
Untwisted affine Lie algebra ĝ Quantum untwisted affine Lie algebra Uq (ĝ) (Quantum) Imaginary Verma modules Reduced Imaginary Verma modules Ω-operators and the Kashiwara algebra The operators Ω̃ and x̃ The bilinear form Imaginary Crystal Basis The category Oq
red,im

Crystal bases for reduced Imaginary Verma
Modules of untwisted Quantum affine algebras.

Juan C. Arias,
Vyacheslav Futorny,

Kailash C. Misra

• arXiv:2307.06491[math.RT]
(J. Algebra, to appear)
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Untwisted affine Lie algebra ĝ

Let the index set I = {0, 1, . . . ,N} and A = (aij)0≤i,j≤N be a generalized
affine Cartan matrix for an untwisted affine Kac-Moody Lie algebra ĝ
over the field of complex numbers C. Let D = diag(d0, d1, . . . , dN) be a
diagonal matrix with relatively prime integer entries such that DA is
symmetric. The numbers d0, . . . , dN are given as follows: Types ADE:
di = 1 for all i ∈ I, type B: di = 2 for i ∈ I \ {N} and dN = 1, type C:
d0 = dN = 2 and di = 1 for i ̸= 0,N, Type F: d0 = d1 = d2 = 2,
d3 = d4 = 1 and type G: d0 = d1 = 3 and d2 = 1.
The Chevalley-Serre presentation of ĝ is given by generators ei , fi , hi for
0 ≤ i ≤ N and d subject to the defining relations:

[hi , hj ] = 0 [d , hi ] = 0 [hi , ej ] = aijej [hi , fj ] = −aij fj
[ei , fj ] = δi,jhi [d , ei ] = δ0,iei [d , fi ] = −δ0,i fi

(adei)1−aij (ej) = 0 (adfi)1−aij (fj) = 0.

The abelian subalgebra ĥ = span{h0, . . . , hN , d} is the Cartan subalgebra
of ĝ.
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Untwisted affine Lie algebra ĝ

Let ∆ be the set of roots of ĝ with simple roots Π = {α0, α1, . . . , αN}
and let δ = α0 + θ be the null root where θ is the longest root of the
underlying simple Lie algebra g. Recall that ∆ = ∆re ∪ ∆im, where ∆re

and ∆im denotes the real and imaginary sets of roots. Let Q, P, Q̌ and P̌
denote the root lattice, the weight lattice, the coroot lattice and the
coweight lattice respectively. The standard non-degenerate symmetric
bilinear form (.|.) on ĥ∗ satisfies (αi |αj) = diaij , (δ|αi) = (δ|δ) = 0 for all
i , j ∈ I.
A subset S of ∆ is said to be closed if whenever α, β ∈ S and α+ β ∈ ∆
implies α+ β ∈ S. We also say that S is a closed partition if S is closed,
∆ = S ∪ −S and S ∩ −S = ∅. We consider the closed partition
S = {α+ nδ|α ∈ ∆0,+, n ∈ Z} ∪ {kδ|k > 0} which is inequivalent to the
standard partition of ∆.
Let I0 = {1, 2, . . . ,N} and g be the underlying finite dimensional simple
Lie algebra with Cartan matrix (aij)1≤i,j≤N . Let ∆0 be the set of roots of
g and Π0 = {α1, . . . , αn} be the set of simple roots. From now on, any
subscript 0 will refer to the same sets for the simple Lie algebra g.
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Quantum untwisted affine Lie algebra Uq(ĝ)
The quantum (untwisted) affine algebra Uq(ĝ) is the associative and
unital C(q1/2)-algebra with generators Ei ,Fi ,Kα, γ±1/2,D±1 for
0 ≤ i ≤ N, α ∈ Q and defining relations:

DD−1 = D−1D = KαK−α = K−αKα = γ1/2γ−1/2 = γ−1/2γ1/2 = 1
[γ±1/2,Uq(ĝ)] = [D,K±α] = [Kα,Kβ] = 0

(γ±1/2)2 = K±δ

EiFj − FjEi = δij
Ki − K−1

i
qi − q−1

i

KαEiK−α = q(α|αi )Ei , KαFiK−α = q−(α|αi )Fi

DEiD−1 = qδi,0Ei , DFiD−1 = q−δi,0Fi
1−aij∑
s=0

(−1)sE (1−aij −s)
i EjE (s)

i =
1−aij∑
s=0

(−1)sF (1−aij −s)
i FjF (s)

i = 0, i ̸= j

where qi = qdi , [n]i = qn
i −q−n

i
qi −q−1

i
, [n]i ! = [n]i [n − 1]i · · · [2]i [1]i , Ki = Kαi ,

E (s)
i = E s

i /[s]i ! and F (s)
i = F s

i /[s]i !.
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Quantum untwisted affine Lie algebra Uq(ĝ)
There is also another realization due to Drinfeld in the spirit of the loop
space realization called the Drinfeld realization as follows. Uq(ĝ) is the
associative unital C(q1/2)-algebra generated by x±

ir , his ,K±1
i , γ±1/2,D±1

for i ∈ I0, r , s ∈ Z and s ̸= 0 subject to the relations:

D±1D∓1 = K±1
i K∓1

i = γ±1/2γ∓1/2 = 1
[γ±1/2,Uq(ĝ)] = [D,K±1

i ] = [Ki ,Kj ] = [Ki , hjs ] = 0
Dhir D−1 = qr hir , Dx±

ir D−1 = qr x±
ir

Kix±
jr K−1

i = q±(αi |αj )x±
jr

[hik , hjl ] = δk,−l
1
k [kaij ]i

γk − γ−k

qj − q−1
j

[hik , x±
jl ] = ± 1

k [kaij ]iγ∓|k|/2x±
j,k+l

x±
i,k+1x±

jl − q±(αi |αj )x±
jl x±

i,k+1 = q±(αi |αj )x±
ik x±

j,l+1 − x±
j,l+1x±

ik

[x+
ik , x

−
jl ] = δij

1
qi − q−1

i
(γ(k−l)/2ψi,k+l − γ(l−k)/2ϕi,k+l)
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Quantum untwisted affine Lie algebra Uq(ĝ)
where

∞∑
k=0

ψikzk = Ki exp
(

(qi − q−1
i )

∑
l>0

hilz l
)

∞∑
k=0

ϕi,−kz−k = K−1
i exp

(
− (qi − q−1

i )
∑
l>0

hi,−lz−l
)

and for i ̸= j ,

Symk1,...,k1−aij

1−aij∑
r=0

(−1)r
[
1 − aij

r

]
i
x±

ik1
· · · x±

ikr
x±

ij x±
ikr+1

· · · x±
ik1−aij

= 0.

Define the following generating functions:

ϕi(u) =
∑
p∈Z

ϕipu−p, ψi(u) =
∑
p∈Z

ψipu−p, x±
i (u) =

∑
p∈Z

x±
ip u−p
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Quantum untwisted affine Lie algebra Uq(ĝ)

Then the defining relations of Uq(ĝ) become:

[ϕi(u), ϕj(v)] = [ψi(u), ψj(v)] = 0

ϕi(u)ψj(v)ϕi(u)−1ψj(v)−1 = gij(uv−1γ1)/gij(uv−1γ)

ϕi(u)x±
j (v)ϕi(u)−1 = gij(uv−1γ∓1/2)±1x±

j (v)

ψi(u)x±
j (v)ψi(u)−1 = gji(vu−1γ∓1/2)∓1x±

j (v)

(u − q±(αi |αj )v )x±
i (u)x±

j (v) = (q±(αi |αj )u−v )x±
j (v)x±

i (u)

[x+
i (u), x−

j (v)] = δij(qi − q−1
i )(δ(u/vγ)ψi(vγ1/2) − δ(uγ/v)ϕi(uγ1/2))

where gij(t) = gij,q(t) is the Taylor expansion at t = 0 of the function
(q(αi |αj )t − 1)/(t − q(αi |αj )) and δ(z) =

∑
k∈Z zk .
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(Quantum) Imaginary Verma modules
For the closed partition ∆ = S ∪ −S where
S = {α+ nδ|α ∈ ∆0,+, n ∈ Z} ∪ {kδ|k > 0}, we define the following
subalgebras of Uq(ĝ).

U+
q (S) generated by x+

ik , hil for i ∈ I0, k ∈ Z and l > 0.
U−

q (S) generated by x−
ik , hi,−l for i ∈ I0, k ∈ Z and l > 0.

U0
q (S) generated by K±1

i , γ±1/2,D±1 for i ∈ I0.
For λ ∈ P, a wight module V of Uq(ĝ) is called an S-weight module with
highest weight λ if there is a non zero vector v ∈ V of weight λ such
that u+v = 0 for all u+ ∈ U+

q (S) \ C(q1/2) and V = Uq(ĝ)v .
Let us consider the Borel subalgebra Bq of Uq(ĝ), which is generated by
U+

q (S) ∪ U0
q (S).

Consider now the one dimensional module C(q1/2)λ, in which the
Bq-module U+

q (S) acts trivially and if 1 is the generator of the module
then K±1

i 1 = q±λ(hi )1, i ∈ I0, γ±1/21 = q±λ(c)/21 and D±11 = q±λ(d)1.
The (quantum) imaginary Verma module Mq(λ) of weight λ ∈ P is
defined as
Mq(λ) := Uq(ĝ) ⊗Bq C(q1/2)λ.
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Reduced Imaginary Verma modules

The following theorem is known.

Theorem
Mq(λ) is irreducible if and only if λ(c) ̸= 0.

Let us assume that Mq(λ) is reducible, i.e. λ(c) = 0 and so γ±1/2 acts
by 1. Denote by Jq(λ) the left ideal of Uq(ĝ) generated by x+

ik , hil for
i ∈ I0, k, l ∈ Z, l ̸= 0 and K±1

i − q±λ(hi ), γ±1/2 − 1 and D±1 − q±λ(d).
Define

M̃q(λ) = Uq(ĝ)/Jq(λ).

This quotient of Mq(λ) is called the reduced imaginary Verma module.
Then the following theorem is known.

Theorem
Let λ ∈ P such that λ(c) = 0. Then M̃q(λ) is irreducible if and only if
λ(hi) ̸= 0 for all i ∈ I0.



Untwisted affine Lie algebra ĝ Quantum untwisted affine Lie algebra Uq (ĝ) (Quantum) Imaginary Verma modules Reduced Imaginary Verma modules Ω-operators and the Kashiwara algebra The operators Ω̃ and x̃ The bilinear form Imaginary Crystal Basis The category Oq
red,im

Ω-operators

Observe that

M̃q(λ) =
⊕

i1,...,ir
k1,...,kr

C(q1/2)x−
i1k1

· · · x−
ir kr

vλ

where vλ stands for the generator 1. We will say that a monomial
x−

i1k1
· · · x−

ir kr
is ordered if and only if i1 + k1 ≥ i2 + k2 ≥ · · · ≥ ir + kr .

Consider the subalgebra N −
q of Uq(ĝ) generated by γ±1/2 and x−

il for
l ∈ Z, i ∈ I0 and the relations between them. The elements of N −

q are
sums of the elements of the form P j1,...,jk

m1,...,mk
= γ l/2x−

j1m1
· · · x−

jk mk
, for

mi , l ∈ Z, k ≥ 0 and 1 ≤ ji ≤ N. Such an element is a summand of

P j1,...,jk = P j1,...,jk (v1, . . . , vk) := γ l/2x−
j1 (v1) · · · x−

jk (vk).

We set P j1,...,jk = x−
j1 (v1) · · · x−

jk (vk) and
P j1,...,jk

l = x−
j1 (v1) · · · x−

jl−1
(vjl−1)x−

jl+1
(vjl +1) · · · x−

jk (vk).
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Ω-operators
We denote

Gil = G1/q
il = G1/q

il (vj1, . . . , vjl , vl) := δi,jl

l−1∏
m=1

gi,jm,q−1(vjm/vl)

Gq
il = Gq

il (vj1, . . . , vjl , vl) := δi,jl

l−1∏
m=1

gi,jm,q(vl/vjm )

where Gi1 = δi,j1 . We define operators Ωψi (k),Ωϕi (k) : N −
q → N −

q for
k ∈ Z in terms of the generating functions

Ωψi (u) =
∑

l∈Z Ωψi (l)u−l , Ωϕi (u) =
∑

l∈Z Ωϕi (l)u−l

by

Ωψi (u)(P j1,...,jk ) =
k∑

l=1
GilP

j1,...,jk
l δ(u/vlγ)

Ωϕi (u)(P j1,...,jk ) =
k∑

l=1
Gq

il P
j1,...,jk
l δ(uγ/vl).



Untwisted affine Lie algebra ĝ Quantum untwisted affine Lie algebra Uq (ĝ) (Quantum) Imaginary Verma modules Reduced Imaginary Verma modules Ω-operators and the Kashiwara algebra The operators Ω̃ and x̃ The bilinear form Imaginary Crystal Basis The category Oq
red,im

Ω-operators
Note that Ωψi (u)(1) = Ωϕi (u)(1) = 0.
Recall that x−

i (v) =
∑

m x−
imv−m. So we can consider left multiplication

operators x−
im : N −

q → N −
q . There are several identities between the

Ω-operators and the x−-operators, we just list a few:

q(αi |αj )γΩψj (m)x−
i,n+1 − Ωψj (m + 1)x−

in =

(q(αi |αj )γ − 1)δijδm,−n−1 + γx−
i,n+1Ωψj (m) − q(α1|αj )x−

in Ωψj (m + 1).

q(αi |αj )Ωϕj (m)x−
i,n+1 − γΩϕj (m + 1)x−

in =

(q(αi |αj ) − γ)δijδm,−n−1 + x−
i,n+1Ωϕj (m) − q(α1|αj )γx−

in Ωϕj (m + 1).

Ωψj (k)x−
im = δijδk,−mγ

k +
∑
r≥0

gi,j,q−1(r)x−
i,m+r Ωψj (k − r)γr . (5.1)

Ωψi (k)Ωϕj (m) =
∑
r≥0

gi,j(r)γ2r Ωϕj (r + m)Ωψi (k − r). (5.2)
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Kashiwara Algebra

We define the Kashiwara algebra Kq as the C(q1/2)-algebra with
generators Ωψj (m), x−

i (n), γ±1/2 for m, n ∈ Z, 1 ≤ i , j ≤ N where γ±1/2

are central and the defining relations are:

q(αi |αj )γΩψj (m)x−
i,n+1 − Ωψj (m + 1)x−

in =

(q(αi |αj )γ − 1)δijδm,−n−1 + γx−
i,n+1Ωψj (m) − q(α1|αj )x−

in Ωψj (m + 1)

q(αi |αj )Ωψi (k + 1)Ωψj (l) − Ωψj (l)Ωψi (k + 1) =
Ωψi (k)Ωψj (l + 1) − q(αi |αj )Ωψj (l + 1)Ωψi (k)

x−
i,k+1x−

jl − q−(αi |αj )x−
jl x−

i,k+1 = q−(αi |αj )x−
ik x−

j,l+1 − x−
j,l+1x−

ik (5.3)

and
γ±1/2γ∓1/2 = 1.
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Kashiwara Algebra

Some of the properties of the Kashiwara algebra Kq that holds for any
quantum untwisted affine algebras are summarized in the following
proposition.

Proposition (CFM2015)

For a quantum affine algebra associated to any untwisted affine Lie
algebra, there exists a unique non-degenerate symmetric form (−,−)
defined on N −

q satisfying (x−
ij a, b) = (a,Ωψi (−j)b) and (1, 1) = 1.

Moreover, N −
q is a left Kq-module such that

Nq ∼= Kq/
( ∑N

i=1
∑

k∈Z KqΩψi (k)
)

. Furthermore, N −
q is simple as a left

Kq-module.
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Operators Ω̃ and x̃

On the algebra N −
q we define the “twisted concatenation product” as

follows: For elements x−
im, x

−
jn ∈ N −

q , we define

x−
im ⋆ x−

jn =



x−
im x−

jn if i + m ≥ j + n or i + m < j + n

and (αi |αj ) > 0

q−(αi |αj )x−
im x−

jn if j = i + 1 and n = m + 1

or i = j + 2 and n = m + 4

q−(αi |αj )(x−
im x−

jn − x−
j,n−1x−

i,m+1) if i = j + 1,m + 1 < n, j + n − 1 < i + m + 1

or i = j + 2 and n > m + 4

q−(αi |αj )(x−
im x−

jn − q(αi |αj )x−
i,m+1x−

j,n−1) if i = j + 1,m + 1 < n, i + m + 1 < j + n − 1

or i = j + 2 and m + 2 < n < m + 4
or j = i + 2 and m < n

q−(αi |αj )(x−
im x−

jn − x−
i,m+1xj,n−1) if j = i + 1 and m + 1 < n

or j = i + 2 and n = m + 1
x−
im x−

jn − x−
i,m−1xj,n+1 if j = i + 2 and m = n + 1
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Operators Ω̃ and x̃

We define the operator x̃−
jm over a ⋆−monomials

(x−
i1k1

⋆ (· · · ⋆ (x−
il−1kl−1

⋆ x−
il kl

) · · · )) as follows:

x̃−
jm (x−

i1k1
⋆ (· · · ⋆ (x−

il−1kl−1
⋆ x−

il kl
) · · · )) := x−

jm ⋆ (x−
i1k1

⋆ (· · · ⋆ (x−
il−1kl−1

⋆ x−
il kl

) · · · ))

= ((x−
jm ⋆ x−

i1k1
) ⋆ (x−

i2k2
⋆ (· · · ⋆ (x−

il−1kl−1
⋆ x−

il kl
) · · · )).

From the definition of the ⋆−product, we have that it coincides with the
usual product on ordered monomials, and the ⋆−product is associative
over ordered monomial.
We define the operator Ω̃ψi (m) by induction on ⋆−monomials
(x−

i1k1
⋆ (· · · ⋆ (xil−1kl−1 ⋆ x−

il kl
) · · · )) as follows:

Ω̃ψi (m)(x−
jk ) := δijδ−m,k .

and
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Operators Ω̃ and x̃

Ω̃ψi (m)((x−
i1k1

⋆(· · ·⋆(x−
il−1kl−1

⋆x−
il kl

) · · · ))) = δii1 δ−m,k1 (x−
i2k2

⋆(· · ·⋆(x−
il−1kl−1

⋆x−
il kl

) · · · ))

+
∑
r≥0

qpmk1
ii1 gi,i1,q−1 (r)(x−

i1,m1+r ⋆ Ω̃ψi (m − r)(x−
i2k2

⋆ (· · · ⋆ (x−
il−1kl−1

⋆ x−
il kl

)))

where pmk1
i1i := pk2,...,kl

i2,...,il is defined as

pmk1
i1 i :=

{
0 if (αi |αj ) > 0
−(αi |αj ) ḿın{ℓ | Ω̃ψi (m − ℓ)((x−

i2k2
⋆ (· · · ⋆ (x−

il−1kl−1
⋆ x−

il kl
)) = 0} + 1 if (αi |αj ) < 0

2 if (αi |αj ) = 0.

Recall that ordered monomials are the defining elements on M̃q(λ), so
we define the operators x̃−

jm and Ω̃ψi (m) on M̃q(λ) as follows: For an
ordered monomial x−

i1k1
· · · x−

il kl
vλ we have:
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Operators Ω̃ and x̃

x̃−
jm(x−

i1k1
· · · x−

ir kr
vλ) = x̃−

jm(x−
i1k1

⋆ · · · ⋆ x−
ir kr

vλ) := (x−
jm ⋆ x−

i1k1
) ⋆ · · · ⋆ x−

ir kr
vλ

Ω̃ψi (m)(x−
i1k1

· · · x−
il kl

vλ) = Ω̃ψi (m)(x−
i1k1

⋆ · · · ⋆ x−
il kl

vλ)

= δii1 δ−m,k1 x−
i2k2

⋆ · · · ⋆ x−
il kl

vλ

+
∑
r≥0

qpmk1
ii1 gi,i1,q−1 (r)xi1,m1+r ⋆ Ω̃ψi (m − r)(x−

i2k2
⋆ · · · ⋆ x−

il kl
)vλ

= δii1 δ−m,k1 x−
i2k2

· · · x−
il kl

vλ

+
∑
r≥0

qpmk1
ii1 gi,i1,q−1 (r)xi1,m1+r ⋆ Ω̃ψi (m − r)(x−

i2k2
· · · x−

il kl
)vλ
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Operators Ω̃ and x̃
We have the following Propositions:

Proposition

x̃−
jm(x−

ik ) could be written as a linear combination of ordered monomials
of length 2 with coefficients in Z[q].

Proposition

If x−
i1k1

· · · x−
il kl

is an ordered monomial then Ω̃ψi (m)(x−
i1k1

· · · x−
il kl

) is a linear
combination of ordered monomials of length l-1 with coefficients in Z[q].

Next we define a new bilinear form on ordered monomials of N −
q . For its

definition we consider the unique non-degenerate bilinear form (−,−)
defined on N −

q .
Let x−

i1m1
· · · x−

ik mk
, x−

j1n1
· · · x−

jl nl
be two ordered monomials of N −

q . We
define by induction the following bilinear form on N −

q :
⟨x−

im, x
−
jn ⟩ = (1, Ω̃ψi (−m)(x−

jn ))
⟨x−

i1m1
· · · x−

ik mk
, x−

j1n1
· · · x−

jl nl
⟩ := ⟨x−

i2m2
· · · x−

ik mk
, Ω̃ψi1

(−m1)(x−
j1n1

· · · x−
jl nl

)⟩
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Bilinear form

For i = (i1, . . . , ik),m = (m1, . . . ,mk) ∈ Zk the monomial x−
i1m1

· · · x−
ik mk

is denoted by x−
im.

We have following results.

Lemma

Let i = (i1, . . . , ik) ∈ Ik
0 ,m = (m1, . . . ,mk) ∈ Zk , j = (j1, . . . , jl) ∈ I l

0 and
n = (n1, . . . , nl) ∈ Zl such that i1 + m1 ≥ · · · ≥ ik + mk ,
j1 + n1 ≥ · · · ≥ jl + nl and k > l , then ⟨x−

im, x
−
jn ⟩ = 0.

Lemma

Let i = (i1, . . . , ik), j = (j1, . . . , jk) ∈ Ik
0 and

m = (m1, . . . ,mk),n = (n1, . . . , nk) ∈ Zk , and consider ordered
monomials x−

im = x−
i1m1

· · · x−
ik mk

and x−
jn = x−

j1n1
· · · x−

jk nk
. Then

⟨x−
im, x

−
jn ⟩ ∈ Z[q]
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Bilinear form

Proposition

Let i = (i1, . . . , ik) ∈ Ik
0 ,m = (m1, . . . ,mk) ∈ Zk , j = (j1, . . . , jl) ∈ I l

0 and
n = (n1, . . . , nl) ∈ Zl , and consider ordered monomials x−

im, x
−
jn such that∑k

r=1(ir + mr ) =
∑l

r=1(jr + nr ), then

⟨x−
im, x

−
jn ⟩ = (δklδijδmn + qZ) mód q2Z[q]

Let A0 = C[q1/2](q) be the ring of rational functions in q1/2 regular at 0
and π = {−α+ nδ|α ∈ ∆0,+, n ∈ Z} ∪ {0}.

Definition

Let M be a Uq(ĝ)-module. We call a free A0-submodule L of M an
imaginary crystal lattice of M if the following holds:

1 C(q1/2) ⊗A0 L ∼= M.
2 L ∼= ⊕λ∈πLλ and Lλ = L ∩ Mλ.
3 Ω̃ψi (m)L ⊆ L and x̃−

imL ⊆ L, for i ∈ I0 and m ∈ Z.
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Imaginary Crystal Basis
Let λ ∈ P such that λ(c) = 0 and λ(hi) ̸= 0, i ∈ I0, then M̃q(λ) is a
simple reduced imaginary Verma module. Consider the following
A0-submodule:
L(λ) :=

⊕
k≥0

i1+m1≥···≥ik +mk
il ,ml ∈Z

A0x−
i1m1

· · · x−
ik mk

vλ

Then L(λ) is an imaginary crystal lattice of M̃q(λ).

Definition

An imaginary crystal basis of a reduced imaginary Verma module M̃q(λ)
is a pair (L,B) satisfying:

1 L is an imaginary crystal lattice of M̃q(λ).
2 B is a C-basis of L/qL ∼= C ⊗A0 L.
3 B = ∪µ∈πBµ where Bµ = B ∩ (Lµ/qLµ).
4 x̃−

imB ⊂ ±B ∪ {0} and Ω̃ψi (m)B ⊂ ±B ∪ {0}, for i ∈ I0 and m ∈ Z.
5 For m ∈ Z and i ∈ I0 if Ω̃ψi (−m)b ̸= 0 and x̃−

imb ̸= 0 for b ∈ B, then
x̃−

imΩ̃ψi (−m)b = Ω̃ψi (−m)x̃−
imb.
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Imaginary Crystal Basis

For λ ∈ P such that λ(c) = 0 and λ(hi) ̸= 0, i ∈ I0 define

B(λ) =
{

x−
i1m1

· · · x−
ik mk

vλ+qL(λ) ∈ L(λ)/qL(λ)

∣∣∣∣∣ i1 + m1 ≥ · · · ≥ ik + mk ,
m1, . . . ,mk ∈ Z, i1, . . . , ik ∈ I0

}
.

Theorem

If λ ∈ h∗ such that λ(c) = 0 and λ(hi) ̸= 0 for all i ∈ I0, then
(L(λ),B(λ)) is an imaginary crystal bases for M̃q(λ).
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Category Oq
red ,im

Let Gq be the quantized Heisenberg subalgebra generated by hin and γ,
for i ∈ I0, n ∈ Z \ {0}.
We will say that a Uq(ĝ)-module V is Gq-compatible if:
(i) V has a decomposition V = T (V ) ⊕ TF (V ) where T (V ) and

TF (V ) are non-zero Gq-modules, called, respectively, torsion and
torsion free module associated to V .

(ii) him for i ∈ I0, m ∈ Z \ {0} acts bijectively on TF (V ), i.e., they are
bijections on TF (V ).

(iii) TF (V ) has no non-zero Uq(ĝ)-submodules.
(iv) Gq · T (V ) = 0.

Consider the set

h∗
q,red = {λ ∈ P | λ(c) = 0, λ(hi) ̸= 0, i ∈ I0}.
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Category Oq
red ,im

The category Oq
red,im is defined as the category whose objects are

Uq(ĝ)-modules M such that
1 M is ĥ∗

q,red -diagonalizable, that means,

M =
⊕

ν∈ĥ∗
q,red

Mν , where Mν = {m ∈ M|Kim = qλ(hi )m, Dm = qλ(d)m, i ∈ I0}

2 For any i ∈ I0 and any n ∈ Z, x+
in acts locally nilpotently.

3 M is Gq-compatible.
4 the morphisms in Oq

red,im are Uq(ĝ)-homomorphisms.

Theorem

(1) If λ, µ ∈ ĥ∗
q,red then Ext1

Oq
red,im

(M̃q(λ), M̃q(µ)) = 0.

(2) If M is an irreducible module in the category Oq
red,im, then M ∼= M̃q(λ) for

some λ ∈ ĥ∗
q,red . Moreover, if N is an arbitrary object of Oq

red,im then
N ∼=

⊕
λi ∈ĥ∗

q,red
M̃(λi), for some λ′

i s.
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Category Oq
red ,im

Now suppose M ∈ Oq
red,im. Then there exists λk ∈ ĥ∗

q,red for k ∈ J (J an
index set) such that M ∼=

⊕
k∈J M̃q(λk). For k ∈ J , let (L(λk),B(λk))

be the imaginary crystal basis of M̃q(λk). Set L =
⊕

k∈J L(λk) and
B =

⊔
k∈J B(λk).

Theorem

Let M ∈ Oq
red,im such that M ∼=

⊕
λk ∈J M̃q(λk) as above. Then the pair

(L,B) is an imaginary crystal basis for M.
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