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(a1 a0

b1 b0)
A
B

A B

A should be able to repel an infinitesimally small fraction of B players 

Evolutionarily Stable Strategy (for A)

 or  and a1 > b1 a1 = b1 a0 > b0



Karl Sigmund, John Maynard Smith and Evolutionary Game Theory, IIASA report



For A
Evolutionarily Stable Strategy

(a1 a0

b1 b0)
Nash

Weak ESS
ESS

Strict 
Nash

a1 > b1 a0 > b0
a1 > b1 a0 = b0
a1 = b1 a0 > b0
a1 = b1 a0 < b0



But this is static!

“We repeat most emphatically that our 
theory is thoroughly static.  

A dynamic theory would unquestionably be 
more complete and therefore preferable.”

- Morgernstern and von Neumann



Replicator dynamics

(a1 a0

b1 b0)
A
B

A B

Dynamics: Change in number of A 
players
Frequency of  A  players: x

Average payoff of  A  players, πA = xa1 + (1 − x)a0

Fitness = payoff, fA = πA

·x = x(1 − x)( fA − fB)
Replicator equation



Replicator dynamics
·x = x(1 − x)( fA − fB)

x

·x
0

0 1



Replicator dynamics
·x = x(1 − x)( fA − fB)
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Directional Overdominance

Underdominance Neutrality

Cressman, Evolutionary Dynamics and Extensive Form Games, MIT Press (2003)

Relation to genetics Different methodology from 
yesterday

http://info.wlu.ca/%7Ewwwmath/faculty/cressman/table.html


Replicator dynamics

How do we calculate the internal fixed point? 

When is   ? 

 

 

fA = fB

xa1 + (1 − x)a0 = xb1 + (1 − x)b0

x⋆ =
b0 − a0

(a1 − a0 − b1 + b0)

·x = x(1 − x)( fA − fB)



Summary

(a1 a0

b1 b0)
Deterministic dynamics

x = 0 x = 1
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From infinite to finite
Mathematical analysis for a finite population 
is more realistic



Stochastic description
Moran Process

T+
i

T−
i

1− T+
i − T−

i

= A

= B

One time step

How fitness loads the dice!



Stochastic description

Under neutrality i.e.  we have  

New payoff to fitness mapping   

Where  tunes the impact of the game on the fitness

T+
j = T−

j ρA =
1
N

fA = 1 − ω + ωπA

ω

1 j N0 T+
jT−

j

ρA

Nowak, Sasaki, Taylor, Fudenberg Nature. 2004



Stochastic description

1 j N0 T+
jT−

j

ρA

Nowak, Sasaki, Taylor, Fudenberg Nature. 2004

ρA ≈
1
N

+
ω
N2

N−1

∑
m=1

m

∑
j=1

(πA − πB)

Γ

Under weak selection,  we have, 

Strategy A is favoured by selection i.e.   if  

ω ≪ 1

ρA > 1/N Γ > 0

a0(2N − 1) + a1(N − 2) > b0(2N − 4) + b1(N + 1)



Stochastic description

1 j N0 T+
jT−

j

ρA

Nowak, Sasaki, Taylor, Fudenberg Nature. 2004

Thus for finite but large populations, for , we have 
 if

ω ≪ 1
ρA > 1/N

2a0 + a1 > 2b0 + b1 (a1 a0

b1 b0)
A
B

A B

x⋆ =
b0 − a0

(a1 − a0 − b1 + b0)
< 1/3

One=third rule



Who replaces whom?

1 j N0

ρAρAρB

Is  ? We look at the ratio ρA > ρB
ρB

ρA
< 1

ρB

ρA
=

N−1

∏
j=1

T−
j

T+
j

= exp −w
N−1

∑
j=1

(πA − πB)

Φ

Nowak, Sasaki, Taylor, Fudenberg Nature. 2004



Who replaces whom?

1 j N0

ρAρAρB

Thus  if  

Then for finite populations we have,

ρB

ρA
< 1 Φ > 0

(N − 2)a1 + Na0 > Nb1 + (N − 2)b0

Nowak, Sasaki, Taylor, Fudenberg Nature. 2004



Who replaces whom?

1 j N0

ρAρAρB

For finite but large populations,  ifρA > ρB

a1 + a0 > b1 + b0 (a1 a0

b1 b0)
A
B

A B

Nowak, Sasaki, Taylor, Fudenberg Nature. 2004



Summary

ρA > 1/N ρA > ρB

(a1 a0

b1 b0)

2a0 + a1 > 2b0 + b1 a0 + a1 > b0 + b1

Deterministic dynamics

Stochastic dynamics



Summary
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2a0 + a1 > 2b0 + b1 a0 + a1 > b0 + b1

Deterministic dynamics

Stochastic dynamics

How does this look 
like for multiplayer 
games?
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2a0 + a1 > 2b0 + b1 a0 + a1 > b0 + b1

Deterministic dynamics

Stochastic dynamics

How does this look 
like for multiplayer 
games?
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Start simple with

(a2 a1 a0

b2 b1 b0)
1 2 1

2 × 2 × 2



Exercise - Too many cooks!
Lets say you want to bake a cake. For each chef, baking costs  leading to a 
delicious cake  . Two chefs can bake the cake perfectly but three diminish the 
quality.

c
b

(
b
2 − c b − c −c

b 0 0 )
f =

d−1

∑
k=0

(d − 1
k ) xk(1 − x)d−1−kbkf =

d−1

∑
k=0

(d − 1
k ) xk(1 − x)d−1−kak

·x = x(1 − x)( f − f )

a0a1a2

b0b1b2



Exercise - Too many cooks!
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Exercise - Too many cooks!
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(a2 a1 a0

b2 b1 b0)
1 2 1

How many sign changes?



Deterministic dynamics

x = 0 x = 1

2 × 2 × 2



Summary

ρA > 1/N ρA > ρB

2a0 + a1 > 2b0 + b1 a0 + a1 > b0 + b1

Deterministic dynamics

Stochastic dynamics

(ad−1 ad−2 … ak … a1 a0

bd−1 bd−2 … bk … b1 b0)

The maximum 
number of 
internal isolated 
fixed points is 
d − 1



Summary

ρA > 1/N ρA > ρB

2a0 + a1 > 2b0 + b1 a0 + a1 > b0 + b1

Deterministic dynamics

Stochastic dynamics

(ad−1 ad−2 … ak … a1 a0

bd−1 bd−2 … bk … b1 b0)

The maximum 
number of 
internal isolated 
fixed points is 
d − 1

Σ1 ¼
N
!
N
d

"

for 0≤ k< d− 1

N
!
N − 1
d

"
¼ ðN − dÞ

!
N
d

"
for k ¼ d− 1

:

8
>>><

>>>:
[S31]

The second sum in Eq. S27 involving the additional factor j can
be rewritten as

Σ2 ¼ ∑
N − 1

j¼1
j
!
j− 1
k

"!
N − j

d− k− 1

"

¼ ðkþ 1Þ ∑
N − 1

j¼1

!
j

kþ 1

"!
N − j

d− k− 1

"
; [S32]

where we have used j
!
j− 1
k

"
¼ ðkþ 1Þ

!
j− 1
kþ 1

"
. We again shift

the summation index by one, i = j – 1, and extend the sum up to
N – 1,

Σ2 ¼ ðkþ 1Þ ∑
N − 2

i¼0

#!
iþ 1
kþ 1

"!
N − i− 1
d− k− 1

"$

¼ ðkþ 1Þ ∑
N − 1

i¼0

#!
iþ 1
kþ 1

"!
N − i− 1
d− k− 1

"$

− ðkþ 1Þ
#!

N
kþ 1

"!
0

d− k− 1

"$
_ [S33]

The last term is zero for k < d – 1. For the first term, we can apply
the same variant of Vandermonde’s convolution as above,

∑
l

i¼0

!
l− i
m

"!
qþ i
n

"
¼

!
lþ qþ 1
mþ nþ 1

"
, and obtain

Σ2 ¼ ðkþ 1Þ
!
N þ 1
dþ 1

"
: [S34]

For k = d – 1, we again start from Eq. S32, which yields

Σ2 ¼ d ∑
N − 1

j¼1

!
j
d

"!
N − j
0

"
¼ d ∑

N − 1

j¼1

!
j
d

"
¼ d

!
N

dþ 1

"
: [S35]

We slightly rearrange these two results to a common binomial,

Σ2 ¼
ðkþ 1Þ N þ 1

dþ 1

!
N
d

"
for 0≤ k< d− 1

d
dþ 1

ðN − dÞ
!
N
d

"
for k ¼ d− 1

:

8
>><

>>:
[S36]

Combining these results with Eq. S31, we obtain

Σ1 −Σ2 ¼
!
N
d

"
1

dþ 1
× Nðd− kÞ− k− 1 for 0≤ k< d− 1

N − d for k ¼ d− 1 :

%

[S37]
Note that these two expressions have the same form, such that
we obtain a single expression for Σ1 – Σ2 or, equivalently, for
Eq. S27,

∑
N − 1

m¼1
∑
m

j¼1

!
j− 1
k

"!
N − j

d− k− 1

"
¼ Σ1 −Σ2 ¼

!
N
d

"
Nðd− kÞ− k− 1

dþ 1
:

[S38]

Together with the common factor
!
N − 1
d− 1

"− 1

, we obtain

∑
N − 1

m¼1
∑
m

j¼1

!
j− 1
k

"!
N − j

d− k− 1

"

!
N − 1
d− 1

" ¼ N2ðd− kÞ−Nðkþ 1Þ
dðdþ 1Þ

; [S39]

which is Eq. S25.
The sums over πB can be solved in a similar way. In that case,

the special case is k = 0 rather than k = d – 1, which also in-
dicates the symmetry of the result. For the sums over πB, we
obtain

∑
N − 1

m¼1
∑
m

j¼1

!
j
k

"!
N − j− 1
d− k− 1

"

!
N − 1
d− 1

" ¼

NðN − dÞ
dþ 1

for k ¼ 0

NðN þ 1Þðd− kÞ
dðdþ 1Þ

for 1≤ k≤ d− 1
:

8
>>><

>>>:

[S40]

Appendix B
Condition for the Comparison of Two Strategies. The statement to
prove is

∑
N − 1

j¼1
ðπA − πBÞ ¼

N
d

∑
d− 1

k¼0
ðak − bkÞ þ b0 − ad− 1: [S41]

As the aks are contributed only by πA and the bks only by πB, we
first need to show that

∑
N − 1

j¼1
πA ¼ N

d
∑
d− 1

k¼0
ak − ad− 1; [S42]

with the payoffs from Eq. S26. This holds for any choice of aks.
Thus, we only have to show that

1!
N − 1
d− 1

" ∑
N − 1

j¼1

!
j− 1
k

"!
N − j

d− k− 1

"

¼
N
d

for 0≤ k< d− 1
N
d
− 1 for k ¼ d− 1

:

8
><

>:
[S43]

The sum has been solved above, cf Eq. S28, where we have shown

that ∑
N − 1

j¼1

!
j− 1
k

"!
N − j

d− k− 1

"
¼

!
N
d

"
for 0 ≤ k < d – 1 and

∑
N − 1

j¼1

!
j− 1
k

"!
N − j

d− k− 1

"
¼ N − d

N

!
N
d

"
for k = d – 1. Using the

identity
!
N
d

"
¼ N

d

!
N − 1
d− 1

"
, we directly obtain Eq. S43.

The equivalent condition for πB can be derived based on a
similar argument. As above, we have k = 0 as the special case
instead of k = d – 1 in the equivalent of Eq. S43,

1!
N − 1
d− 1

" ∑
N − 1

j¼1

!
j
k

"!
N − j− 1
d− k− 1

"
¼

N
d
− 1 for k ¼ 0

N
d

for 0< k≤ d− 1
:

8
>><

>>:

[S44]
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are at most d – 1 roots of Δπi0 in xk. Because this is valid for all
n – 1 functions of Δπi0 , there can be up to (d – 1)n−1 simulta-
neous roots of all Δπi0 . These are the interior fixed points of the
replicator dynamics. Thus, there can be at most

ðd− 1Þn− 1 [S22]

fixed points in the interior of the system. This holds for the full
system but also for any subspace in which fewer strategies are
available. For example, a game with d = 3 players and n = 4
strategies has up to 8 fixed points in the interior of the simplex
S4. On the faces of the simplex S4, represented by the simplex S3,
there can be up to 4 fixed points.
We now have an analytical method to deduce the maximum

number of internal equilibria. The question that now arises is:
With what probability do we see this maximum number of
equilibria? We address the problem by generating 108 payoff
matrices where the payoff values ak, bk, . . ., are drawn from a
uniform distribution for different configurations of d and n. As
discussed in the main text, the probability of obtaining the
maximum number of internal equilibria in a game with ran-
dom payoff entries reduces as the complexity increases in d as
well as n.
An example for d = 4 and n = 3. In this section, we describe the
parameters of Fig. 2 in the main text. The number of players d= 4
and the number of strategies n = 3. The total number of payoff
values is therefore nd, which is 81. Thus, for each strategy there
are 27 payoff values. This is the number of values we have to
consider when the order of player matters. If the payoffs are the
same for different arrangements then we reduce the payoff val-
ues, but we have to weight them by the number of their occur-
rence. Consider the three strategies to be A, B, and C. Solving
the replicator equation using the average payoffs calculated from
the payoffs from Table S1, we numerically obtain 9 fixed points
in the interior of the simplex. At these points, the frequencies of
all of the strategies are nonzero and the average payoff to each
strategy is equal.

2.2. Finite Populations. For finite populations and more than two
strategies, few analytical tools are available. The average abun-
dance under weak selection can be addressed using tools from
coalescence theory (12, 13).
For small mutation rates, the dynamics reduces to an

embedded Markov chain on the pure states of the system [see
Fudenberg and Imhof (14) for a proof]. Essentially, this means
that the dynamics is governed by dynamics on the edges of the
simplex Sn where only two strategies are present. This result can
be applied in a variety of contexts (15–17).
Both approaches can be adapted to d-player games.

Appendix A
Condition for the Comparison of One Strategy with Neutrality. We
first repeat the condition to prove

∑
N − 1

m¼1
∑
m

j¼1
ðπA − πBÞ

¼ 1
dðdþ 1Þ

!
N2

"
∑
d− 1

k¼0
ðd− kÞðak − bkÞ

#

−N
"

∑
d− 1

k¼0
ðkþ 1Þak þ ∑

d− 1

k¼1
ðd− kÞbk − d2b0

#$
;

[S23]

where the payoffs are defined in Eq. S6. Because all of the aks
come from πA and all of the bks from πB, we can solve each
separately. For πA we have to show that

∑
N − 1

m¼1
∑
m

j¼1
∑
d− 1

k¼0

"
j− 1
k

#"
N − j

d− k− 1

#

"
N − 1
d− 1

# ak ¼ ∑
d− 1

k¼0

N2ðd− kÞ−Nðkþ 1Þ
dðdþ 1Þ ak:

[S24]
Because this should hold for any choice of aks, we must show that

∑
N − 1

m¼1
∑
m

j¼1

"
j− 1
k

#"
N − j

d− k− 1

#

"
N − 1
d− 1

# ¼ N2ðd− kÞ−Nðkþ 1Þ
dðdþ 1Þ : [S25]

We take out the factor
"
N − 1
d− 1

#− 1

on the left-hand side and get

back to the full expression only at the end. We consider the quantity

∑
N − 1

m¼1
∑
m

j¼1

"
j− 1
k

#"
N − j

d− k− 1

#
: [S26]

Using the identity ∑
N − 1

m¼1
∑
m

j¼ 1
¼ ∑

N − 1

j¼ 1
∑

N − 1

m¼ j
, we obtain

∑
N − 1

m¼ 1
∑
m

j¼ 1

"
j− 1
k

#"
N − j

d− k− 1

#

¼ ∑
N − 1

j¼ 1
∑

N − 1

m¼ j

"
j− 1
k

#"
N − j

d− k− 1

#

¼ ∑
N − 1

j¼1

"
j− 1
k

#"
N − j

d− k− 1

#
ðN − jÞ;

[S27]

where we performed the sum over m. Let us use the factor N – j
to split this expression into two sums. The first sum with the
factor N is given by

∑1 ¼ N ∑
N − 1

j¼1

"
j− 1
k

#"
N − j

d− k− 1

#
: [S28]

We change the summation index by one, i = j – 1, and then
extend the sum up to N – 1,

∑1 ¼ N ∑
N − 2

i¼0

"
i
k

#"
N − i− 1
d− k− 1

#

¼ N
!

∑
N − 1

i¼0

"
i
k

#"
N − i− 1
d− k− 1

#
−
"
N − 1
k

#"
0

d− k− 1

#$
:

[S29]
The last term is zero as long as d – k – 1 > 0, that is, k < d – 1. We
can now apply a variant of Vandermonde’s convolution,

∑
l

i¼0

"
l− i
m

#"
qþ i
n

#
¼

"
lþ qþ 1
mþ nþ 1

#
(18), on the first term and

obtain for k < d – 1 the result Σ1 ¼ N
"
N
d

#
: For the special case

of k = d – 1, we start from Eq. S28,

Σ1 ¼ N ∑
N − 1

j¼1

"
j− 1
d− 1

#"
N − j
0

#
¼ N ∑

N − 1

j¼1

"
j− 1
d− 1

#
: [S30]

Using the identity ∑
N − 1

j¼1

"
j− 1
d− 1

#
¼

"
N − 1
d

#
, we obtain

Σ1 ¼ N
"
N − 1
d

#
¼ ðN − dÞ

"
N
d

#
. To summarize, we have for Σ1
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Summary

ρA > 1/N ρA > ρB

2a0 + a1 > 2b0 + b1 a0 + a1 > b0 + b1

Deterministic dynamics

Stochastic dynamics

(ad−1 ad−2 … ak … a1 a0

bd−1 bd−2 … bk … b1 b0)

The maximum 
number of 
internal isolated 
fixed points is 
d − 1

d−1

∑
k=0

(d − k)ak >
d−1

∑
k=0

(d − k)bk

d−1

∑
k=0

ak >
d−1

∑
k=0

bk



Summary

(ad−1 ad−2 … ak … a1 a0

bd−1 bd−2 … bk … b1 b0)
d−1

∑
k=0

(d − k)ak >
d−1

∑
k=0

(d − k)bk

d−1

∑
k=0

ak >
d−1

∑
k=0

bk

Generalised the one third rule and risk dominance to arbirary number of players

ρA > 1/N ρA > ρB

Valid for all processes in the 
Kingman’s coalescent
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(ad−1 ad−2 … ak … a1 a0

bd−1 bd−2 … bk … b1 b0)

x = 0 x = 1

The maximum 
number of 
internal fixed 
points is d − 1

a2,0,0 a1,1,0 a0,2,0 a1,0,1 a0,1,1 a0,0,2

b2,0,0 b1,1,0 b0,2,0 b1,0,1 b0,1,1 b0,0,2
c2,0,0 c1,1,0 c0,2,0 c1,0,1 c0,1,1 c0,0,2

x = 1

x = 1

x = 1

?
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d = 4; n = 3
The maximum number of internal fixed points is (d − 1)(n−1)

d = 3; n = 3



Feldman and Karlin conjecture

Feldman, Marcus W. “Sam Karlin and Multi-Locus Population Genetics.” Theoretical Population Biology 75, 2009: 233–35.

Han, The Anh, Arne Traulsen, and Chaitanya S. Gokhale. “On Equilibrium Properties of Evolutionary Multi-Player 
Games with Random Payoff Matrices.” Theoretical Population Biology 81, 2012: 264–72.



In fact we can extend the analysis to 

Han, The Anh, Arne Traulsen, and Chaitanya S. Gokhale. “On Equilibrium Properties of Evolutionary Multi-Player 
Games with Random Payoff Matrices.” Theoretical Population Biology 81, 2012: 264–72.



Summary

ρA > 1/N ρA > ρB

Deterministic dynamics

Stochastic dynamics

The maximum 
number of 
internal isolated 
fixed points is 
(d − 1)(n−1)

d−1

∑
k=0

(d − k)ak >
d−1

∑
k=0

(d − k)bk

d−1

∑
k=0

ak >
d−1

∑
k=0

bk

- player 
games with  
strategies

d
n Sn−1
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Stochastic slowdown

In the long 
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Also.. why??

Mutatiti
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rule
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Fixation time
Conditional



Fixation time
Conditional

For multi-player 
games we see that 
stochastic slowdown 
is  even more 
pronounced

For a slightly different biased process



Fixation time
Conditional
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In the long 
run!

Also.. why??

Mutation selection 
equilibrium

From Stati


1/3rd 
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Until now we dealt with selection… what about 
mutations?
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Selection Intensity



B A

C

B A

C

B A

C

B A

C

Mutation probability
0 1

(a) (b) (c) (d)

The problem



Average frequency of a strategy in the mutation-selection equilibrium

�xk�δ =
1

n
+ something

 if “something” is positive⟨xk⟩δ >
1
n

Antal, Nowak & Traulsen, Jour. Theor. Biol., 2009

In the long run



The “something” is the average change in the frequency 
of strategy  under weak selection k δ ≪ 1

In the long run

Where  and  are functions consisting only of the 
number of strategies  and payoff values 

Lk, Mk Hk
n ak,h,i

For d = 3

Lk + Mkμ + Hkμ2 > 0

For an arbitrary d

Lk + … + Hkμ(d−1) > 0



A transformation
In the long run

Lk, …, Hk

Games details

+ Process details

Lk + Hkμ > 0
For d = 2;n=2

σ

Process details 

(Pop. Structure, 
update rule etc)

+ game details

σa1 + a0 > b1 + σb0

Tarnita,  Antal, Ohtsuki, Fu, Nowak, Jour. Theor. Biol., 2009

Harsanyi & Selten. A general theory of equilibrium selection in games, MIT Press, Cambridge, 1988
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d−1

∑
k=0

ak >
d−1

∑
k=0

bk

For n = 2

ρA > ρB

⟨x⟩ > 1/2

Wu, Bin, Arne Traulsen, and Chaitanya Gokhale. “Dynamic Properties of Evolutionary Multi-Player Games in Finite Populations.” 
Games 2013: 182–99.
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In the long 
run!

Also.. why??

Mutation selection 
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From Static 
to Dynamic
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B C
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If .. .when & how of MEGs in the 
long run 

(If time permits) 

MEGs in mutualism and 

Eco-evolutionary dynamics
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Mutualism and Evolutionary Multiplayer Games
How do they evolve and 
what keeps them from 
breaking down?

PGGs, Prisoners dilemma

Reciprocal altruism 

Partner choice 

Byproduct benefits 

Pseudoreciprocity 

…

How the evolutionary 
process distributes the 
benefits of mutualism?

Gokhale, Chaitanya S., and Arne Traulsen. “Mutualism and Evolutionary Multiplayer 
Games: Revisiting the Red King.” Proceedings of the Royal Society B: Biological Sciences 

279, 2012: 4611–16.



Mutualism and Evolutionary Multiplayer Games

Generous

Selfish

Generous Selfish

How do they evolve and 
what keeps them from 
breaking down?

PGGs, Prisoners dilemma

Reciprocal altruism 

Partner choice 

Byproduct benefits 

Pseudoreciprocity 

…

How the evolutionary 
process distributes the 
benefits of mutualism?



Mutualism and Evolutionary Multiplayer Games
How do they evolve and 
what keeps them from 
breaking down?

PGGs, Prisoners dilemma

Reciprocal altruism 

Partner choice 

Byproduct benefits 

Pseudoreciprocity 

…

G1

S1

G2 S2

Species 1

Species 2

How the evolutionary 
process distributes the 
benefits of mutualism?



Mutualism and Evolutionary Multiplayer Games
How the evolutionary 

process distributes the 
benefits of mutualism?

x yG1

S1

G2 S2

G2

S2

G1 S1



Mutualism and Evolutionary Multiplayer Games
How the evolutionary 

process distributes the 
benefits of mutualism?



Mutualism and Evolutionary Multiplayer Games

Bergstrom, Carl T., and Michael Lachmann. “The Red King Effect: When the Slowest Runner Wins the Coevolutionary Race.” 
Proceedings of the National Academy of Sciences 100, 2003: 593–98

...the slower a species evolves, the higher chance it has of reaching its favoured equilibrium.

The Red King Effect



b > c

Species 1 plays a two player game Species 2 plays a two player game

Game for 
Species 2

Game for 
Species 1





Species 1 plays a two player game Species 2 plays a two player game

Game for 
Species 2

Game for 
Species 1

Species 1 plays a three player game Species 2 plays a three player game

Game for 
Species 1

Game for 
Species 2

…and similarly for Species 2

G1

S1

G2 S2G2G2 S2 S2



For multiplayer games the Red 
King effect is reversed



Species 1 plays a three player game Species 2 plays a three player game

Game for 
Species 1

Game for 
Species 2

Species 1 plays a two player game Species 2 plays a three player game

Game for 
Species 1

Game for 
Species 2

Multiplayer games allow us to 
incoporate additional bits of 

realism



Asymmetric number of players 

Asymmetric thresholds 



Mutualism and Evolutionary Multiplayer Games
Why is this cool?

Asymmetry in the number of players /
thresholds and other game parameters 

may be more under control of the 
interactors than evolutionary rates

Interesting  questions about how mutualism 
benefits can be manipulated where the exploited 
option is also preferred by the type being exploited

Note we are considering only interspecies dynamics and not intraspecies 

For that see..
Gokhale, Chaitanya S, Marcus Frean, and Paul B Rainey. “Eco-Evolutionary Logic of Mutualisms.” Dynamic Games and 

Applications, 2023
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