ' 1th ad; — U, : hl%h,
spurious ) W “adOJ \ j j




Gravitational Wave Definition

T (svt metric perturbations)

i 5 o
080i = 0gio = (0:B + Si) jﬂ/degrees
E : of freedom

(svt E/p-tensor components)

................................................................................

Ty = Too = O + s 6 degrees

5 | 5 of freedom
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

..................................................................................

( Xy, — X, + &, \ ( ¢ —¢d—dy, B—B—dy—d,

5 1 , B
Physical | %k 2 98w ~ s ~ 08 SR R
(por |6 &) =(ddd+d)

ith 0;d; = 0, 5 hij — hy.
spurious ) W 1adOJ \ j j




Gravitational Wave Definition

T (svt metric perturbations)

080i = 08ip = (aiB + Si) ) 6 degrees

| g of freedom
08ij = 08ji = —2tpd;; + (9;0; — §5ijvz)E + O;F; + O;F; + hy;,

(svt E/p-tensor components)

................................................................................

Ty = Too = O + s 6 degrees
5 ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

( ¢—>¢—C.l'(), B — B —dy—d,

1
| v — 4+ =V?d, E— E —2d,
Physical { 3

Symmetry S; — Si—d;, Fi— F;—2d,
(4 d.o.f.
spurious )

\ hijj — h;.



Gravitational Wave Definition

T (svt metric perturbations)

0goi = 0gio = (0;B +S;), 6 degrees

| g of freedom
08ij = 08ji = —2tpd;; + (9;0; — §5ijvz)E + O;F; + O;F; + hy;,

(svt E/p-tensor components)

................................................................................

Ty = Too = O + s 6 degrees

5 | 5 of freedom
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Gauge Invariant !

: : . 1..
[ ¢ —¢p—dy, B—B—dy—d, ) =—¢+B- L,

| ¢—>¢+%V2d, E— E—2d, |
Physical { } D O=-2¢— §V2E,
Symmetry S, — Si—d;, F,— F,—2d,

(4 d.o.f. | = | _z,- =5, - > Fs

spurious ) with 9,5, — 0




Gravitational Wave Definition

(5g """""""" 5 ¢ """"""""""""""""""""""""""""""""" (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 6 degrees

: | ; of freedom
581] — 58]’1’ — _2¢5z'j + (aza] — —5ijV2)E + @Fj + @Fi —+ hija :

L (svi Elp-tensor components)

Ty = Too = O + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Gauge Invariant !

[ ¢ —¢—dy, B—B—dy—d, ) z—¢+B—%E, (1)
| ¢—>¢+%V2d, E— E—2d, |
PhySICa| { } :{> 0= 24— gsz, (1)
Symmetry Si — Si —di, Fi — Fi —2dl',
4 dOf EiESi_lFia (2)
( \ | by — hy.| (2) J - 2

spurious ) with 9,5, — 0




Gravitational Wave Definition

Gauge Invariant !

@E_¢+B_%a (1)

_ I 1
O =-2-3VE, (1) 6 gauge invariant

. degrees of freedom
2,’ p— S,‘ — EFI', (azzz — 0) (2)

hij = hij,  (ha = 0ihi; =0)  (2)




Gravitational Wave Definition

Gauge Invariant !

: 1.
= — B — <L,
¢+B—3

(1)

6 gauge invariant
degrees of freedom

Gauge Invariant

Einstein Tensor —

Go = —V?0,

| .
Go; = —Evzzi — 9,0,

1 1 .

. 1
Gij = =5 0hj — 0% — 500, (22 + ©) + 5y 5v2 29 +0) -6




Gravitational Wave Definition

Gauge Invariant !

@z_¢+3_%a (1)
O=-29Y— %VZE, (1)

1.
ZiES,’— —Fi,
2

hz’j — hij , (hm — @hw — O)

6 gauge invariant
degrees of freedom

Gauge Invariant
(perturbed)

Einstein Eqs. —




Gravitational Wave Definition

Gauge Invariant !

——¢+B—%E (1)

O=-2¢— %VZE, (1)

6 gauge invariant
degrees of freedom

Gauge Invariant
(perturbed)
Einstein Egs.




Gravitational Wave Definition

. . Gauge Invariant
6 gauge invariant d.o.f. (perturbed)

- . N P R . R _ _ . . u = P
SRR STANTSRS NN A CrnesPane Einstein Eqs. e
- v - . - - : o - . P 2 - - . - - g - -
o SRS oo o e Lot G e ST i iR i s B g o e s ot e - LB s crr
/",

V2O = —Lp (1) V= ﬁ (p+ 3p — 3i) (1) ?

D

VY = —28.(2) Ohy = —311;.  (2)

g 2y <Fg - V4 BY DI.e o3 KN g I TN A - LY <Xy - S T4 L. o~ P, IR TR TR SN X N = Y T DA I, L
&> =0 05 O VI o3y ] > « 'V &> ¥o %5 O JOC T S A X R =~ NIy BN A\

- . SRR~ - .
. 7 S IS LTS e > : . g e - TR N DN : S T o e NS



Gravitational Wave Definition

. . Gauge Invariant
6 gauge invariant d.o.f. (perturbed)

- . N P R . R _ _ . . u = P
SR SRNPIR TN AT resrape  Einstein Eqs. weree
- v - . - - : o - . P 2 - - . - - g - -
o SRS oo o e Lot G e ST i iR i s B g o e s ot e - LB s crr
"‘,

V20 = —Lp (1) V20 =L (p+3p—3i) (1) 5

ViEi=—-5

transverse
& traceless
(TT d.o.1)




Gravitational Wave Definition

. . Gauge Invariant
6 gauge invariant d.o.f. (perturbed)

- . N P R . R _ _ . . u = P
SR SRNPIR TN AT resrape  Einstein Eqs. weree
- v - . - - : o - . P 2 - - . - - g - -
o SRS oo o e Lot G e ST i iR i s B g o e s ot e - LB s crr
"‘,

V20 = —Lp (1) V=L (p+3p—3i) (1) §

VS = -5,

SIS 2y <y DAl 0B DI C S KN % ME T U ] DS 2y S o N & Tt MRV R TR BUR U, (T o o St o W & ooy MR RN
F BT 0 o, l"' e d ,_.A <l ~- :...,,, &d s> Tl & e _..‘ .‘»,., :\.,,,7 = N HTy N “ e Lo S 2 < T,
4 % A LSt o ~ ‘g . N H2 e - S - UL D y - m o < e S L)

transverse
& traceless
(TT d.o.1)

Only radiative (~ propagating wave Eq.)
gauge invariant degrees of freedom !



Gravitational Wave Definition

. . Gauge Invariant
6 gauge invariant d.o.f. (perturbed)

PP . - - - . . _ . - _ _ . B L] L] P
SRR rsomarnssps Einstein Eqs.  waesy
"‘,

V20 = —Lp (1) V20 =L (p+3p—3i) (1) 5

VS = -5,

transverse
& traceless
(TT d.o.1)

Only radiative (~ propagating wave Eq.)
gauge invariant degrees of freedom !

Gravitational Waves (GWs) are TT d.o.f. metric
perturbations, independently of system of reference



Definition of GWs
3rd approach



Gravitational Wave Definition

3rd approach to GWs G () = g () +6g.,.(x), |6g] < 1
(for a curved space-time) (separation not well defined)




Gravitational Wave Definition

3rd approach to GWs G () = g () +6g.,.(x), |6g] < 1
| defined)

(for a curved space-time) (separation not we

More subtle problem! Solution: Separation of scales !




Gravitational Wave Definition

3rd approach to GWs G () = g () +6g.,.(x), |6g] < 1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

Juv
(background)

Amplitude

(perturbation)
Juv

fB/L_Bl f*/)‘*_l




Gravitational Wave Definition

3rd approach to GWs G () = g () +6g.,(x), |huw| <1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !




Gravitational Wave Definition

3rd approach to GWs G () = g () +6g.,(x), |huw| <1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

1 —_
R, = —5 (Tuu — :?—ng) » R,, =R, + RS} + Rﬁ? 4+,

p (background) O(ég) 0(592)




Gravitational Wave Definition

3rd approach to GWs G () = g () +6g.,(x), |huw| <1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

1 ] _
_ _: _ (1) (2)
o= g (e geT) e Rl RO
g g
1 Low
R (2)1Low 1
Low Freq. /Long Scale: R, = —[R}/]"" + ) Tww — 59T



Gravitational Wave Definition

3rd approach to GWs G () = g () +6g.,(x), |huw| <1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

1 1 _
R, = (Tuu — ——gWT) » Rf-w — Rﬁw ~+ RLB +- Rﬁ? + ...,

m2 5

p (background) O(ég) 0(592)

~ 1 1 Low
Low Freq. /Long Scale: R, = —[RZ)"" + — (Tw . §ng)
p

| 1 . High
High Freq. / Short Scale:  Rp) = —[RZI7E" + —5 (Tw - §gﬂ;,T)
p



Gravitational Wave Definition

3rd approach to GWs G () = g () +6g.,(x), |huw| <1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

1 | _
R, = W (Tuu — :?—g#UT) » Rﬁ,y — R;_u_; ~+ RLB ~+ RL%} + ...,
p (background) O(ég) 0(592)

~ (2L 1 1 Low
RPW — _[Rpw] T+ 9 (Tﬁw R _gMVT)
——— my :

f Freq. / Long

| 1 . High
High Freq. / Short Scale:  Rp) = —[RZI7E" + —5 (Tw - §gﬂ;,T)
p



Gravitational Wave Definition




Gravitational Wave Definition

Low
Low Freq. /Long Scale: R,, = —[Rﬁ?]mw + 3 (Tpu — %QWT)
p

§ | I
e (background)
<
(perturbation)

0G

fB/Lgl f*/)‘ajl




Gravitational Wave Definition

‘me
<ot
sP?” _ae)
B — (R®N L 1 er?d
Low Freq. /Long Scale:  Buv = —(Ry) + 5 (Tuw = 59 T)
p
s T
B (background)
<

(perturbation)

0G

fB/Lgl f*/)‘*_l




Gravitational Wave Definition

< (\C
K
aC® "
; 2y, L ere®
Low Freq. /Long Scale:  Buv = —(Ry) + 5 (Tuw = 59 T)
p
L 9w
B (background)
< med"a‘e
. X
\\ﬂ‘esca\e\
(perturbation)
0G
AN

| fBI/LJE1 - fo | A



Gravitational Wave Definition

A\
[
ac®
(697 age)
. 1 el
Low Freq. / Long Scale: Ruv = —(R{2) 7 L — 59“;,]“) oN
p
1 @ L. {2) (T/“lg T):Tw__l_— T
by = — m—z% <R,uu — EQMVR ) Hy 1Y QQHV
E Juv
& (background)
i med‘a‘e
. ey
\m‘esca\e\
(perturbation)
0y
AN

| fBI/LEa1 - fo / ATE



Gravitational Wave Definition

§ | I
B (background)
° ﬂ\ed‘a‘e

. X

\m‘esca\e\

(perturbation)
0G
. N\

| fBI/LEg1 l fo ! A7



Gravitational Wave Definition

2
My

1 <@u5ga5 8yégo‘5>

1
<R£z22> — T4 (010gap 8v59a5> » by =



Gravitational Wave Definition

1 m? o
(R2) = = (0u09ap 0,097 ) e ty = —L (90905 0,09"")

It can be shown that only TT dof contributeto <...>



Gravitational Wave Definition

2
My

4

1 «
(R) = =7 (0u0gap 0,09°") mulp tuy = —(D.09ap 0,09"")

It can be shown that only TT dof contributeto <...>

GW energy-momentum tensor



Gravitational Wave Definition

2
My

4

1 «
(R) = =7 (0u0gap 0,09°") mulp tuy = —(D.09ap 0,09"")

It can be shown that only TT dof contributeto <...>

m2 TT TT
t,ul/: Tp <8,u59fij al/égz'j >

-

(0gi5 = hij)
GW energy-momentum tensor GW power/area radiated




Gravitational Wave Definition

2
My

4

1 «
(R) = =7 (0u0gap 0,09°") mulp tuy = —(D.09ap 0,09"")

It can be shown that only TT dof contributeto <...>

m2 TT TT
t,ul/: Tp <8,u59fij al/égz'j >

-

(09i; = hij)
GW energy-momentum tensor GW energy density




Gravitational Wave Propagation

What about the 1 ( 1 ) High
T

. (1) — i
High Freq. / Short Scale? Rup = (R + m2 \1er T g9

p




Gravitational Wave Propagation

What about the 0 1 1 High
High Freq. / Short Scale? R, =—[R; 2 (T - T)

(2) |High .
B |5 o2} — IR |MEM negligible
R



Gravitational Wave Propagation

High Freq. / Short Scale? Ry = —[RIT" m_z%

What about the 1 1 High
(Tp,u QQ;WT)

(2) |High .
By ~ o2 ——  |[RP MM negligible
R Ly

R/(le) — gaﬁ (DO&D(,ué?V)B_ D,uJDl/é_gozB_ DQDB@;M/)
1

—— \V2
_ < — —~  —apf O(e(\
Du(sg/u/ =0 09y = 09y — o Juvd 09ap ) \’gauge




Gravitational Wave Propagation

High Freq. / Short Scale? Ry = —[RIT" m_z%

What about the 1 1 High
(Tp,u QQ;WT)

(2) |High .
Ry ~ O As — |R&2)\ngh negligible
R Lo

R/(}V) — gaﬁ (DO&D(,uégv)ﬁ_ D,UJDI/5_gaB_ DaDB@,uz/)

-

_ o .
D,Ll,ég'uy — O ( 59/1,1/ = 5g,u1/ N ig,twg 659&,8 ) \O

ga\)ge —

vacuum Propagation of GWs

ﬁ Sa = 0 INn curved space-time




Gravitational Wave Propagation

High Freq. / Short Scale? Ry = —[RIT" m_z%

What about the 1 1 High
(Tp,u QQ;WT)

(2) |High .
L ~ o2 — |R&2)\ngh negligible
R Lo

R/(}V) — gaﬁ (DO&D(,uégv)ﬁ_ D,UJDI/5_gaB_ DaDB@,uz/)

-

_ o .
D,Ll,ég'uy — O ( 59/1,1/ = 5g,u1/ N ig,twg 659&,8 ) \O

ga\)ge —

vacuum

Propagation of GWs

INn curved space-time
( Didg;; =g7dg;; =0)




Gravitational Wave Propagation

What about the

High Freq. / Short Scale” Ry = — (R \ 2

(2) |High .
Ry ~ O As — |R&2)\ngh negligible
R Lo

R{Y) = g*" (DaD 409,y 5— DDy 6gas— Do Dsbgyw)

-

Creation of GWs
INn curved space-time




Gravitational Wave Propagation

——

What about the
High Freq. / Short Scale? K

ng _ _[RELQJ]High T

(2) |High .
Ry ~ O As — |R&2)\ngh negligible
R Lo

-

Creation of GWs
INn curved space-time

TT dof = truly radiative !
[no gauge choice]




Definition of GWs

* 1st approach: Lin Grav in MinkowsKi v
* 2nd approach: SVT decomp. v

* 3rd approach: General backgrounds



Some perspective



GW Propagation/Creation
in Cosmology

FLRW: ds? = a2(—d772 —+ (570 + hw)dﬂjzdw]), TT - {

(conformal time)



GW Propagation/Creation
in Cosmology

FLRW: ds? = a*(—dn* + (6;; + hi;)dx*dx?), TT: { Z“’ :_OO
(conformal time) vd
Creation/Propagation GWs in FLRW Anisotropic Stress

Eom:|hl; + 2Hhl; — V2h;; = 167GILLT] |11 = Ty — (Ty)

FLRW



GW Propagation/Creation
in Cosmology

FLRW: ds? = a2(—d772 —+ (570 + hw)dﬂjzdaﬂ), TT - {

(conformal time)

Creation/Propagation GWs in FLRW

Eom:|{h; + 2Hh;; — V?hs; = 167GIL"

Anisotropic Stress

;=T — (Tij) e\ aw

GW Source(s): ( SCALARS

5 o {9ix*0;x ',

VECTOR

{E;E; + B;B;}'",

FERMIONS )
(YD}t




Cosmic History

BiGGER size,
SMALLER Temp TODAY [Galaxies, Clusters, ...]

(13.700 Million years)

FIRST GALAXIES
(500 Millions years)

~ ATOMS CREATION
(300.000-400.000 years)

ATOMIC NUCLEI CREATION
(3 minutes !)

/" FIRST SECOND

SMALLER SIZE, A
\, of the UNIVERSE!

LARGER Temperature



To Be Continued ...



BACK SLIDES






Expanding Universe



Expanding Universe

H&I

T = diag(—p, p, p, p)

vV

m. G, {ggRW)} =T"



Expanding Universe

H&I

T = diag(—p, p, p, p)

Friedmann Equations

P



Expanding Universe

H&I

Friedmann Equations
T} = diag(—p, p,p, p) R S




UNIVERSE:

Expanding Universe

Friedmann Equations

(w — E) Equation of
State (EoS)




Expanding Universe

adt) 3m2 a2
b Critical density (p=pc & K =0)

2
(ID H? = (1@)— P K > pCESm§H2



Expanding Universe

a dt 3m2  a? _ .
b Critical density (p=pc & K =0)

(ID H? = (1da) P K - ,0653777,129]172

P:Z[%‘; QiE% |:>

1

0 k
— €2 ) —1=
Pe Z a? H?

Cosmic Sum



Expanding Universe

p K
Smg a?
pi —> 0=

1 = Close(k > 0)
1 = Flat(k = 0)
1 = Open(k < 0)

P
o =20 =

Pe = SmZ%HZ

Critical density (p=pc & K =0)

—1=

k
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Expanding Universe
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Expanding Universe
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Adiabatic Exp:
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Expansion History

Adiabatic Exp:
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1) Species Decoupling, T — T; ,

When do ¢.(T), ¢\ (T) change ?
2) Mass threshold , T' < 2m,; ,



