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Understanding of “Dark Air” 
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Lord	Rayleigh		
(Image:	Nobel	Prize	Foundation)	

When he compared 
nitrogen extracted from 
air with nitrogen extracted 
from chemical 
compounds, he found that 
the nitrogen from air was 
heavier. He concluded that 
the air must contain 
another, previously 
unknown substance. 
 
Now called Argon. 
































The 3 fold way 
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Thermodynamics	
	
	
Kinetic	Theory	
	
	
Chemistry	

Cosmology	
	
	
Astrophysics	
	
	
Particle	Physics	
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Cosmological Probes of DM 
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CMB	 LSS	
































Abundance and Distribution 
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How much DM? 
 
 
 
 
How clumped? 

68%	
27%	

	
	
































IDEA 1 : Thermal Freezeout 
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Equilibrium at high T 
No more production,  
but annihilations continue 

No more annihilations,  
as no partners available 

X X è SM SM 
SM SM è X X 

X X è SM SM 
SM SM è X X 

X X è SM SM 
SM SM è X X 

Temp. 
falls 

below mX 

Temp. falls 
until DM 

too dilute 

Chemical Freeze-out sets DM Density 
































Boltzmann Eqn 
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Freeze-Out 
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FIG. 1. Evolution of the cosmological WIMP abundance as a
function of x = m/T . Note that the y-axis spans 25 orders of
magnitude. The thick curves show the WIMP mass density,
normalized to the initial equilibrium number density, for
di�erent choices of annihilation cross section ⇥�v⇤ and mass
m. Results form = 100GeV, are shown for weak interactions,
⇥�v⇤ = 2 � 10�26 cm3s�1, (dashed red), electromagnetic
interactions, ⇥�v⇤ = 2�10�21 cm3s�1 (dot-dashed green), and
strong interactions, ⇥�v⇤ = 2 � 10�15 cm3s�1 (dotted blue).
For the weak cross section the thin dashed curves show the
WIMP mass dependence for m = 103 GeV (upper dashed
curve) and m = 1GeV (lower dashed curve). The solid black
curve shows the evolution of the equilibrium abundance for
m = 100GeV. This figure is an updated version of the figure
which first appeared in Steigman (1979) [11].

where n is the number density of ⇧’s, a is the cosmological
scale factor, the Hubble parameter H = a�1da/dt
provides a measure of the universal expansion rate, and
⌥⌅v� is the thermally averaged annihilation rate factor
(“cross section”). For the most part we use natural
units with h̄ ⇥ c ⇥ k ⇥ 1. When ⇧ is extremely
relativistic (T ⌃ m), the equilibrium density neq =
3�(3)g⇤T 3/(4⇥2), where �(3) ⌅ 1.202. In contrast, when
⇧ is non-relativistic (T <⇤ m), its equilibrium abundance

is neq = g⇤ (mT/(2⇥))3/2 exp(�m/T ). If ⇧ could be
maintained in equilibrium, n = neq and its abundance
would decrease exponentially. However, when the ⇧
abundance becomes very small, equilibrium can no longer
be maintained (the ⇧’s are so rare they can’t find each
other to annihilate) and their abundance freezes out.
This process is described next.

We begin by referring to Fig. 1, where the evolution
of the mass density of WIMPs of mass m, normalized
to the initial equilibrium WIMP number density, is
shown as a function of x = m/T , which is a proxy for
“time”, for di�erent values of ⌥⌅v�. With this definition,
the final asymptotic value is proportional to the relic
abundance, as will be seen later. Later in this section

it is explained how this evolution is calculated, but first
we call attention to some important features. During
the early evolution when the WIMP is relativistic (T >⇤
m), the production and annihilation rates far exceed
the expansion rate and n = neq is a very accurate,
approximate solution to Eq. (1). It can be seen in Fig. 1
that, even for T <⇤ m, the actual WIMP number density
closely tracks the equilibrium number density (solid black
curve). As the Universe expands and cools and T drops
further below m, WIMP production is exponentially
suppressed, as is apparent from the rapid drop in neq.
Annihilations continue to take place at a lowered rate
because of the exponentially falling production rate. At
this point, equilibrium can no longer be maintained and,
n deviates from (exceeds) neq. However, even for T <⇤ m,
the annihilation rate is still very fast compared to the
expansion rate and n continues to decrease, but more
slowly than neq. For some value of T ⇧ m, WIMPs
become so rare that residual annihilations also cease and
their number in a comoving volume stops evolving (they
“freeze out”), leaving behind a thermal relic.

It is well known that weak-scale cross sections
naturally reproduce the correct relic abundance in the
Universe, whereas other stronger (or weaker) interactions
do not. This is a major motivation for WIMP dark
matter. Note that while for “high” masses (m >⇤ 10 GeV)
the relic abundance is insensitive to m, for lower
masses the relic abundance depends sensitively on mass,
increasing (for the same value of ⌥⌅v�) by a factor of two.

There are two clearly separated regimes in this
evolution – “early” and “late”. The evolution
equation (Eq. (1)) can be solved analytically by di�erent
approximations in these two regimes. During the
early evolution, when the actual abundance tracks the
equilibrium abundance very closely (n ⌅ neq), the rate
of departure from equilibrium, d(n � neq)/dt, is much
smaller than the rate of change of dneq/dt. In the late
phase, where n ⌃ neq, the equilibrium density neq may
be ignored compared to n and Eq. (1) may be integrated
directly. This strategy allows the evolution to be solved
analytically in each of the two regimes and then joined
at an intermediate matching point which we call x⇥.
Because the deviation from equilibrium, (n � neq), is
growing exponentially for x ⌅ x⇥, the value of x⇥ is
relatively insensitive (logarithmically sensitive) to the
choice of (n� neq)⇥.

Since the dynamics leading to freeze out occurs during
the early, radiation dominated (⇤ = ⇤R) evolution of the
Universe, it is useful to recast physical quantities in terms
of the cosmic background radiation photons. The total
radiation density may be written in terms of the photon
energy density (⇤�) as ⇤ = (g⇥/g�)⇤� where, g⇥ counts
the relativistic (m < T ) degrees of freedom contributing
to the energy density,
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Zeldovich (1965); Chiu (1966); Lee and Weinberg (1977); Hut (1977); Wolfram (1979); Steigman (1979).  
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Precision Computation 
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the large factor 1 + �⇥(�/H)⇥ ⌥ 1 (see the dotted blue
curves in Fig. 4), with most of the residual annihilations
occurring for T⇥ ⇧ T >⌃ T⇥/2. Thus, it is expected that
the value of (�/H)⇥ will have an impact on the predicted
relic density. Note that previous studies have ignored
the 1 in the denominator of Eq. (17) and have assumed
that �⇥ = 1. These approximations incur an error of
⌃ 3 � 5% and can a⇤ect the calculation substantially,
especially for masses in the range 1� 10GeV, where the
impact of the changing values of g(T ) is large. As may be
seen from Fig. 4, both (�/H)⇥ and �⇥ depend strongly on
mass. Our analytical framework takes these e⇤ects into
account.

3. Relic Abundance

Having determined Yf , (see Eq. (17)), calculating the
relic abundance is straightforward. The frozen out
WIMP abundance Yf is equal to the present day WIMP
abundance (Yf = Y0), so that the cosmological WIMP
mass fraction is

⇥ =
mYf s0
⌅crit

=
8⇤G

3H2
0

�
mH⇥s0
�⇧v s⇥

⇥�
(�/H)⇥

1 + �⇥(�/H)⇥

⇥
, (19)

resulting in

⇥h2 =
9.92 ⇥ 10�28

�⇧v 

�
x⇥

g1/2⇥

⇥�
(�/H)⇥

1 + �⇥(�/H)⇥

⇥
. (20)

Note that this result has no explicit mass dependence
but x⇥, g⇥, and�⇥, and (�/H)⇥ are all mass-dependent.
Recall that the units for units for �⇧v , here and
elsewhere, are cm3s�1. For 10�1 ⌅ m (GeV) ⌅ 104

we find that 0.97 <⌃ (�/H)⇥/(1 + �⇥(�/H)⇥) <⌃ 1.07,
varying noticeably with mass, as shown in Fig. 4. In most
previous analyses the term involving (�/H)⇥ in Eq. (20)
is either ignored or assumed to be unity. This small but
non-negligible e⇤ect is relevant for the low mass regime,
that is currently of great interest, and retaining it we find

1026�⇧v = 0.902

�
0.11

⇥h2

⇥�
x⇥

g1/2⇥

⇥�
(�/H)⇥

1 + �⇥(�/H)⇥

⇥
.

(21)
This result for �⇧v as a function of the WIMP mass,
assuming the a best-fit value for ⇥h2 = 0.11, is shown as
the dashed (red) curve in Fig. 5. This general result for
the relic abundance of a thermal WIMP, whether or not
it is a dark matter candidate, derived by an approximate
analytic approach to solving the evolution equation [6, 11]
agrees to better than ⌃ 3% with the results of the
direct numerical integration of the evolution equation
(solid black curve in Fig. 5) described below in §II C.
For analytic results accurate to ⌃ 5%, the last factor
in Eq. (21) may be approximated by 1.02.
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FIG. 5. The thermal annihilation cross section required for
��h

2 = 0.11 as a function of the mass for a Majorana
WIMP. The solid (black) curve is from numerical integration
of the evolution equation and the dashed (red) curve is for
the approximate analytic solution in Eq. (20). Note that the
agreement between analytical and numerical results is better
than ⇥ 3%. For comparison, the thin horizontal line shows
the canonical value ⇤�v⌅ = 3� 10�26 cm3s�1.

C. Numerical Results and Discussion

To compare with the approximate analytic results
we have calculated the relic abundance by numerically
integrating the WIMP evolution equation, Eq. (5). We
transform this equation into a simple dimensionless form,

dY

dx
= ⇥

⇤
1 +

1

3

d(lngs)

d(lnT )

⌅
gs

g1/2�

1

x2
(Y 2

eq � Y 2), (22)

where ⇥ ⇤ 2.76 ⇥ 1035m�⇧v and Yeq =
0.145 (g⇥/gs)x3/2e�x (m is in GeV and �⇧v in cm3s�1).
An approximation made here is to use the non-relativistic
expression for neq in Yeq. This has negligible impact on
our results. For m in the range 10�1 � 10 4 GeV and
�⇧v in the range 10�26 � 10�25 cm3s�1, ⇥ has values in
the range 108 � 1014. The equation to be integrated is
therefore numerically sti⇤. We find it useful to make the
replacement W = lnY and to integrate

dW

dx
=

⇥

x2

⇤
1 +

1

3

d(lngs)

d(lnT )

⌅
gs

g1/2�

(e(2Weq�W ) � eW ) , (23)

where W does not change by many orders of magnitude
over the range of integration. This significantly reduces
the computational e⇤ort. In particular, one can work
with lower precision and still determine the solution quite
accurately.
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FIG. 2. The e⇥ective number of interacting (thermally
coupled), relativistic degrees of freedom, g, as a function of
the temperature for 1MeV ⇥ T ⇥ 1TeV (adapted from Laine
and Schroeder [46]).

where �eq ⇤ neq��v = Yeqs��v and

�eq/H = 8.00 ⇥ 1034m��v x1/2e�xg�1/2 , (9)

where m is in GeV, and ��v is in cm3s�1. We
use these units throughout this section, and wherever
it is unstated, this should be assumed. Now, since
Yeq ⌥ x3/2e�x/g,

d(lnYeq)

d(lnx)
= �

⇤
x � 3/2 +

d(ln g)

d(lnx)

⌅
. (10)

This allows us to rearrange Eq. (8) as

⇥(2 +⇥)

(1 +⇥)
=

x � 3/2 � d(ln g)

d(lnT )
� d(ln(1 +⇥))

d(lnx)
�eq

H

⇤
1 +

1

3

d(ln g)

d(lnT )

⌅ . (11)

Note that although the logarithmic derivative of g with
respect to T in the denominator on the right hand
side has been noted before [14], the third term in the
numerator, involving the same derivative, has not been
considered in previous treatments. If freeze out occurs in
a temperature regime where g is changing, both of these
terms are equally important.

If the WIMP is close to equilibrium, i.e., ⇥, d⇥/dx ⌃
1, the fourth term in the numerator of Eq. (11) can be

∆
 =

 (
Y

-Y
eq

)/
Y

eq

x=m/T

∆ = ∆*

x * 
=

 2
2.

2

x * 
=

 2
2.
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FIG. 3. Evolution of the departure of the WIMP abundance
from the equilibrium abundance, �, for x close to x⇥. The
departure from the equilibrium value is shown as a function
of x, calculated numerically (solid black), and analytically
(dashed red) using Eq. (12), for an illustrative case with
m = 100GeV and ⌅�v⇧ = 2.2� 10�26 cm3s�1. The analytical
approximation ignores d�/dx (see Eq. (11)), leading to an
underestimate of x⇥ by ⇤ 2%. See the text for details.

ignored2. If, further, the terms involving the logarithmic
derivative of g with T are ignored and Eq. (9) is used,

⇥(2 +⇥)

(1 +⇥)
⇧ 1.25 ⇥ 10�35g1/2

��v m

�
(x � 3/2)ex

x1/2

⇥
. (12)

Comparison with the results from the numerical
integration of the evolution equation confirms that the
neglect of the logarithmic derivative of g introduces an
error which is < 1%, except when the approach to freeze
out occurs close to the quark hadron transition. As in
almost all previous analytic analyses, it can be assumed
that (x�3/2)/x1/2 ⇧ x1/2, introducing a very small error
of order ⌅ 0.1 � 1%.
The departure from equilibrium, ⇥, is shown as a

function of x in Fig. 3 for an illustrative case with m =
100GeV and ��v = 2.2⇥10�26 cm3s�1. The numerically
calculated value (solid black curve) is lower than the
analytical prediction using Eq. (12) (dashed red curve).
This is because the analytical approximation ignores
d⇥/dx in Eq. (11), which is not completely negligible. As
a result the analytical prediction for ⇥ (dashed red curve
in Fig. 3) overshoots the true value (solid black curve in
Fig. 3), leading to an underestimate of x⇥ by about 2%.

2 Since � is increasing exponentially, this neglect becomes a poor
approximation when � >

⇠
O(1).
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the large factor 1 + �⇥(�/H)⇥ ⌥ 1 (see the dotted blue
curves in Fig. 4), with most of the residual annihilations
occurring for T⇥ ⇧ T >⌃ T⇥/2. Thus, it is expected that
the value of (�/H)⇥ will have an impact on the predicted
relic density. Note that previous studies have ignored
the 1 in the denominator of Eq. (17) and have assumed
that �⇥ = 1. These approximations incur an error of
⌃ 3 � 5% and can a⇤ect the calculation substantially,
especially for masses in the range 1� 10GeV, where the
impact of the changing values of g(T ) is large. As may be
seen from Fig. 4, both (�/H)⇥ and �⇥ depend strongly on
mass. Our analytical framework takes these e⇤ects into
account.

3. Relic Abundance

Having determined Yf , (see Eq. (17)), calculating the
relic abundance is straightforward. The frozen out
WIMP abundance Yf is equal to the present day WIMP
abundance (Yf = Y0), so that the cosmological WIMP
mass fraction is

⇥ =
mYf s0
⌅crit

=
8⇤G

3H2
0

�
mH⇥s0
�⇧v s⇥

⇥�
(�/H)⇥

1 + �⇥(�/H)⇥

⇥
, (19)

resulting in

⇥h2 =
9.92 ⇥ 10�28

�⇧v 

�
x⇥

g1/2⇥

⇥�
(�/H)⇥

1 + �⇥(�/H)⇥

⇥
. (20)

Note that this result has no explicit mass dependence
but x⇥, g⇥, and�⇥, and (�/H)⇥ are all mass-dependent.
Recall that the units for units for �⇧v , here and
elsewhere, are cm3s�1. For 10�1 ⌅ m (GeV) ⌅ 104

we find that 0.97 <⌃ (�/H)⇥/(1 + �⇥(�/H)⇥) <⌃ 1.07,
varying noticeably with mass, as shown in Fig. 4. In most
previous analyses the term involving (�/H)⇥ in Eq. (20)
is either ignored or assumed to be unity. This small but
non-negligible e⇤ect is relevant for the low mass regime,
that is currently of great interest, and retaining it we find

1026�⇧v = 0.902

�
0.11

⇥h2

⇥�
x⇥

g1/2⇥

⇥�
(�/H)⇥

1 + �⇥(�/H)⇥

⇥
.

(21)
This result for �⇧v as a function of the WIMP mass,
assuming the a best-fit value for ⇥h2 = 0.11, is shown as
the dashed (red) curve in Fig. 5. This general result for
the relic abundance of a thermal WIMP, whether or not
it is a dark matter candidate, derived by an approximate
analytic approach to solving the evolution equation [6, 11]
agrees to better than ⌃ 3% with the results of the
direct numerical integration of the evolution equation
(solid black curve in Fig. 5) described below in §II C.
For analytic results accurate to ⌃ 5%, the last factor
in Eq. (21) may be approximated by 1.02.
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FIG. 5. The thermal annihilation cross section required for
��h

2 = 0.11 as a function of the mass for a Majorana
WIMP. The solid (black) curve is from numerical integration
of the evolution equation and the dashed (red) curve is for
the approximate analytic solution in Eq. (20). Note that the
agreement between analytical and numerical results is better
than ⇥ 3%. For comparison, the thin horizontal line shows
the canonical value ⇤�v⌅ = 3� 10�26 cm3s�1.

C. Numerical Results and Discussion

To compare with the approximate analytic results
we have calculated the relic abundance by numerically
integrating the WIMP evolution equation, Eq. (5). We
transform this equation into a simple dimensionless form,

dY

dx
= ⇥

⇤
1 +

1

3

d(lngs)

d(lnT )

⌅
gs

g1/2�

1

x2
(Y 2

eq � Y 2), (22)

where ⇥ ⇤ 2.76 ⇥ 1035m�⇧v and Yeq =
0.145 (g⇥/gs)x3/2e�x (m is in GeV and �⇧v in cm3s�1).
An approximation made here is to use the non-relativistic
expression for neq in Yeq. This has negligible impact on
our results. For m in the range 10�1 � 10 4 GeV and
�⇧v in the range 10�26 � 10�25 cm3s�1, ⇥ has values in
the range 108 � 1014. The equation to be integrated is
therefore numerically sti⇤. We find it useful to make the
replacement W = lnY and to integrate

dW

dx
=

⇥

x2

⇤
1 +

1

3

d(lngs)

d(lnT )

⌅
gs

g1/2�

(e(2Weq�W ) � eW ) , (23)

where W does not change by many orders of magnitude
over the range of integration. This significantly reduces
the computational e⇤ort. In particular, one can work
with lower precision and still determine the solution quite
accurately.

Depends modestly 
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mass WIMPs, below 
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IDEA 2: Freeze IN 

Basudeb Dasgupta, ICTS 2020, Bengaluru 

Bernal	et	al	(IJMP	2017)	
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Structure as a probe of DM 
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Image:	Schneider	(2018)	
































Spherical  Collapse 
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Credit:	Aseem	Paranjape	
































Spherical Collapse 
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Credit:	Aseem	Paranjape	
































Linear Perturbation Theory 
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N Body Simulations 
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Start	with	a	box	of	particles,	with	
initial	conditions	(x,v)	consistent	
with	CDM	
	
Evolve	their	positions	using	
collisionless	Boltzmann	equation	
	
Various	numerical	issues/
techniques	
	
One	key	issue:	“particles”	can	be	
say,	10^6	–	10^7	solar	masses!	
	
Identify	halos,	merger	trees,	etc.	
	
Predict	clustering,	substructure,	
merger	histories,	etc.	






























































