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1 From Gaussian fields to elasticity

In Lecture 2 we saw that a quadratic theory is controlled by a single kernel. The response is obtained
by inverting this kernel, and the Gaussian correlation function is obtained from the same inverse.

For a static Gaussian field,
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we have
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For the simple translationally invariant model,
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It is useful to do the Fourier transform explicitly. Write
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The coefficient multiplying the quadratic field is the Fourier-space stiffness kernel,
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To see the second relation directly, set the source to zero and use
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Each Fourier mode is a Gaussian variable with variance kgT'/(Kk? +t).
We therefore have (completing the squares, as previously done)
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so the same kernel controls both the response and the Gaussian correlation.

We now replace the scalar field by the displacement field of a solid. The same quadratic kernel
now becomes the elastic stiffness matrix. Its eigenmodes become phonons in a crystal or vibrational
modes in an amorphous solid.

2 Elasticity of a crystal

We first do the calculation for a crystal. Translation symmetry lets us diagonalize the problem in
plane waves. The same Hessian construction can also be used for a disordered contact network, but
in that case the plane waves are not the correct basis for diagonalization.

2.1 One-dimensional chain

Consider a one-dimensional chain of identical particles of mass m, equilibrium spacing a, and
nearest-neighbour spring constant k. Let u; be the displacement of particle ¢ from its equilibrium
position. The harmonic energy is

U= 5 Z(uiﬂ — Ui)2. (6)
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The force on particle 7 is
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mil; = — = k‘(ui+1 — 2u; + u,-,l). (7)

For wavelengths much longer than a, write u; = u(x;) with x; = ia. Taylor expansion gives
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Uil — 2u; + ui—1 = a“0yu + O(a”). (8)

Therefore
motu = ka??u. 9)

If the chain has cross-sectional area A, the mass density is p = m/(aA), and the continuum
equation becomes
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Thus the elastic wave speed is
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We can obtain the same result directly from the energy. Since

Uit — U =~ adyu, (12)



we have

U~ I;Zi:aQ(@mu)Q = % /da: (Opu)?. (13)
Dividing by A gives the elastic energy
F:%/de@, € — Oyu. (14)
The stress is therefore of
0= 5= FEe. (15)

Hooke’s law is thus the continuum form of the microscopic harmonic energy.

The same calculation also shows where “prestress” enters. A strictly one-dimensional chain
has no transverse degree of freedom, so its quadratic energy contains only the longitudinal spring
stiffness. To expose the prestress term, consider the same nearest-neighbour chain embedded in two
dimensions and let the equilibrium bond carry a compressive force fy > 0. For a central potential,
V'(a) = —fo. If

5ui = W;+1 — Wy (16)

is the relative displacement of one bond, then
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where
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The first term is the usual longitudinal stiffness. The second term is negative for a compressed
bond. Thus a prestressed chain becomes softer to transverse distortions even though the bare
spring constant V”(a) has not changed. This is the simple version of the prestress contribution that
becomes important in a jammed contact network.

2.2 Three-dimensional elasticity
In d dimensions, the displacement is a vector field
r —r+u(r). (19)
The linearized strain tensor is the symmetric part of the displacement gradient,
1
€ij = 5(8iuj + 0ju;). (20)

The antisymmetric part corresponds to an infinitesimal rigid rotation and does not cost elastic
energy in an isotropic solid.
For a crystal with a general lattice symmetry, the harmonic elastic energy has the form

1
F = §/dd7“ Cijkleijekl' (21)

The elastic tensor satisfies the major and minor symmetries

Cijkt = Cjitt = Cijik = Chiajs (22)



leaving a symmetry-dependent number of independent elastic constants.
The stress tensor follows from variation with respect to strain,

0
oij = % = Cijki€hi- (23)
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Mechanical equilibrium is
aiO'ij =0 (24)

in the absence of body forces.
For an isotropic solid the tensor reduces to two Lamé coefficients,

Cijki = M40kt + (051 + dadj), (25)

and the free energy density is
A
f=35(V-w)?+ peije;. (26)

In two dimensions this can be written explicitly in terms of the three independent strain components.

Since
2
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we obtain

1 1
f = 5O+ 2k + S+ 206l + Aewaeyy + ey,

Introduce the engineering strain vector
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Then
A+2u A 0
f= ieT A A+2u 0]e.
0 0 i

This is the two-dimensional stiffness matrix. Differentiating with respect to strain gives
Oze = (A + 20) €20 + Aeyy,
Oyy = Aeaa + (A + 2p)eyy,

Oy = 2/€qy.

For uniform isotropic compression in two dimensions, €;; = €y, = € and K = A 4 p. A pure area
preserving shear measures p. The stress—strain relation is

Oij = Aéijfkk + 2M€ij~ (27)
Here p is the shear modulus. In d dimensions the bulk modulus is
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2.3 Longitudinal and transverse phonons

The equations of motion are

p Ofu; = 0;0i;. (29)
For an isotropic solid this becomes
pdiu= A+ p)V(V-u)+ uViu. (30)
Take a plane wave
u(r,t) = uge!kr—t), (31)

Decompose the polarization into longitudinal and transverse parts:

u=uy +ur, k xur =0, k-ur=0. (32)
We obtain
A+2
wp = 2, (33)
p
Wi = Eg2, (34)
p
Thus
A+2
Ccr, = + 'u, cr = ﬁ (35)
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In a conventional crystal, w ~ ck at small k, so counting wavevectors gives the Debye law
Dpebye(w) ~ w® L. (36)

In three dimensions, D(w) ~ w? at low frequency. The low-frequency modes are extended plane

waves, and their stiffness is controlled by the macroscopic elastic constants.

3 Hessian analysis

The same elasticity can be obtained without introducing continuum fields at the outset. Let R; be
a mechanically stable crystal configuration and write

r; =R; +u;. (37)

Expand the microscopic potential energy:
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Mechanical equilibrium makes the linear term vanish,
ou
=0 39
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so the energy can be expanded as
1
U=Uy+ 5uTHu + O(u?). (40)



The Hessian is the microscopic stiffness matrix. Its eigenvectors satisfy

He, = \.eq, (41)
and for equal particle masses
A
wy =2 (42)

For a periodic crystal, translational invariance means that the Hessian can be diagonalized in
Fourier space. The resulting dynamical matrix has eigenvalues mw?(k), and the elastic constants
are encoded in the small-k expansion. This is the microscopic origin of continuum elasticity in a
crystal.

4 A basic elastic field theory

We now return to the field-theory language of Lecture 2, but replace the scalar field ¢ by the
displacement field u;.
For an isotropic elastic solid,

Hlu] = % / d'r AV - 0)? + 2preies]. (43)

Using Fourier components u;(r) = [, u;(k)e™T, where [, = [d%/(27)9, the quadratic energy can
be written

1
H = §/kui(—k) Lij(k) u;(k), (44)
We can derive this as follows. In Fourier space,

Eij(k) = %(k)zu] + k]uz) (45)

The compression term in the elastic energy contributes

A
5 [ iRk u (k). (46)
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and the shear term contributes
1
M/kez‘j(—k)eij(k) = §/k {kjuz’(—k)uz‘(k) +1€1Ui(—k)kjuj(k)} : (47)

Adding these two pieces and collecting the coefficient of u;(—k)u;(k) gives
T (k) = pk?8;5 + (A + p)kik;. (48)
In two dimensions this matrix is explicitly

P (k) = (A + 2u)k2 + pk? (A + w)kgky
A+ pkaky — pki+ A +2p)k2 )

In order to make progress, the useful variables are the longitudinal and transverse projectors,

kik;
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kik;

P (k) = by — 5" (50)
They obey PL 4+ PT = I. The orthogonality and idempotence relations can be written as
ptpt=pt,  pipT=pf  pPtpT =0 (51)
Since k;k; = kzPZ? and 0;; = Pi? + Pg, we can rewrite the stiffness matrix as
[ij(k) = k2 [(A + 2p)Pf + uPf ] . (52)

Therefore W controls longitudinal fluctuations, whereas ﬁ controls transverse fluctuations,
as we saw in the dispersion relations in Section 2.3. So as p — 0, the transverse response and
transverse fluctuations become large. That is seen near jamming where the small shear modulus
has a dramatic effect.

Now, since the sectors are orthogonal, the longitudinal and transverse sectors are independent.

The inverse therefore follows by inverting the coefficient in each sector,
PL PL
F;jl(k) = % + ”2.
(A +2u)k?  pk
Therefore we can use this to compute the displacement correlations, as was done for the correlations

in the scalar field computation.
To see how this kernel enters the mechanical response, add a body force through

(53)

Heonseo == [ Fi(—K)us(K). (54)
The stationarity condition is
Rl 5
Leading to
Lij(k)u;j(k) = fi(k). (56)
Hence
ui(k) = ;' (k) fj (k). (57)

The transverse part of the response scales as 1/pu, so the response becomes large as the shear
modulus becomes small.
For a thermal elastic solid, the same quadratic form gives the Gaussian covariance

PL pPr
i(k)u;(=k)) = kT — Y 4 Y (58)
(i N+ 20k " pik?
We can also define the static susceptibility by
dui(k) -1
yii(k) = =T (k). 59
The covariance can therefore be written as
Gij(k) = kBT xi; (k). (60)

For the athermal systems considered in this course, the last relation is not used as a fluctuation
relation: the mechanical response of a fixed configuration is still governed by the inverse stiffness,
but the statistical measure over distinct packings must be specified separately, as we will see in the
next Lecture.
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