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important role this coupling plays in quantum optics. Beyond this special case there
are many possibilities connected to the interchange of multiple motional quanta, in close
analogy to multi-photon transitions in quantum optics. Moreover, the light field inducing
the coupling can act as a source of energy, so that energy conservation implicit in atom-
photon couplings does not have to be fulfilled in the interaction of internal states and
the motion of trapped ions, allowing interactions in which both the internal state of the
atom and its motion undergo a transition to a higher energy level. Finally, if the full
quantum mechanical picture of the motion, including corrections due to micromotion,
is considered, another class of transitions becomes possible that involves exchange of
motional quanta at integer multiples of the rf driving field or combinations of integer
multiples of the driving field and the secular motion (micromotion sidebands).

The total Hamiltonian Ĥ of the systems considered here can be written as

Ĥ = Ĥ
(m) + Ĥ

(e) + Ĥ
(i)
,(44)

where Ĥ(m) is the motional Hamiltonian along one trap axis, Eq.(18), as discussed in the
previous section, Ĥ(e) describes the internal electronic level structure of the ion (see the
section on two-level systems) and Ĥ

(i) is the Hamiltonian of the interactions mediated
by the applied light fields.

4.1. Internal states in two-level approximation. – In many cases it su�ces to approxi-
mate the internal electronic structure of the ion by a two-level system with levels |gi and
|ei of energy di↵erence h̄! = h̄(!e � !g). This is justified for real ions if the frequencies
of the electromagnetic fields that induce the coupling are only close to resonance for two
internal levels and if the Rabi-frequencies describing the coupling strength are always
much smaller than the detuning relative to o↵-resonant transitions. Such a reduction is
appropriate for most of the experimental situations described in this lecture.

The corresponding two-level Hamiltonain Ĥ
(e) is

Ĥ
(e) = h̄(!g|gihg|+ !e|eihe|) = h̄

!e + !g

2
(|gihg|+ |eihe|) + h̄

!

2
(|eihe|� |gihg|).(45)

Since any operator connected to a two level system can be mapped onto the spin-1/2
operator basis, Ĥ(e) and related operators can be conveniently expressed using the spin-
1/2 algebra that is represented by Î, the 2⇥2 unity matrix, and the three Pauli-matrices.
In the particular case at hand the mapping is:

|gihg|+ |eihe| 7! Î; |gihe|+ |eihg| 7! �̂x;

i(|gihe|� |eihg|) 7! �̂y; |eihe|� |gihg| 7! �̂z.(46)

With this mapping Ĥ
(e) is reexpressed as

Ĥ
(e) = h̄

!

2
�z,(47)

where the energy is rescaled by �h̄(!e +!g)/2 to suppress the state independent energy
contribution in Eq.(45).
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(e) + Ĥ
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|gihg|+ |eihe| 7! Î; |gihe|+ |eihg| 7! �̂x;

i(|gihe|� |eihg|) 7! �̂y; |eihe|� |gihg| 7! �̂z.(46)

With this mapping Ĥ
(e) is reexpressed as

Ĥ
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operator basis, Ĥ(e) and related operators can be conveniently expressed using the spin-
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(i)
,(44)
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where Ĥ(m) is the motional Hamiltonian along one trap axis, Eq.(18), as discussed in the
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4.2. Coupling to light fields. – To describe the interaction of the trapped atom with
light fields in a simple but su�cient way, it is assumed that the motion of the atom bound
in the trap is harmonic in all three dimensions. The descriptions presented below will
include the explicit time dependence of the trapping potential, but in many cases it is
su�cient to model the motion of the ion as a three dimensional static potential harmonic
oscillator, because the general theory introduces only very minor changes if |ax|, q2x ⌧ 1.
This is true for most traps used in practice. The generalized description of the coupling
of internal states and motion follows the approaches by Cirac et al. (1994) and Bardro↵
et al. (1996). A general treatment of the coupling of electromagnetic fields to bound
electrons is rather complicated and extensively studied, for example, in Cohen-Tannoudji
et al (1989). Deriving the relevant interaction Hamiltonian H

(i) from first principles is
beyond the scope of this lecture, so we will restrict ourselves to stating H

(i) for the
most relevant cases and listing its properties as far as they are necessary to describe the
atom-field couplings studied here. In all cases, the electromagnetic field(s) will not be
quantized, but treated as a classical plane-wave field of the form

E(x, t) = E0(e
i(k·x�!t) + c.c.)(48)

with the real field amplitude E0. We will assume that h̄! ⇡ Ee � Eg so all electronic
states except |gi and |ei can be neglected and that all ac-Stark shifts, represented by the
diagonal elements hj|H(i)|ji, j = {g, e} are lumped into the definitions of Ej , namely
Ej = Ej0+hj|H(i)|ji, where Ej0 is the energy of level j in absence of the coupling. Then
we can expand H

(i) in the remaining o↵-diagonal terms,

H
(i) = (|gihe|+ |eihg|)hg|H(i)|ei,(49)

where we have chosen a convention in which the matrix element hg|H(i)|ei is real. For
dipole coupling to a single outer shell electron the interaction Hamiltonian is

HD = e� xe ·E0(e
i(k·x�!t) + c.c.)(50)

with the electron charge e� and xe the position of the valence electron relative to the
nucleus of the ion and x is the location of the nucleus. This so-called dipole approximation
works because |xe · k| ⌧ 1. The transition matrix element is
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For quadrupole coupling to a single outer shell electron the interaction Hamiltonian
is

HQ =
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For the plane wave electric field Eq.(48) the Hamiltonian simplifies to

HQ =
1

2
e� k · xe(E0 · xe)(ie

i(k·x�!t) + c.c.)(55)

and the matrix element is

hg|HQ|ei =
1

2
e� k · hg|xe(E0 · xe)|ei(ei(k·x�!t+⇡/2) + c.c.).(56)

This yields the Rabi frequency for a quadrupole transition

(h̄/2)⌦Q = (e�/2) k · hg|xe(E0 · xe)|ei.(57)

Since the quadrupole interaction is an even function of position, only matrix elements
between states of the same parity are di↵erent from zero. Again the actual numerical
value of the matrix element depends on the angular momentum values of |gi and |ei and
the field polarization [see for example James (1998)]. To relate the order of magnitude
of quadrupole transition matrix elements to those of the more familiar dipole transitions
one can deduce from Eqs.(56) and (51) that their approximate ratio is a0k ' 10�3-10�4,
where a0 is the Bohr radius, so quadrupole transitions have a much weaker decay and
higher saturation intensity when driven by a laser source.

An alternative way to create an e↵ective two level system is to couple two ground
state levels by two-photon stimulated Raman transitions [Heinzen and Wineland (1990);
Monroe et al. (1995)]. The Raman transitions are induced by two light fields whose
di↵erence frequency approximately matches the separation of the two ground state levels.
Each beam is close to resonance with an allowed dipole transition to a short-lived excited
electronic state |3i, but su�ciently detuned to make population of that state negligible.
Then, while the coupling is enhanced, the near resonant excited state can be adiabatically
eliminated in the theoretical treatment [Wineland et al. (1998)], leaving an e↵ective two-
level coupling between the two ground states. The coupling is formally equivalent to a
narrow single-photon transition if one makes the following identifications:

! $ !1 � !2,

k $ �k = k1 � k2.(58)
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with the real field amplitude E0. We will assume that h̄! ⇡ Ee � Eg so all electronic
states except |gi and |ei can be neglected and that all ac-Stark shifts, represented by the
diagonal elements hj|H(i)|ji, j = {g, e} are lumped into the definitions of Ej , namely
Ej = Ej0+hj|H(i)|ji, where Ej0 is the energy of level j in absence of the coupling. Then
we can expand H

(i) in the remaining o↵-diagonal terms,

H
(i) = (|gihe|+ |eihg|)hg|H(i)|ei,(49)
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dipole coupling to a single outer shell electron the interaction Hamiltonian is

HD = e� xe ·E0(e
i(k·x�!t) + c.c.)(50)

with the electron charge e� and xe the position of the valence electron relative to the
nucleus of the ion and x is the location of the nucleus. This so-called dipole approximation
works because |xe · k| ⌧ 1. The transition matrix element is
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the field polarization [see for example James (1998)]. To relate the order of magnitude
of quadrupole transition matrix elements to those of the more familiar dipole transitions
one can deduce from Eqs.(56) and (51) that their approximate ratio is a0k ' 10�3-10�4,
where a0 is the Bohr radius, so quadrupole transitions have a much weaker decay and
higher saturation intensity when driven by a laser source.

An alternative way to create an e↵ective two level system is to couple two ground
state levels by two-photon stimulated Raman transitions [Heinzen and Wineland (1990);
Monroe et al. (1995)]. The Raman transitions are induced by two light fields whose
di↵erence frequency approximately matches the separation of the two ground state levels.
Each beam is close to resonance with an allowed dipole transition to a short-lived excited
electronic state |3i, but su�ciently detuned to make population of that state negligible.
Then, while the coupling is enhanced, the near resonant excited state can be adiabatically
eliminated in the theoretical treatment [Wineland et al. (1998)], leaving an e↵ective two-
level coupling between the two ground states. The coupling is formally equivalent to a
narrow single-photon transition if one makes the following identifications:
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Here !1, k1 (!2, k2) are frequency and wavevector of the light-fields coupling |ei (|gi) to
|3i. If both fields are detuned from resonance by �R, the Rabi frequency for a Raman
transition is given by

(h̄/2)⌦R = �h̄
|⌦g3⌦e3|

�R

e
i��

,(59)

where h̄⌦g3 and h̄⌦e3 are the dipole matrix elements of |gi and |ei to |3i as discussed
above and �� is the phase di↵erence of the two light fields.

The experimental advantages of stimulated-Raman transitions lie in the fact that they
combine strong optical electric-field gradients with good stability of the crucial di↵erence
frequency. The di↵erence frequency usually is in the GHz range and can therefore be
synthesized by rf-sources with very long (> hours) coherence time. The line-width of the
laser plays a negligible role as long as it is small compared to the detuning �R (typically
GHz to THz). The coupling strength can be considerably higher than that for narrow
one-photon transitions to metastable levels (e.g quadrupole transitions) for the same laser
power. On the other hand the coupling can lead to AC-Stark shifts on the order of the
Rabi-frequency that have to be controlled and accounted for or compensated by judicious
choice of polarizations, beam intensities and detunings. The coupling to the typically
fast decaying excited level |3i can lead to spontaneous decay that destroys the coherence
between |ei and |gi. This detrimental e↵ect can be mitigated by choosing larger |�R| at
the expense of higher laser power to achieve the same Rabi frequency [Langer et al. ??].
The fact that the e↵ective k is the vector di↵erence of the two light field wave vectors
allows for variation of k by changing the relative angle of the two propagation directions.
As a consequence the Lamb-Dicke factor can be tuned from almost zero (copropagating
beams, ⌘ = (|k1|� |k2|)x0 to ⌘ = (|k1|+ |k2|)x0 (counterpropagating beams). The abil-
ity of making transitions motionally insensitive (⌘ ⇡ 0) can be very helpful in certain
experimental situations.

In summary, electric dipole allowed transitions, electric quadrupole allowed transi-
tions, and stimulated Raman transitions can be described in a unified framework that
associates a certain on-resonance Rabi-frequency ⌦, e↵ective light frequency ! and ef-
fective wavevector k with each of these transition types. For running wave light fields all
three transition types can then be described by a coupling Hamiltonian of the form

Ĥ
(i) = (h̄/2)⌦(|gihe|+ |eihg|)(ei(kx̂S�!t+�) + e

�i(kx̂S�!t+�)).(60)

In the spin 1/2 algebra we can re-express

|eihg| 7! �̂+ = 1/2(�̂x + i�̂y); |gihe| 7! �̂� = 1/2(�̂x � i�̂y).(61)

For simplicity the discussion is restricted to one dimension and the e↵ective wavevector
k is chosen to lie along the x-axis of the trap and x̂S is the position operator of the ion
along this axis in the Schrödinger representation. The generalization to more dimensions
is straightforward.

A relatively simple picture of the dynamics induced by the light field arises after
transformation into the interaction picture with the free Hamiltonian Ĥ0 = Ĥ

(m) + Ĥ
(e)

and the interaction V̂ = Ĥ
(i).
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†
â
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†
â
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Here !1, k1 (!2, k2) are frequency and wavevector of the light-fields coupling |ei (|gi) to
|3i. If both fields are detuned from resonance by �R, the Rabi frequency for a Raman
transition is given by

(h̄/2)⌦R = �h̄
|⌦g3⌦e3|

�R

e
i��

,(59)

where h̄⌦g3 and h̄⌦e3 are the dipole matrix elements of |gi and |ei to |3i as discussed
above and �� is the phase di↵erence of the two light fields.

The experimental advantages of stimulated-Raman transitions lie in the fact that they
combine strong optical electric-field gradients with good stability of the crucial di↵erence
frequency. The di↵erence frequency usually is in the GHz range and can therefore be
synthesized by rf-sources with very long (> hours) coherence time. The line-width of the
laser plays a negligible role as long as it is small compared to the detuning �R (typically
GHz to THz). The coupling strength can be considerably higher than that for narrow
one-photon transitions to metastable levels (e.g quadrupole transitions) for the same laser
power. On the other hand the coupling can lead to AC-Stark shifts on the order of the
Rabi-frequency that have to be controlled and accounted for or compensated by judicious
choice of polarizations, beam intensities and detunings. The coupling to the typically
fast decaying excited level |3i can lead to spontaneous decay that destroys the coherence
between |ei and |gi. This detrimental e↵ect can be mitigated by choosing larger |�R| at
the expense of higher laser power to achieve the same Rabi frequency [Langer et al. ??].
The fact that the e↵ective k is the vector di↵erence of the two light field wave vectors
allows for variation of k by changing the relative angle of the two propagation directions.
As a consequence the Lamb-Dicke factor can be tuned from almost zero (copropagating
beams, ⌘ = (|k1|� |k2|)x0 to ⌘ = (|k1|+ |k2|)x0 (counterpropagating beams). The abil-
ity of making transitions motionally insensitive (⌘ ⇡ 0) can be very helpful in certain
experimental situations.

In summary, electric dipole allowed transitions, electric quadrupole allowed transi-
tions, and stimulated Raman transitions can be described in a unified framework that
associates a certain on-resonance Rabi-frequency ⌦, e↵ective light frequency ! and ef-
fective wavevector k with each of these transition types. For running wave light fields all
three transition types can then be described by a coupling Hamiltonian of the form

Ĥ
(i) = (h̄/2)⌦(|gihe|+ |eihg|)(ei(kx̂S�!t+�) + e

�i(kx̂S�!t+�)).(60)

In the spin 1/2 algebra we can re-express

|eihg| 7! �̂+ = 1/2(�̂x + i�̂y); |gihe| 7! �̂� = 1/2(�̂x � i�̂y).(61)

For simplicity the discussion is restricted to one dimension and the e↵ective wavevector
k is chosen to lie along the x-axis of the trap and x̂S is the position operator of the ion
along this axis in the Schrödinger representation. The generalization to more dimensions
is straightforward.

A relatively simple picture of the dynamics induced by the light field arises after
transformation into the interaction picture with the free Hamiltonian Ĥ0 = Ĥ

(m) + Ĥ
(e)

and the interaction V̂ = Ĥ
(i).
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With Û0 = exp(� i
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Ĥ0t) the transformed interaction Hamiltonian
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.(62)

Multiplying the time dependent factors in the above expressions leads to exponents
exp(±i(!±!0)t). Two terms are rapidly oscillating because ! and !0 add up, while the
two other terms oscillate at frequency � = ! � !0 with |�| ⌧ !0. Since the contribution
of the rapidly oscillating terms hardly a↵ects the time evolution they can be neglected.
Doing so is called the rotating wave approximation (RWA) for historical reasons.

The transformation of the motional part of the Hamiltonion into the interaction pic-
ture is equivalent to a transformation of this part from the Schrödinger to the Heisenberg-
picture. The position operator x̂S will be replaced by its Heisenberg-picture version
x̂(t) as given in Eq.(29). Introducing the Lamb-Dicke parameter ⌘ = kx0, where
x0 =

p
h̄/(2m⌫) is the extension along the x-axis of the ground state wavefunction

of the reference oscillator mentioned in the section on the quantized motion in traps,
yields

kx̂(t) = ⌘ {âu⇤(t) + â
†
u(t)},(63)

and the interaction Hamiltonian in the RWA takes its final form

Ĥint(t) = (h̄/2)⌦�̂+ exp[i(�+ ⌘{âu⇤(t) + â
†
u(t)}� �t)] + h.c.(64)

The time dependence of the exponent is governed by the frequency di↵erence � and the
time dependence of u(t). Recalling the form of the solution Eq.(22) and expanding part
of the exponent in the Lamb-Dicke parameter

exp[i(�+⌘{âu⇤(t)+â
†
u(t)}��t)] = e

i(���t)

1X

m=0

(i⌘)m

m!

(
âe

�i�x!rf t

1X

n=�1
C

⇤
2n
e
�in!rf t + h.c.

)m

(65)
it is easily verified that anytime the detuning satisfies

(l0 + l�x)!rf = �(66)

with l and l
0 integers and l 6= 0 if l0 6= 0, two of the terms in the Hamiltonian will be slowly

varying. The dominant contribution in the time evolution of the trapped and illuminated
ion will come from this term, while the others can be neglected in a second application of
the RWA. For a given l and l

0 one would speak of a detuning to the lth secular sideband
of the l

0th micromotion sideband, a terminology coming from the classical picture of the
ion vibrating in the trap well with the secular and micromotion frequency. In the frame
of reference of the ion the monochromatic light field is therefore phase modulated at
these two frequencies. For example, if one of the modulation sidebands coincides with
the transition frequency !0 of the ion at rest this sideband can induce internal state
transitions.

The exact general form of the resonant term can be calculated in principle by per-
forming a polynomial expansion of the above expression, but this is unnecessary for most
practical cases since often ⌘ ⌧ 1, (|ax|, q2x) ⌧ 1, so the coupling strength of higher orders
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Û0

= (h̄/2)⌦(�+e
i!0t + ��e

�i!0t) e
i
h̄ Ĥ
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(m)
t
.(62)

Multiplying the time dependent factors in the above expressions leads to exponents
exp(±i(!±!0)t). Two terms are rapidly oscillating because ! and !0 add up, while the
two other terms oscillate at frequency � = ! � !0 with |�| ⌧ !0. Since the contribution
of the rapidly oscillating terms hardly a↵ects the time evolution they can be neglected.
Doing so is called the rotating wave approximation (RWA) for historical reasons.

The transformation of the motional part of the Hamiltonion into the interaction pic-
ture is equivalent to a transformation of this part from the Schrödinger to the Heisenberg-
picture. The position operator x̂S will be replaced by its Heisenberg-picture version
x̂(t) as given in Eq.(29). Introducing the Lamb-Dicke parameter ⌘ = kx0, where
x0 =

p
h̄/(2m⌫) is the extension along the x-axis of the ground state wavefunction

of the reference oscillator mentioned in the section on the quantized motion in traps,
yields

kx̂(t) = ⌘ {âu⇤(t) + â
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lengthy, but half the terms rotate fast  at             and can be neglected (rotating 
wave approximation, RWA). Other half rotates slowly  at                    . 
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(m)

= âe
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Multiplying the time dependent factors in the above expressions leads to exponents
exp(±i(!±!0)t). Two terms are rapidly oscillating because ! and !0 add up, while the
two other terms oscillate at frequency � = ! � !0 with |�| ⌧ !0. Since the contribution
of the rapidly oscillating terms hardly a↵ects the time evolution they can be neglected.
Doing so is called the rotating wave approximation (RWA) for historical reasons.
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†
u(t)},(63)

and the interaction Hamiltonian in the RWA takes its final form

Ĥint(t) = (h̄/2)⌦�̂+ exp[i(�+ ⌘{âu⇤(t) + â
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it is easily verified that anytime the detuning satisfies

(l0 + l�x)!rf = �(66)

with l and l
0 integers and l 6= 0 if l0 6= 0, two of the terms in the Hamiltonian will be slowly

varying. The dominant contribution in the time evolution of the trapped and illuminated
ion will come from this term, while the others can be neglected in a second application of
the RWA. For a given l and l

0 one would speak of a detuning to the lth secular sideband
of the l

0th micromotion sideband, a terminology coming from the classical picture of the
ion vibrating in the trap well with the secular and micromotion frequency. In the frame
of reference of the ion the monochromatic light field is therefore phase modulated at
these two frequencies. For example, if one of the modulation sidebands coincides with
the transition frequency !0 of the ion at rest this sideband can induce internal state
transitions.
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in l and l
0 vanishes quickly. The coupling strength for some special cases will be calcu-

lated below. Typically only sidebands with l
0 = 0 are driven in experiments. Then terms

with |l0| � 1 can be neglected. We further assume that (|ax|, q2x) ⌧ 1, so �x!rf ⇡ ⌫ and
C0 ⇡ (1 + qx/2)�1, as in Eq.(37). Then the interaction Hamiltonian simplifies to

Ĥint(t) = (h̄/2)⌦0�+ exp
�
i⌘(âe�i⌫t + â

†
e
i⌫t)

 
e
i(���t) + h.c.(67)

with the scaled interaction strength ⌦0 = ⌦/(1 + qx/2). This scaling reflects the reduc-
tion in coupling due to the wavepacket’s breathing at the rf-drive frequency.

Depending on the detuning � the interaction Hamiltonian Eq.(67) will couple certain
internal and motional states. If the exponent containing the ladder operators in Eq.(67)
is expanded in ⌘ this will result in terms containing a combination of �±, with l â-
operators and m â

†-operators rotating with a frequency of (l�m)⌫ = s⌫. If � ⇡ s⌫ these
combinations will be resonant, coupling the manifold of states |gi|ni with |ei|n+si. The
coupling strength, often called the |s|th blue (red) sideband Rabi-frequency for s > 0
(s < 0), is then [Cahill and Glauber (1969), Wineland and Itano (1979)]

⌦n,n+s = ⌦n+s,n = ⌦0|hn+ s|ei⌘(a+a
†
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�⌘
2
/2
⌘
|s|

s
n<!

n>!
L
|s|
n<

(⌘2),(68)

where n< (n>) is the lesser (greater) of n + s and n, and L
↵

n
(X) is the generalized
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n�m
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.(69)

The interaction Hamiltonian Eq.(67) and the Rabi-frequencies Eq.(68) are further
simplified if the ion is confined to the Lamb-Dicke regime where the extension of the ion’s
wavefunction is much smaller than 1/k. In this regime the inequality ⌘

p
h(a+ a†)2i ⌧ 1

must hold for all times. The exponent in Eq.(67) can then be expanded to the lowest
order in ⌘:

ĤLD(t) = (h̄/2)⌦0�+

�
1 + i⌘(âe�i⌫t + â

†
e
i⌫t)

 
e
i(���t) + h.c.(70)

and will only contain three resonances. The first resonance for � = 0 is called the carrier-
resonance and has the form

Ĥcar = (h̄/2)⌦0(�+e
i� + ��e

�i�).(71)

This Hamiltonian will give rise to transitions of the type |ni|gi $ |ni|ei with Rabi-
frequency ⌦0. These transitions will not a↵ect the motional state.

The resonant part for � = �⌫ is called the first red sideband and has the form

Ĥrsb = (h̄/2)⌦0⌘(â�+e
i� + â

†
��e

�i�).(72)
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†
e
i⌫t)

 
e
i(���t) + h.c.(67)

with the scaled interaction strength ⌦0 = ⌦/(1 + qx/2). This scaling reflects the reduc-
tion in coupling due to the wavepacket’s breathing at the rf-drive frequency.

Depending on the detuning � the interaction Hamiltonian Eq.(67) will couple certain
internal and motional states. If the exponent containing the ladder operators in Eq.(67)
is expanded in ⌘ this will result in terms containing a combination of �±, with l â-
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Ĥint(t) = (h̄/2)⌦0�+ exp
�
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The interaction Hamiltonian Eq.(67) and the Rabi-frequencies Eq.(68) are further
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wavefunction is much smaller than 1/k. In this regime the inequality ⌘
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†
e
i⌫t)

 
e
i(���t) + h.c.(67)

with the scaled interaction strength ⌦0 = ⌦/(1 + qx/2). This scaling reflects the reduc-
tion in coupling due to the wavepacket’s breathing at the rf-drive frequency.

Depending on the detuning � the interaction Hamiltonian Eq.(67) will couple certain
internal and motional states. If the exponent containing the ladder operators in Eq.(67)
is expanded in ⌘ this will result in terms containing a combination of �±, with l â-
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This Hamiltonian will give rise to transitions of the type |ni|gi $ |n� 1i|ei with Rabi-
frequency

⌦n,n�1 = ⌦0

p
n⌘(73)

that will entangle the motional state with the internal state of the ion. Indeed this Hamil-
tonian is formally equivalent to the Jaynes-Cummings Hamiltonian, the work-horse of
quantum optics, and it is this analogy that inspired many workers originally coming from
quantum optics to do investigations in the field of trapped ions. It is also responsible
for the remarkable similarity of results in cavity QED [Raimond et al. (2001), Englert
et al. (1998), Varcoe et al. (2000)] to some of those in ion traps. The first red sideband
interaction removes one quantum (phonon) of the secular motion while the ion goes to
the excited state, very similar to absorption of a light quantum (photon) in cavity QED.

The counterpart of this interaction is the first blue sideband, resonant for � = +⌫:

Ĥbsb = (h̄/2)⌦0⌘(â
†
�+e

i� + â��e
�i�).(74)

This Hamiltonian will give rise to transitions of the type |ni|gi $ |n+ 1i|ei with Rabi-
frequency

⌦n,n+1 = ⌦0

p
n+ 1⌘.(75)

It has no direct equivalent in the atom-photon realm because such a process would violate
energy conservation and is sometimes called anti-James-Cummings coupling. Because of
this interaction and the additional possibility to drive higher order sidebands (when ⌘ is
not too small) trapped ion experiments can yield inherently richer dynamics than cavity
QED experiments. With suitable light pulses on the carrier, red and blue sideband,
combined with a classical driving force to create coherent or squeezed states and the
ability to cool to the ground state, one can engineer and analyze a variety of states of
motion as discussed in more detail in a section below.

By choosing larger detunings, � = l⌫ with |l| > 1, in principle a number of ‘nonlinear’
couplings, for example a ‘two-phonon’ coupling

Ĥtp = (h̄/2)⌦0(⌘
2
/2)(a2�+e

i� + (a†)2��e
�i�)(76)

for l = �2. However, this interaction and those with |l| > 2 are not easy to realize in the
laboratory since e�cient ground state cooling has only been achieved in the Lamb-Dicke
regime. There the coupling strength will be significantly reduced compared to carrier
and first sidebands, because ⌘ ⌧ 1.

So far we have assumed that the two internal levels of the ions have infinite lifetime,
leading to arbitrarily narrow carrier and sideband resonances. In practice this is only
approximately true (1). If the frequency of a su�ciently stable laser beam has intensity
such that |⌦n,m| ⌧ ⌫ for all n,m it is possible to observe well resolved carrier and
sideband resonances. For a detuning � = l⌫ + �

0 with �
0 ⌧ ⌫ the ion’s dynamics is

(1) For example for quadrupole transitions with a lifetime on the order of one second, linewidths
would be limited to about 1 Hz.
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The interaction Hamiltonian Eq.(67) and the Rabi-frequencies Eq.(68) are further
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This Hamiltonian will give rise to transitions of the type |ni|gi $ |n� 1i|ei with Rabi-
frequency

⌦n,n�1 = ⌦0

p
n⌘(73)

that will entangle the motional state with the internal state of the ion. Indeed this Hamil-
tonian is formally equivalent to the Jaynes-Cummings Hamiltonian, the work-horse of
quantum optics, and it is this analogy that inspired many workers originally coming from
quantum optics to do investigations in the field of trapped ions. It is also responsible
for the remarkable similarity of results in cavity QED [Raimond et al. (2001), Englert
et al. (1998), Varcoe et al. (2000)] to some of those in ion traps. The first red sideband
interaction removes one quantum (phonon) of the secular motion while the ion goes to
the excited state, very similar to absorption of a light quantum (photon) in cavity QED.

The counterpart of this interaction is the first blue sideband, resonant for � = +⌫:

Ĥbsb = (h̄/2)⌦0⌘(â
†
�+e

i� + â��e
�i�).(74)

This Hamiltonian will give rise to transitions of the type |ni|gi $ |n+ 1i|ei with Rabi-
frequency

⌦n,n+1 = ⌦0

p
n+ 1⌘.(75)

It has no direct equivalent in the atom-photon realm because such a process would violate
energy conservation and is sometimes called anti-James-Cummings coupling. Because of
this interaction and the additional possibility to drive higher order sidebands (when ⌘ is
not too small) trapped ion experiments can yield inherently richer dynamics than cavity
QED experiments. With suitable light pulses on the carrier, red and blue sideband,
combined with a classical driving force to create coherent or squeezed states and the
ability to cool to the ground state, one can engineer and analyze a variety of states of
motion as discussed in more detail in a section below.

By choosing larger detunings, � = l⌫ with |l| > 1, in principle a number of ‘nonlinear’
couplings, for example a ‘two-phonon’ coupling

Ĥtp = (h̄/2)⌦0(⌘
2
/2)(a2�+e

i� + (a†)2��e
�i�)(76)

for l = �2. However, this interaction and those with |l| > 2 are not easy to realize in the
laboratory since e�cient ground state cooling has only been achieved in the Lamb-Dicke
regime. There the coupling strength will be significantly reduced compared to carrier
and first sidebands, because ⌘ ⌧ 1.

So far we have assumed that the two internal levels of the ions have infinite lifetime,
leading to arbitrarily narrow carrier and sideband resonances. In practice this is only
approximately true (1). If the frequency of a su�ciently stable laser beam has intensity
such that |⌦n,m| ⌧ ⌫ for all n,m it is possible to observe well resolved carrier and
sideband resonances. For a detuning � = l⌫ + �

0 with �
0 ⌧ ⌫ the ion’s dynamics is

(1) For example for quadrupole transitions with a lifetime on the order of one second, linewidths
would be limited to about 1 Hz.
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governed by the few resonant terms in Eq.(67) to which the laser happens to be tuned.
This allows for clean manipulation of the internal and motional state and also for cooling
to the ground state as will be described in a later section. If we neglect dissipative terms
the time evolution of the general state

| (t)i =
1X

n=0

cn,g(t)|n, gi+ cn,e(t)|n, ei(77)

is governed by the Schrödinger equation

ih̄@t| (t)i = Ĥint| (t)i(78)

which is equivalent to the set of coupled equations
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0
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(80)

This set of equations may be solved by the method of Laplace transforms yielding the
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(82)

and f
l

n
=

q
�02 + ⌦2

n+l,n
. The solution describes a generalized form of sinusoidial Rabi-

flopping between the states |n, gi and |e, n+ li and is essential for quantum state prepa-
ration and analysis experiments.

Allowed optical electric dipole transitions for ions have a line-width of around several
10 MHz, typically beyond the highest secular motional frequencies observed in ion traps.
In this case spontaneous emission cannot be neglected when considering the dynamics of
the internal and motional state of the ion driven by the light field. Spontaneous emission
will have two consequences: The coherent evolution of the internal two-level system is
interrupted and the recoil of the emitted photon leads to randomized momentum kicks
in the external motion. Dipole transition are used for Doppler cooling and detection of
trapped ions (below).

4.3. Detection of ions and their internal states. – The ions used in the experiments de-
scribed here can be detected by laser induced fluorescence on an electric-dipole allowed
transition, usually identical with the transition used for Doppler cooling. On such a
transition a single ion can scatter several millions of photons per second and a su�cient
fraction may be detected even with detectors covering a small solid angle and having
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Schrödinger equation: l-th sideband: ;
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ċn,g = �i
(1�|l|)

e
i(�

0
t��)(⌦n+l,n/2)cn+l,e(79)
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ċn,g = �i
(1�|l|)

e
i(�

0
t��)(⌦n+l,n/2)cn+l,e(79)
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This Hamiltonian will give rise to transitions of the type |ni|gi $ |n� 1i|ei with Rabi-
frequency

⌦n,n�1 = ⌦0

p
n⌘(73)

that will entangle the motional state with the internal state of the ion. Indeed this Hamil-
tonian is formally equivalent to the Jaynes-Cummings Hamiltonian, the work-horse of
quantum optics, and it is this analogy that inspired many workers originally coming from
quantum optics to do investigations in the field of trapped ions. It is also responsible
for the remarkable similarity of results in cavity QED [Raimond et al. (2001), Englert
et al. (1998), Varcoe et al. (2000)] to some of those in ion traps. The first red sideband
interaction removes one quantum (phonon) of the secular motion while the ion goes to
the excited state, very similar to absorption of a light quantum (photon) in cavity QED.

The counterpart of this interaction is the first blue sideband, resonant for � = +⌫:

Ĥbsb = (h̄/2)⌦0⌘(â
†
�+e

i� + â��e
�i�).(74)

This Hamiltonian will give rise to transitions of the type |ni|gi $ |n+ 1i|ei with Rabi-
frequency

⌦n,n+1 = ⌦0

p
n+ 1⌘.(75)

It has no direct equivalent in the atom-photon realm because such a process would violate
energy conservation and is sometimes called anti-James-Cummings coupling. Because of
this interaction and the additional possibility to drive higher order sidebands (when ⌘ is
not too small) trapped ion experiments can yield inherently richer dynamics than cavity
QED experiments. With suitable light pulses on the carrier, red and blue sideband,
combined with a classical driving force to create coherent or squeezed states and the
ability to cool to the ground state, one can engineer and analyze a variety of states of
motion as discussed in more detail in a section below.

By choosing larger detunings, � = l⌫ with |l| > 1, in principle a number of ‘nonlinear’
couplings, for example a ‘two-phonon’ coupling

Ĥtp = (h̄/2)⌦0(⌘
2
/2)(a2�+e

i� + (a†)2��e
�i�)(76)

for l = �2. However, this interaction and those with |l| > 2 are not easy to realize in the
laboratory since e�cient ground state cooling has only been achieved in the Lamb-Dicke
regime. There the coupling strength will be significantly reduced compared to carrier
and first sidebands, because ⌘ ⌧ 1.

So far we have assumed that the two internal levels of the ions have infinite lifetime,
leading to arbitrarily narrow carrier and sideband resonances. In practice this is only
approximately true (1). If the frequency of a su�ciently stable laser beam has intensity
such that |⌦n,m| ⌧ ⌫ for all n,m it is possible to observe well resolved carrier and
sideband resonances. For a detuning � = l⌫ + �

0 with �
0 ⌧ ⌫ the ion’s dynamics is

(1) For example for quadrupole transitions with a lifetime on the order of one second, linewidths
would be limited to about 1 Hz.
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Ĥ

(m) =
X

i

h̄!iâ
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Ĥ

(m) =
X

i

h̄!iâ
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Fig. 4. – V-type three level system for electron shelving. In addition to transitions |gi $ |ei,
transitions to a third level |ri can be independently driven by laser fields. The lifetimes of |gi
and |ei are usually much longer than that of |ri.

5-20% quantum e�ciencies. The fluorescence is either detected in a spatially resolved
manner on charge-coupled-device (CCD) cameras or imager tubes, or on photomultipli-
ers (PMTs). Cameras and imager tubes have been used in a number of experiments to
provide pictures of ion clouds and crystals [see e.g. Wineland et al. (1987), Diedrich
et al. (1987b), Mitchell et al. (1998), Drewsen et al. (1998), Nägerl et al. (1998)].
Since the spatial extension of a cold ion’s wave function is typically smaller than the
wavelength of the fluorescence light, single ions in a crystal show up as bright dots with
a size determined by the resolution limit of the imaging optics, that is around 1 µm with
a good imaging lens. PMTs usually do not o↵er spatial information directly, but rather
pick up the collected fluorescence with better quantum e�ciency than CCD cameras or
imagers. With a total detection e�ciency of 10�3 (including solid angle and quantum
e�ciency) of the fluorescence rate, even a single ion will lead to about 50,000 counts/s
on a dipole allowed transition with 10 ns upper state lifetime.

This signal can not only be used to detect the ion itself, but also to distinguish between
internal states of the ion with extremely high detection e�ciency. This technique was
suggested by Dehmelt (1975) as a tool for spectroscopy and dubbed ‘electron shelving’
because the ion’s outer electron can be ‘shelved’ into a state where it does not fluoresce.
Electron shelving makes use of an internal level structure that is well described by a
V-type three level system. In addition to |gi and |ei there is a third level |ri and it is
assumed that the transitions |gi $ |ei and |gi $ |ri can be independently driven by
laser fields (see Fig. 4). If the lifetimes of |gi and |ei are much longer than that of |ri the
transition |gi $ |ri may be strongly driven resulting in many scattered photons if the
ion is projected into |gi by the first scattering event. On the other hand, if, no photons
are scattered, the ion was projected into state |ei by the interaction with the driving
field.

Depending on the background light scattered into the PMT and its dark count rate,
|gi and |ei can be distinguished with high confidence in rather short detection periods
(typically on the order of few 100 µs). Apart from this convenient way of measuring the
quantum state, Dehmelt’s proposal triggered a number of theoretical papers on ‘quantum
jumps’ between |gi and |ei that would manifest themselves by extended periods of time

Electron shelving detection

S1/2|2,-2ñ

S1/2|1,-1ñ

1.2 GHz

P3/2|3,-3ñ

(Dehmelt)

3 Ca+ ions (bright S, dark D state)
Univ. of Innsbruck [PRA 60, 145 1999]
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Overview
• Part 1: Trapped two-level atoms coupled to light fields
• Part 2: Laser cooling of ions
• Part 3: Cooling of ion crystals
• Part 4: Ion transport and separation
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Doppler cooling
ion oscillates in harmonic trapping potential:
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trapping potential with very high probability.
Traditional ion traps typically confine ions up to a temperature that corresponds

to about 1/10 of their well depth, about 1 eV or 10,000 K (However, trapping and
cooling in much shallower surface electrode traps with trap depth below 0.1 eV has
been demonstrated recently). Cooling from high starting temperatures needs a decent
scattering rate of the cooling light, so it is advantageous to use a dipole transition to a
fairly short lived upper level for this stage. For most traps and ions commonly used, the
first cooling stage will therefore occur in the unresolved sideband regime since the lifetime
of the upper state is considerably shorter than one period of oscillation in the trap. In
this limit, cooling in a trap or cooling free atoms is essentially the same [Wineland and
Itano (1979)]. For example, the limiting kinetic energy under this type of cooling turns
out to be the same as the limit of Doppler-cooling for free atoms.

To reach the motional ground state with high probability a second stage of cooling
is necessary, typically with a lower scattering rate, but now in the resolved-sideband
regime. For cooling to the ground state, three di↵erent methods have been used to date,
namely cooling on a dipole forbidden quadrupole transition, cooling by stimulated Raman
transitions and cooling utilizing electromagnetically induced transparency (EIT-cooling).
All three methods will be briefly discussed in this chapter. For a more comprehensive
treatment the reader is referred to the literature cited below and a review of cooling
techniques in ion traps by Itano et al.(1992).

5.1. Doppler cooling . – Cooling in a trap was examined in conjunction with the first
Doppler cooling experiments [Neuhauser et al. (1978), Wineland et al. (1978), Wineland
and Itano (1979), Itano and Wineland (1981)]. A semiclassical picture based on the
master equation was developed by Stenholm and coworkers, as reviewed in Stenholm
(1986). In these treatments a purely harmonic secular motion with no micromotion
of the ion was assumed. This was somewhat unsatisfactory from the point of view of
experiments where additional cooling and heating e↵ects related to the micromotion were
observed [DeVoe et al. (1989), Blümel et al. (1989)]. Finally, the most complete picture
of cooling to date, including the micromotion was derived by Cirac et al. (1994a). We
first present a very simple, more qualitative picture of Doppler cooling, before introducing
the basic building blocks and results of the general approach, including micromotion.

In the simple picture the micromotion is neglected and the trapping potential is
approximated by the time-independent pseudopotential

Vp(x) =
1

2
m⌫

2
x
2
.(83)

This description applies to the axial motion in a linear trap [see Eq. (4)], where micro-
motion is absent. If the motion of the trapped ion is taken to be classical its velocity
obeys

v(t) = v0 cos(⌫t).(84)

If the radiative decay time is much shorter than one oscillation period, ⌫ ⌧ �, one cycle
of absorption and spontaneous emission occurs in a time-span in which the ion does
not appreciably change its velocity. In this case the averaged radiation pressure can be
modeled as a continuous force that depends on the ion’s velocity. If the cooling laser field
is a single travelling wave along the ion’s direction of motion, every absorption will give
the ion a momentum kick �p = h̄k in the wave-vector direction of the light field, while
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excitation and decay on dipole transition is much faster than oscillation period, 
therefore radiation pressure can be modeled as continuous friction force
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the basic building blocks and results of the general approach, including micromotion.

In the simple picture the micromotion is neglected and the trapping potential is
approximated by the time-independent pseudopotential

Vp(x) =
1

2
m⌫

2
x
2
.(83)

This description applies to the axial motion in a linear trap [see Eq. (4)], where micro-
motion is absent. If the motion of the trapped ion is taken to be classical its velocity
obeys

v(t) = v0 cos(⌫t).(84)

If the radiative decay time is much shorter than one oscillation period, ⌫ ⌧ �, one cycle
of absorption and spontaneous emission occurs in a time-span in which the ion does
not appreciably change its velocity. In this case the averaged radiation pressure can be
modeled as a continuous force that depends on the ion’s velocity. If the cooling laser field
is a single travelling wave along the ion’s direction of motion, every absorption will give
the ion a momentum kick �p = h̄k in the wave-vector direction of the light field, whilemomentum kick per absorbed photon along k-vector, emission random
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the emission will generally be symmetric about some point. Emission will then lead to
zero momentum transfer on average, but to a random walk in momentum space, similar
to Brownian motion. The rate of absorption-emission cycles is given by the decay rate
� times the probability to be in the excited state ⇢ee = he|⇢̂|ei. Therefore, the average
force is

✓
dp

dt

◆

a

⇡ Fa = h̄k�⇢ee,(85)

and the excited state probability is given by [Loudon, (1973)]

⇢ee =
s/2

1 + s+ (2�e↵/�)2
,(86)

where s = 2|⌦|2/�2 is the saturation parameter proportional to the square of the on
resonance Rabi-frequency ⌦. The detuning is composed of the detuning � = ! � !0

of the light wave with respect to the resonance frequency of the atom at rest and the
Doppler shift: �e↵ = � � k · v. For small velocities, close to the final temperature
reached by laser cooling, where the Doppler broadening is small compared to �, Fa can
be linearized in v

Fa ⇡ F0(1 + v),(87)

with

F0 = h̄k�
s/2

1 + s+ (2�/�)2
(88)

the averaged radiation pressure that displaces the ion slightly from the trap center and

 =
8k�/�2

1 + s+ (2�/�)2
.(89)

the ‘friction coe�cient’ of the cooling force that will provide viscous drag if � is negative.
The cooling rate, averaged over many oscillation periods is then

Ėc = hFavi = F0(hvi+ hv2i) = F0hv2i(90)

since hvi = 0 for a trapped particle. Thus, without taking the random nature of the light
scattering events into account, the ion would cool to zero energy. In practice this cannot
happen since even if the ion has zero velocity it will continue to absorb and emit photons.
The emission rate for v = 0 is �⇢ee(v = 0) with the recoil taking directions dictated by
the emission pattern of the transition used (typically an electric dipole transition). Since
the emission pattern is symmetric the average momentum change h�pi = 0, but the mo-
mentum undergoes di↵usion h�p

2i 6= 0. As usual in random walk processes the average
distance covered by the di↵usion is proportional to the square-root of the number of re-
coil kicks or, in other words, the second moment of the distribution of random processes
is proportional to the number N of recoils: h�p

2i / (h̄k)2N . Not only the emission, but
also the random times of absorption of photons leads to momentum kicks, but this time
only along the axis defined by the wave-vector of the cooling beam. This still gives rise

average force, proportional to decay rate G
and excited state population ree
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since hvi = 0 for a trapped particle. Thus, without taking the random nature of the light
scattering events into account, the ion would cool to zero energy. In practice this cannot
happen since even if the ion has zero velocity it will continue to absorb and emit photons.
The emission rate for v = 0 is �⇢ee(v = 0) with the recoil taking directions dictated by
the emission pattern of the transition used (typically an electric dipole transition). Since
the emission pattern is symmetric the average momentum change h�pi = 0, but the mo-
mentum undergoes di↵usion h�p

2i 6= 0. As usual in random walk processes the average
distance covered by the di↵usion is proportional to the square-root of the number of re-
coil kicks or, in other words, the second moment of the distribution of random processes
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also the random times of absorption of photons leads to momentum kicks, but this time
only along the axis defined by the wave-vector of the cooling beam. This still gives rise
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the emission will generally be symmetric about some point. Emission will then lead to
zero momentum transfer on average, but to a random walk in momentum space, similar
to Brownian motion. The rate of absorption-emission cycles is given by the decay rate
� times the probability to be in the excited state ⇢ee = he|⇢̂|ei. Therefore, the average
force is
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the ‘friction coe�cient’ of the cooling force that will provide viscous drag if � is negative.
The cooling rate, averaged over many oscillation periods is then

Ėc = hFavi = F0(hvi+ hv2i) = F0hv2i(90)

since hvi = 0 for a trapped particle. Thus, without taking the random nature of the light
scattering events into account, the ion would cool to zero energy. In practice this cannot
happen since even if the ion has zero velocity it will continue to absorb and emit photons.
The emission rate for v = 0 is �⇢ee(v = 0) with the recoil taking directions dictated by
the emission pattern of the transition used (typically an electric dipole transition). Since
the emission pattern is symmetric the average momentum change h�pi = 0, but the mo-
mentum undergoes di↵usion h�p

2i 6= 0. As usual in random walk processes the average
distance covered by the di↵usion is proportional to the square-root of the number of re-
coil kicks or, in other words, the second moment of the distribution of random processes
is proportional to the number N of recoils: h�p

2i / (h̄k)2N . Not only the emission, but
also the random times of absorption of photons leads to momentum kicks, but this time
only along the axis defined by the wave-vector of the cooling beam. This still gives rise
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zero momentum transfer on average, but to a random walk in momentum space, similar
to Brownian motion. The rate of absorption-emission cycles is given by the decay rate
� times the probability to be in the excited state ⇢ee = he|⇢̂|ei. Therefore, the average
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the ‘friction coe�cient’ of the cooling force that will provide viscous drag if � is negative.
The cooling rate, averaged over many oscillation periods is then

Ėc = hFavi = F0(hvi+ hv2i) = F0hv2i(90)

since hvi = 0 for a trapped particle. Thus, without taking the random nature of the light
scattering events into account, the ion would cool to zero energy. In practice this cannot
happen since even if the ion has zero velocity it will continue to absorb and emit photons.
The emission rate for v = 0 is �⇢ee(v = 0) with the recoil taking directions dictated by
the emission pattern of the transition used (typically an electric dipole transition). Since
the emission pattern is symmetric the average momentum change h�pi = 0, but the mo-
mentum undergoes di↵usion h�p

2i 6= 0. As usual in random walk processes the average
distance covered by the di↵usion is proportional to the square-root of the number of re-
coil kicks or, in other words, the second moment of the distribution of random processes
is proportional to the number N of recoils: h�p

2i / (h̄k)2N . Not only the emission, but
also the random times of absorption of photons leads to momentum kicks, but this time
only along the axis defined by the wave-vector of the cooling beam. This still gives rise
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the emission will generally be symmetric about some point. Emission will then lead to
zero momentum transfer on average, but to a random walk in momentum space, similar
to Brownian motion. The rate of absorption-emission cycles is given by the decay rate
� times the probability to be in the excited state ⇢ee = he|⇢̂|ei. Therefore, the average
force is
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where s = 2|⌦|2/�2 is the saturation parameter proportional to the square of the on
resonance Rabi-frequency ⌦. The detuning is composed of the detuning � = ! � !0

of the light wave with respect to the resonance frequency of the atom at rest and the
Doppler shift: �e↵ = � � k · v. For small velocities, close to the final temperature
reached by laser cooling, where the Doppler broadening is small compared to �, Fa can
be linearized in v

Fa ⇡ F0(1 + v),(87)

with

F0 = h̄k�
s/2

1 + s+ (2�/�)2
(88)

the averaged radiation pressure that displaces the ion slightly from the trap center and
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the ‘friction coe�cient’ of the cooling force that will provide viscous drag if � is negative.
The cooling rate, averaged over many oscillation periods is then

Ėc = hFavi = F0(hvi+ hv2i) = F0hv2i(90)

since hvi = 0 for a trapped particle. Thus, without taking the random nature of the light
scattering events into account, the ion would cool to zero energy. In practice this cannot
happen since even if the ion has zero velocity it will continue to absorb and emit photons.
The emission rate for v = 0 is �⇢ee(v = 0) with the recoil taking directions dictated by
the emission pattern of the transition used (typically an electric dipole transition). Since
the emission pattern is symmetric the average momentum change h�pi = 0, but the mo-
mentum undergoes di↵usion h�p

2i 6= 0. As usual in random walk processes the average
distance covered by the di↵usion is proportional to the square-root of the number of re-
coil kicks or, in other words, the second moment of the distribution of random processes
is proportional to the number N of recoils: h�p

2i / (h̄k)2N . Not only the emission, but
also the random times of absorption of photons leads to momentum kicks, but this time
only along the axis defined by the wave-vector of the cooling beam. This still gives rise
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the ‘friction coe�cient’ of the cooling force that will provide viscous drag if � is negative.
The cooling rate, averaged over many oscillation periods is then

Ėc = hFavi = F0(hvi+ hv2i) = F0hv2i(90)

since hvi = 0 for a trapped particle. Thus, without taking the random nature of the light
scattering events into account, the ion would cool to zero energy. In practice this cannot
happen since even if the ion has zero velocity it will continue to absorb and emit photons.
The emission rate for v = 0 is �⇢ee(v = 0) with the recoil taking directions dictated by
the emission pattern of the transition used (typically an electric dipole transition). Since
the emission pattern is symmetric the average momentum change h�pi = 0, but the mo-
mentum undergoes di↵usion h�p

2i 6= 0. As usual in random walk processes the average
distance covered by the di↵usion is proportional to the square-root of the number of re-
coil kicks or, in other words, the second moment of the distribution of random processes
is proportional to the number N of recoils: h�p

2i / (h̄k)2N . Not only the emission, but
also the random times of absorption of photons leads to momentum kicks, but this time
only along the axis defined by the wave-vector of the cooling beam. This still gives rise
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the emission will generally be symmetric about some point. Emission will then lead to
zero momentum transfer on average, but to a random walk in momentum space, similar
to Brownian motion. The rate of absorption-emission cycles is given by the decay rate
� times the probability to be in the excited state ⇢ee = he|⇢̂|ei. Therefore, the average
force is
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 =
8k�/�2

1 + s+ (2�/�)2
.(89)

the ‘friction coe�cient’ of the cooling force that will provide viscous drag if � is negative.
The cooling rate, averaged over many oscillation periods is then

Ėc = hFavi = F0(hvi+ hv2i) = F0hv2i(90)

since hvi = 0 for a trapped particle. Thus, without taking the random nature of the light
scattering events into account, the ion would cool to zero energy. In practice this cannot
happen since even if the ion has zero velocity it will continue to absorb and emit photons.
The emission rate for v = 0 is �⇢ee(v = 0) with the recoil taking directions dictated by
the emission pattern of the transition used (typically an electric dipole transition). Since
the emission pattern is symmetric the average momentum change h�pi = 0, but the mo-
mentum undergoes di↵usion h�p

2i 6= 0. As usual in random walk processes the average
distance covered by the di↵usion is proportional to the square-root of the number of re-
coil kicks or, in other words, the second moment of the distribution of random processes
is proportional to the number N of recoils: h�p

2i / (h̄k)2N . Not only the emission, but
also the random times of absorption of photons leads to momentum kicks, but this time
only along the axis defined by the wave-vector of the cooling beam. This still gives rise
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the ‘friction coe�cient’ of the cooling force that will provide viscous drag if � is negative.
The cooling rate, averaged over many oscillation periods is then

Ėc = hFavi = F0(hvi+ hv2i) = F0hv2i(90)

since hvi = 0 for a trapped particle. Thus, without taking the random nature of the light
scattering events into account, the ion would cool to zero energy. In practice this cannot
happen since even if the ion has zero velocity it will continue to absorb and emit photons.
The emission rate for v = 0 is �⇢ee(v = 0) with the recoil taking directions dictated by
the emission pattern of the transition used (typically an electric dipole transition). Since
the emission pattern is symmetric the average momentum change h�pi = 0, but the mo-
mentum undergoes di↵usion h�p

2i 6= 0. As usual in random walk processes the average
distance covered by the di↵usion is proportional to the square-root of the number of re-
coil kicks or, in other words, the second moment of the distribution of random processes
is proportional to the number N of recoils: h�p

2i / (h̄k)2N . Not only the emission, but
also the random times of absorption of photons leads to momentum kicks, but this time
only along the axis defined by the wave-vector of the cooling beam. This still gives rise
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to di↵usion due to the discreteness of the absorption processes. Again the di↵usion will
be proportional to the square-root of the number of absorptions. Furthermore, unless
the cooling transition is driven weakly, s ⌧ 1, absorption and emission will be correlated
leading to an altered di↵usion. While all these e↵ects are included in the more general
approach discussed later and also discussed in the literature (Lindberg (1984), Stenholm
(1986) and references therein), this correlation will be neglected for the simple picture
here. Then the momentum kicks due to absorption and emission will have the same rate,
but di↵erent directionality. This can be taken into account by scaling the emission term
with a geometry factor ⇠ that reflects the average component of the emission recoil kick
along the x-axis and takes the value ⇠ = 2/5 for dipole radiation [Stenholm (1986)]. For
the final stage of cooling v will be close to zero, so the heating rate is approximately

Ėh =
1

2m

d

dt
hp2i = Ėabs + Ėem = Ėabs(1 + ⇠) ' 1

2m
(h̄k)2� ⇢ee(v = 0) (1 + ⇠).(91)

Equilibrium will be reached if heating and cooling proceed at an equal rate, so one can
infer the final temperature from equating expressions (90) and (91):

mhv2i = kBT =
h̄�

8
(1 + ⇠)


(1 + s)

�

2�
+

2�

�

�
,(92)

with kB the Boltzmann-constant. For this simple model, that neglects the correlation
between absorption and emission the minimum temperature will be

Tmin =
h̄�

p
1 + s

4kB
(1 + ⇠),(93)

reached for a laser detuning � = �
p
1 + s/2.

The simple picture presented so far provides some insight into the cooling mechanism,
but neglects several aspects of cooling in rf-traps that can be important in practice. In
many experiments using Doppler-cooling, sidebands due to the micromotion are observed
in fluorescence spectra. Especially in the case where the rf-drive frequency is comparable
to or larger than the natural linewidth of the cooling transition one might wonder what
consequences this has on the cooling process. For example, including the micromotion,
the kinetic energy of the trapped particle has to be reconsidered. The forced oscillations
at the rf-drive frequency !rf add kinetic energy in excess of the energy in the secular
motion. However, for the cooling dynamics, which evolve on a much slower timescale
than this fast oscillation, it is appropriate to look at the kinetic energy averaged over
one period 2⇡/!rf of the micromotion (denoted by the overline):

Ekin =
hp̂(t)2i
2m

.(94)

The process of cooling can then be defined as an approach to minimizing this quantity.
For Doppler cooling, the spatial extension of the final motional state usually is small
compared to the cooling light wavelength, so it is appropriate to limit a study of cooling
dynamics to the Lamb-Dicke regime. Also it is assumed that the trap operates in the
(|ax|, q2x) ⌧ 1 regime of micromotion. Assuming the cooling light is a travelling wave and

average component of emission kick along k, for dipole radiation

24 D. LUCAS, D. LEIBFRIED

to di↵usion due to the discreteness of the absorption processes. Again the di↵usion will
be proportional to the square-root of the number of absorptions. Furthermore, unless
the cooling transition is driven weakly, s ⌧ 1, absorption and emission will be correlated
leading to an altered di↵usion. While all these e↵ects are included in the more general
approach discussed later and also discussed in the literature (Lindberg (1984), Stenholm
(1986) and references therein), this correlation will be neglected for the simple picture
here. Then the momentum kicks due to absorption and emission will have the same rate,
but di↵erent directionality. This can be taken into account by scaling the emission term
with a geometry factor ⇠ that reflects the average component of the emission recoil kick
along the x-axis and takes the value ⇠ = 2/5 for dipole radiation [Stenholm (1986)]. For
the final stage of cooling v will be close to zero, so the heating rate is approximately
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dynamics to the Lamb-Dicke regime. Also it is assumed that the trap operates in the
(|ax|, q2x) ⌧ 1 regime of micromotion. Assuming the cooling light is a travelling wave and



Doppler cooling limit
equilibrium is reached when cooling and heating are equal 

minimum temperature ins reached at a detuning of (from dT/dD=0)

for 

bla
⌦n,n = ⌦0

bla
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to di↵usion due to the discreteness of the absorption processes. Again the di↵usion will
be proportional to the square-root of the number of absorptions. Furthermore, unless
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leading to an altered di↵usion. While all these e↵ects are included in the more general
approach discussed later and also discussed in the literature (Lindberg (1984), Stenholm
(1986) and references therein), this correlation will be neglected for the simple picture
here. Then the momentum kicks due to absorption and emission will have the same rate,
but di↵erent directionality. This can be taken into account by scaling the emission term
with a geometry factor ⇠ that reflects the average component of the emission recoil kick
along the x-axis and takes the value ⇠ = 2/5 for dipole radiation [Stenholm (1986)]. For
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Ĥ

(m) =
X

i

h̄!iâ
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Ĥ

(m) =
X

i

h̄!iâ
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�i⌫t) = ⌘(â†ei⌫t + âe
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= âe
�i⌫t

bla
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by about half a linewidth, so in this experiment micromotion sidebands did not play a
role. At a trap frequency of 11.2 MHz, indeed a Doppler cooling limit of n̄exp = 0.47(5)
was reached, consistent with the theoretical limit of n̄ = 0.484 [Monroe et al. (1995)].

5.2. Resolved sideband cooling . – In a regime where the e↵ective linewidth due to
decay from the excited state with rate �̃ is lower than the motional frequency ⌫ the in-
dividual motional sidebands become resolved(3)To reach this regime on a dipole allowed
transition one can either use a very sti↵ trap with high motional frequencies or a weakly
allowed dipole transition. Both approaches have been pursued [Je↵erts et al. (1995);
Peik et al. (1999)], but so far resolved sideband cooling to the ground state in the sense
that the state |g, n = 0i is produced with high probability has either involved dipole
forbidden transitions or Raman transitions.

The cooling process in the resolved sideband limit has previously been described
theoretically [Neuhauser et al. (1978), Wineland and Itano (1979), Stenholm (1986),
Cirac, et al. (1992), Cirac et al. (1994)]. The essential physics can be understood
with a simple model. To avoid unwanted motional state di↵usion due to transitions
of high order in ⌘ it is very advantageous to start resolved sideband cooling inside the
Lamb-Dicke regime. In fact all successful experiments on ground state cooling have
featured an initial Doppler-cooling stage that achieved the Lamb-Dicke regime. For a
typical linewidth of several 10 MHz on the Doppler cooling transition a su�ciently high
motional frequency greater than about 1 MHz is necessary. In the Lamb-Dicke regime
and with no other heating mechanisms present, the cooling laser is detuned to � = �⌫,
the first red sideband. To first order in ⌘ Eq.(95) is reduced to the resonant red sideband
(n = 0, since the micromotion sidebands are far o↵ resonance and can be neglected), the
carrier which is detuned by ⌫ and the blue sideband detuned by 2⌫:
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One way to find the final motional state would be to insert this interaction Hamiltonian
into a master equation and solve it numerically as done by Cirac et al. (1994a), but since
every cooling cycle involves spontaneous emission, coherences never play a strong role
and the problem can be approximately solved with rate equations. Every cooling cycle
(absorption followed by spontaneous emission) involves a transition from the ground state
|gi to the excited state |ei on the red sideband and a subsequent decay on the carrier (in
the Lamb-Dicke regime the ion will predominantly decaynon the carrier, therefore other
decay channels can be neglected to lowest order in ⌘). The cooling rate is then given by

(3) The e↵ective rate �̃ can be modified to be di↵erent from the spontaneous decay rate of the
excited state �nat, for example by introducing extra repumper lasers that return the internal
state to the ground state. Then one can tune the cooling laser to the first red sideband and
cool the ion close to the motional ground state with cooling rates determined by the strength
of the repumping, if no other heating mechanisms than the recoils of the cooling and repump
transitions are present.

for finite linewidth, will scatter 
off-resonant on carrier and 
blue sideband
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now with detuning �⌫.
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This rate depends on n and vanishes once the ground state is reached. The ground state
is therefore a dark state of the red sideband excitation and the ion would be pumped
into that state and reside there without any competing mechanisms. In the absence of
any other heating sources the dominant channel out of the ground state is o↵-resonant
excitation of the carrier and the first blue sideband. Actually both these processes
contribute to the heating on the same order. The carrier is excited with a probability
of [⌦/(2⌫)]2 (see Eq. (86) with � = �̃,⌦ ⌧ �e↵ = ⌫), but will mostly decay back on
the carrier transition. Decay on the blue sideband after carrier excitation that leads to
heating only occurs with a rate of [⌦/(2⌫)]2⌘̃2�̃. Note that the Lamb-Dicke factor ⌘̃ for
this decay is not equal to the one of the excitation, because the emitted photon can go in
any direction, not only along the wave-vector of the cooling beam, and some experimental
arrangements use a third level for repumping where the emitted photon does not have the
same wavelength as the cooling light (see below). The second dominant heating process
is excitation on the first blue sideband with probability (⌘⌦/[2(2⌫)])2 (see above, but
now �e↵ = 2⌫) followed by decay on the carrier with a rate of (⌘⌦/[2(2⌫)])2�̃. For the
final stage of the cooling the problem may be restricted to the ground state and the first
excited state with rate equations
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ṗ1 = �ṗ0

for the probabilities p0, p1 to be in the respective states. In steady state , ṗi = 0,
p1 = 1� p0 this yields

n̄ ⇡ p1 ⇡
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The factor in square brackets is of order one and ⌫ � �̃, so the particle is cooled to the
ground state with probability p0 ⇡ 1� [�̃/(2⌫)]2 very close to one.

Several methods have been used in experiments to determine the final mean excitation
number n̄ after resolved sideband cooling. This lecture will be restricted to the simplest
and most robust method used so far, the comparison of the probability Pe(t) to end up
in the excited electronic state |ei after excitation of the ion on the red and blue sideband.
From Eq.(81) for the first blue sideband (l = 1) and the analogous expression for the red
sideband (l = �1), using Pe(t) = 1 � Pg(t) and the assumption that the final motional
states after cooling have a thermal distribution one gets
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TRAPPING AND COOLING OF ATOMIC IONS 27

now with detuning �⌫.

Rn = �̃Pe(n) = �̃
(⌘
p
n⌦)2

2(⌘
p
n⌦)2 + �̃2

(97)

This rate depends on n and vanishes once the ground state is reached. The ground state
is therefore a dark state of the red sideband excitation and the ion would be pumped
into that state and reside there without any competing mechanisms. In the absence of
any other heating sources the dominant channel out of the ground state is o↵-resonant
excitation of the carrier and the first blue sideband. Actually both these processes
contribute to the heating on the same order. The carrier is excited with a probability
of [⌦/(2⌫)]2 (see Eq. (86) with � = �̃,⌦ ⌧ �e↵ = ⌫), but will mostly decay back on
the carrier transition. Decay on the blue sideband after carrier excitation that leads to
heating only occurs with a rate of [⌦/(2⌫)]2⌘̃2�̃. Note that the Lamb-Dicke factor ⌘̃ for
this decay is not equal to the one of the excitation, because the emitted photon can go in
any direction, not only along the wave-vector of the cooling beam, and some experimental
arrangements use a third level for repumping where the emitted photon does not have the
same wavelength as the cooling light (see below). The second dominant heating process
is excitation on the first blue sideband with probability (⌘⌦/[2(2⌫)])2 (see above, but
now �e↵ = 2⌫) followed by decay on the carrier with a rate of (⌘⌦/[2(2⌫)])2�̃. For the
final stage of the cooling the problem may be restricted to the ground state and the first
excited state with rate equations
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The factor in square brackets is of order one and ⌫ � �̃, so the particle is cooled to the
ground state with probability p0 ⇡ 1� [�̃/(2⌫)]2 very close to one.

Several methods have been used in experiments to determine the final mean excitation
number n̄ after resolved sideband cooling. This lecture will be restricted to the simplest
and most robust method used so far, the comparison of the probability Pe(t) to end up
in the excited electronic state |ei after excitation of the ion on the red and blue sideband.
From Eq.(81) for the first blue sideband (l = 1) and the analogous expression for the red
sideband (l = �1), using Pe(t) = 1 � Pg(t) and the assumption that the final motional
states after cooling have a thermal distribution one gets

P
rsb

e
(t) =

1X

m=1

✓
n̄

n̄+ 1

◆m

sin2(⌦m,m�1t)

resonant red sideband 

|ni|gi ! |n+ 1i|ei

bla
|ni |n+ 1i |n� 1i |3i

bla
Ĥ
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= âe
�i⌫t

bla
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†
e
i⌫t))

i
+ h.c.

bla
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Ĥ

(m) =
X

i

h̄!iâ
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†
e
i⌫t)m + h.c.

1

|ni|gi ! |n+ 1i|ei

bla
|ni |n+ 1i |n� 1i |3i

bla
Ĥ
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now with detuning �⌫.
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This rate depends on n and vanishes once the ground state is reached. The ground state
is therefore a dark state of the red sideband excitation and the ion would be pumped
into that state and reside there without any competing mechanisms. In the absence of
any other heating sources the dominant channel out of the ground state is o↵-resonant
excitation of the carrier and the first blue sideband. Actually both these processes
contribute to the heating on the same order. The carrier is excited with a probability
of [⌦/(2⌫)]2 (see Eq. (86) with � = �̃,⌦ ⌧ �e↵ = ⌫), but will mostly decay back on
the carrier transition. Decay on the blue sideband after carrier excitation that leads to
heating only occurs with a rate of [⌦/(2⌫)]2⌘̃2�̃. Note that the Lamb-Dicke factor ⌘̃ for
this decay is not equal to the one of the excitation, because the emitted photon can go in
any direction, not only along the wave-vector of the cooling beam, and some experimental
arrangements use a third level for repumping where the emitted photon does not have the
same wavelength as the cooling light (see below). The second dominant heating process
is excitation on the first blue sideband with probability (⌘⌦/[2(2⌫)])2 (see above, but
now �e↵ = 2⌫) followed by decay on the carrier with a rate of (⌘⌦/[2(2⌫)])2�̃. For the
final stage of the cooling the problem may be restricted to the ground state and the first
excited state with rate equations

ṗ0 = p1
(⌘⌦)2

�̃
� p0

"✓
⌦

2⌫

◆2

⌘̃
2�̃+

✓
⌘⌦

4⌫

◆2

�̃

#
(98)

ṗ1 = �ṗ0

for the probabilities p0, p1 to be in the respective states. In steady state , ṗi = 0,
p1 = 1� p0 this yields
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The factor in square brackets is of order one and ⌫ � �̃, so the particle is cooled to the
ground state with probability p0 ⇡ 1� [�̃/(2⌫)]2 very close to one.

Several methods have been used in experiments to determine the final mean excitation
number n̄ after resolved sideband cooling. This lecture will be restricted to the simplest
and most robust method used so far, the comparison of the probability Pe(t) to end up
in the excited electronic state |ei after excitation of the ion on the red and blue sideband.
From Eq.(81) for the first blue sideband (l = 1) and the analogous expression for the red
sideband (l = �1), using Pe(t) = 1 � Pg(t) and the assumption that the final motional
states after cooling have a thermal distribution one gets
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This rate depends on n and vanishes once the ground state is reached. The ground state
is therefore a dark state of the red sideband excitation and the ion would be pumped
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heating only occurs with a rate of [⌦/(2⌫)]2⌘̃2�̃. Note that the Lamb-Dicke factor ⌘̃ for
this decay is not equal to the one of the excitation, because the emitted photon can go in
any direction, not only along the wave-vector of the cooling beam, and some experimental
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The factor in square brackets is of order one and ⌫ � �̃, so the particle is cooled to the
ground state with probability p0 ⇡ 1� [�̃/(2⌫)]2 very close to one.

Several methods have been used in experiments to determine the final mean excitation
number n̄ after resolved sideband cooling. This lecture will be restricted to the simplest
and most robust method used so far, the comparison of the probability Pe(t) to end up
in the excited electronic state |ei after excitation of the ion on the red and blue sideband.
From Eq.(81) for the first blue sideband (l = 1) and the analogous expression for the red
sideband (l = �1), using Pe(t) = 1 � Pg(t) and the assumption that the final motional
states after cooling have a thermal distribution one gets
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This rate depends on n and vanishes once the ground state is reached. The ground state
is therefore a dark state of the red sideband excitation and the ion would be pumped
into that state and reside there without any competing mechanisms. In the absence of
any other heating sources the dominant channel out of the ground state is o↵-resonant
excitation of the carrier and the first blue sideband. Actually both these processes
contribute to the heating on the same order. The carrier is excited with a probability
of [⌦/(2⌫)]2 (see Eq. (86) with � = �̃,⌦ ⌧ �e↵ = ⌫), but will mostly decay back on
the carrier transition. Decay on the blue sideband after carrier excitation that leads to
heating only occurs with a rate of [⌦/(2⌫)]2⌘̃2�̃. Note that the Lamb-Dicke factor ⌘̃ for
this decay is not equal to the one of the excitation, because the emitted photon can go in
any direction, not only along the wave-vector of the cooling beam, and some experimental
arrangements use a third level for repumping where the emitted photon does not have the
same wavelength as the cooling light (see below). The second dominant heating process
is excitation on the first blue sideband with probability (⌘⌦/[2(2⌫)])2 (see above, but
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The factor in square brackets is of order one and ⌫ � �̃, so the particle is cooled to the
ground state with probability p0 ⇡ 1� [�̃/(2⌫)]2 very close to one.

Several methods have been used in experiments to determine the final mean excitation
number n̄ after resolved sideband cooling. This lecture will be restricted to the simplest
and most robust method used so far, the comparison of the probability Pe(t) to end up
in the excited electronic state |ei after excitation of the ion on the red and blue sideband.
From Eq.(81) for the first blue sideband (l = 1) and the analogous expression for the red
sideband (l = �1), using Pe(t) = 1 � Pg(t) and the assumption that the final motional
states after cooling have a thermal distribution one gets
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into that state and reside there without any competing mechanisms. In the absence of
any other heating sources the dominant channel out of the ground state is o↵-resonant
excitation of the carrier and the first blue sideband. Actually both these processes
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heating only occurs with a rate of [⌦/(2⌫)]2⌘̃2�̃. Note that the Lamb-Dicke factor ⌘̃ for
this decay is not equal to the one of the excitation, because the emitted photon can go in
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ṗ0 = p1
(⌘⌦)2

�̃
� p0

"✓
⌦

2⌫

◆2

⌘̃
2�̃+

✓
⌘⌦

4⌫

◆2

�̃

#
(98)
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The factor in square brackets is of order one and ⌫ � �̃, so the particle is cooled to the
ground state with probability p0 ⇡ 1� [�̃/(2⌫)]2 very close to one.

Several methods have been used in experiments to determine the final mean excitation
number n̄ after resolved sideband cooling. This lecture will be restricted to the simplest
and most robust method used so far, the comparison of the probability Pe(t) to end up
in the excited electronic state |ei after excitation of the ion on the red and blue sideband.
From Eq.(81) for the first blue sideband (l = 1) and the analogous expression for the red
sideband (l = �1), using Pe(t) = 1 � Pg(t) and the assumption that the final motional
states after cooling have a thermal distribution one gets
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ṗ0 = p1
(⌘⌦)2

�̃
� p0

"✓
⌦

2⌫

◆2

⌘̃
2�̃+

✓
⌘⌦

4⌫

◆2

�̃

#
(98)
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p1 = 1� p0 this yields
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The factor in square brackets is of order one and ⌫ � �̃, so the particle is cooled to the
ground state with probability p0 ⇡ 1� [�̃/(2⌫)]2 very close to one.

Several methods have been used in experiments to determine the final mean excitation
number n̄ after resolved sideband cooling. This lecture will be restricted to the simplest
and most robust method used so far, the comparison of the probability Pe(t) to end up
in the excited electronic state |ei after excitation of the ion on the red and blue sideband.
From Eq.(81) for the first blue sideband (l = 1) and the analogous expression for the red
sideband (l = �1), using Pe(t) = 1 � Pg(t) and the assumption that the final motional
states after cooling have a thermal distribution one gets
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now with detuning �⌫.
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using ⌦m+1,m = ⌦m,m+1. This means that the ratio of these probabilites is

R =
P

rsb
e

P bsb
e

=
n̄

n̄+ 1
(101)

independent of drive time t, carrier Rabi-frequency ⌦ or Lamb-Dicke parameter ⌘ [Turchette
et al. (2000a)]. The ratio R can be inferred from a frequency-scan over both sidebands,
while keeping the light intensity and excitation time constant and will directly yield the
mean occupation

n̄ =
R

1�R
(102)

of the thermal motional state.

Today resolved sideband cooling is a tool used by many groups to cool one ion or
strings of ions close to the ground state. The physics of ion strings and modifications
for cooling them are discussed below.The first report of ground state cooling was by
the Boulder group, cooling 198Hg+ on a quadrupole allowed transition. The trap was
adjusted to be nearly spherical with a secular frequency of 2.96 MHz using an appropriate
positive DC-bias on the ring electrode. After 20 ms of Doppler cooling on the strong
2S1/2 ! 2P1/2 transition this laser was shut o↵ and another laser on the 2S1/2 ! 2D5/2

first red sideband transition was turned on for 200 to 500 ms. Since the natural lifetime
of the 2D5/2 = |ei state limits the scatter rate to about (1/2)�nat =6 photons/sec the
upper level was intentionally broadened by coupling it to the short lived 2P3/2 = |auxi
level with an additional laser source (repumper). This e↵ectively broadens the linewidth
to [Marzoli et al. (1994)]

�̃ =
⌦2

aux

(�aux + �nat)2 + 4�2
aux

(103)

if the Rabi-frequency on the |ei ! |auxi transition is ⌦aux and the auxiliary laser is
detuned from resonance by �aux. The choice of this Rabi-frequency and detuning will
determine the e↵ective linewidth �̃ and in turn the cooling rate and final thermal distri-
bution. After shutting o↵ the sideband cooling laser the repumper was left on for another
5 ms to ensure that the ion returned to the ground state |gi. Following the cooling cycle
another laser pulse with roughly saturation intensity was swept over the red and blue
sidebands of the 2S1/2 ! 2D5/2 transition to record the excitation probability on the
sidebands. The probability was found with the electron shelving method by observing
the 2S1/2 $ 2P1/2 fluorescence and averaging over about 40 sweeps consisting of one
measurement for each frequency setting. From the strength of the sidebands the final
mean occupation number of the motional state was determined as outlined in a previous
section to be n̄ = 0.05 ± 0.012. In this experiment the final temperature could only be
determined in two dimensions.
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We will now calculate the cooling and heating rates for a laser driven, trapped ion with
arbitrary scattering rate W (�). A general scattering (absorption-emission) cycle will
proceed from |g, ni over |e, n0i to |g, n00i and in principle one could find the scattering
rates for all possible combinations (n, n0

, n
00) and derive rate equations for the proba-

bility P (n) to be in a certain state n based on all these scattering rates. Here we will
limit possible scattering paths by assuming that some sort of precooling (for example
Doppler-cooling) has left the ion in a state with thermal distribution in or close to the
Lamb-Dicke regime with ⌘

2
n̄  1. In this approximation the treatment cannot describe

the complete cooling dynamics, but as long as the cooling method in question reaches the
Lamb-Dicke regime, it will yield useful expressions for the cooling limit and the cooling
rate towards the final state. We assume that we know the scattering rate W (�) at laser
detuning � of the atom at rest. This quantity can usually be found by solving Bloch-
equations for the atom and calculating the steady state population ⇢ex in the excited
state. The scattering rate is then this population times the total decay rate � of the
excited state, W (�) = �⇢ex. In the Lamb-Dicke regime absorption and emission will
be dominated by carrier and first order red [blue] sidebands with transition probabilities
proportional to ⌦2 and ⌘

2⌦2
n [⌘2⌦2(n+1)] respectively, and we can neglect all processes

of higher order in ⌘. Scattering on the carrier (|g, ni ! |g, ni) will be the most frequent
process, but will not change the probabilities Pn to be in a certain n-state. Motional
state changing events are limited to |g, ni ! |g, n ± (0, 1)i via the intermediate states
|e, ni or |e, n ± 1i. By comparing the Rabi-frequencies on carrier and sideband we can
see that the scattering rate on a path involving one red [blue] sideband transition (for
example |g, ni ! |e, ni ! |g, n + 1i) will be supressed by the factor ⌘

2
n [⌘2(n + 1)]

compared to the carrier transition. In more detail the rates Rn

n±1
will go as

R
n

n+1
= W (�)⌘2(n+ 1) +W (�� ⌫)⌘2(n+ 1), R

n

n�1
= W (�)⌘2n+W (�+ ⌫)⌘2n.(104)

where the first contribution comes from the scattering path through |e, ni and the second
from the path |e, n ± 1i respectively. For example in the second path on R

n

n+1
the

atom absorbs at detuning � � ⌫ since the remaining energy h̄⌫ goes into the motion.
Knowing these rates we can immediately write down rate equations for the motional level
populations
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with the n-independent coe�cients

A± = ⌘
2[W (�) +W (�⌥ ⌫)].(106)

The rate equations (105) can be converted into an equation of motion for the average
motional quantum number
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A+/A- are independent of n

this allows for deriving simple equation of motion for average occupation
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general rate equations for cooling II
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Fig. 8. – Notation of levels, detunings, Rabi-frequencies and decay rates used in the calculation
of the EIT-lineshape.

by appropriate pairing and resumming of the respective populations in connection with
the A± coe�cients. As long as the cooling rate �(A� � A+) < 0, n̄ will evolve towards
the final state of cooling, the steady state of Eq.(107) is given by

n̄f =
A+

A� �A+

=
W (�) +W (�� ⌫)

W (�+ ⌫)�W (�� ⌫)
(108)

It is instructive to plug the scattering rates WL(�) of a Lorentzian-line into this formal-
ism. Then the Doppler limit n̄f⌫ ' �/2 is recovered for � > ⌫ while n̄ ⌧ 1 for � ⌧ ⌫.
For best cooling results with a general scattering rate we want to minimize n̄f , which
happens naturally if the scattering rate on the red sideband W (� + ⌫) is much bigger
than the carrier and blue sideband rates, W (�) and W (�� ⌫) respectively.

We can now apply these ideas to EIT cooling in a ⇤-system. EIT cooling utilizes
a two-photon dark resonance to completely suppress the carrier scattering [Morigi et
al. (2000)]. With a prudent choice of parameters of the two light fields driving the
system we will then also be able to fulfill W (� � ⌫) ⌧ W (� + ⌫). We denote the
levels, detunings and Rabi-frequencies of the two transitions as indicated in Fig.8. The
equations of motion for the density matrix (Bloch-equations) can in principle be derived
from a master equation approach or by adding phenomenological damping terms to the
unitary evolution that correctly reflect the decay of the |ei state. The Bloch-equations
in our system are:
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with � = �g + �r. We will assume that reequilibration of the internal state dynamics is
much faster than the external motional dynamics, so we can solve for the steady state
of the Bloch equations to describe the scattering events at all times. Doing so and using
the conservation of probability ⇢rr + ⇢gg + ⇢ee = 1 one can (after some algebra) derive
the steady state solution for ⇢ee [Janik et al. (1985)]:

⇢ee(�) =
4�2⌦2

g
⌦2

r
�

D
(110)
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This rather complicated expression quickly simplifies if we set �g = ↵� and assume
�r ⇡ �g and ⌦g ⌧ (⌦r,�r) following the idea that the strong laser field on the |ri $ |ei
transition optically pumps the internal state to |gi and also modifies the scattering rate
of a comparably weaker beam on the |gi $ |ei transition into W (�) = �⇢ee(�) that is
advantageous for cooling. This yields
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Figure 9 shows the qualitative behavior of the scattering rate vs. detuning � for
(�r,�g) > 0. Indeed W (�) vanishes at � = 0, so the carrier is completely suppressed.
The position of the two maxima is given by
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The reader may recognize that this condition is equivalent with saying that the Stark-
shift of the |ri ! |gi resonance has to be equal to the motional frequency. For this
choice of paramters, W (+⌫) takes the largest value possible, while W (�⌫) then assumes
a comparatively small value from the wing of the broad bright resonance to the left of
the origin. To find the cooling limit quantitatively, we can start from Eq.(108) with
W (0) = 0. Using Eq.(114) we get after so algebra
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with � = �g + �r. We will assume that reequilibration of the internal state dynamics is
much faster than the external motional dynamics, so we can solve for the steady state
of the Bloch equations to describe the scattering events at all times. Doing so and using
the conservation of probability ⇢rr + ⇢gg + ⇢ee = 1 one can (after some algebra) derive
the steady state solution for ⇢ee [Janik et al. (1985)]:
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This rather complicated expression quickly simplifies if we set �g = ↵� and assume
�r ⇡ �g and ⌦g ⌧ (⌦r,�r) following the idea that the strong laser field on the |ri $ |ei
transition optically pumps the internal state to |gi and also modifies the scattering rate
of a comparably weaker beam on the |gi $ |ei transition into W (�) = �⇢ee(�) that is
advantageous for cooling. This yields
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Figure 9 shows the qualitative behavior of the scattering rate vs. detuning � for
(�r,�g) > 0. Indeed W (�) vanishes at � = 0, so the carrier is completely suppressed.
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The reader may recognize that this condition is equivalent with saying that the Stark-
shift of the |ri ! |gi resonance has to be equal to the motional frequency. For this
choice of paramters, W (+⌫) takes the largest value possible, while W (�⌫) then assumes
a comparatively small value from the wing of the broad bright resonance to the left of
the origin. To find the cooling limit quantitatively, we can start from Eq.(108) with
W (0) = 0. Using Eq.(114) we get after so algebra
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with � = �g + �r. We will assume that reequilibration of the internal state dynamics is
much faster than the external motional dynamics, so we can solve for the steady state
of the Bloch equations to describe the scattering events at all times. Doing so and using
the conservation of probability ⇢rr + ⇢gg + ⇢ee = 1 one can (after some algebra) derive
the steady state solution for ⇢ee [Janik et al. (1985)]:
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This rather complicated expression quickly simplifies if we set �g = ↵� and assume
�r ⇡ �g and ⌦g ⌧ (⌦r,�r) following the idea that the strong laser field on the |ri $ |ei
transition optically pumps the internal state to |gi and also modifies the scattering rate
of a comparably weaker beam on the |gi $ |ei transition into W (�) = �⇢ee(�) that is
advantageous for cooling. This yields
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Figure 9 shows the qualitative behavior of the scattering rate vs. detuning � for
(�r,�g) > 0. Indeed W (�) vanishes at � = 0, so the carrier is completely suppressed.
The position of the two maxima is given by
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We want the narrow bright resonance at positive detuning to coincide with the red
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The reader may recognize that this condition is equivalent with saying that the Stark-
shift of the |ri ! |gi resonance has to be equal to the motional frequency. For this
choice of paramters, W (+⌫) takes the largest value possible, while W (�⌫) then assumes
a comparatively small value from the wing of the broad bright resonance to the left of
the origin. To find the cooling limit quantitatively, we can start from Eq.(108) with
W (0) = 0. Using Eq.(114) we get after so algebra

n̄s =
W (�⌫)

W (⌫)�W (�⌫)
=

✓
�

4�r

◆2

.(115)

TRAPPING AND COOLING OF ATOMIC IONS 33

d⇢re

dt
= i


⌦r

2
(⇢rr � ⇢ee) +

⌦g

2
⇢rg ��r⇢re

�
� �

2
⇢re

d⇢ge

dt
= i


⌦g

2
(⇢gg � ⇢ee) +

⌦r

2
⇢gr ��g⇢ge

�
� �

2
⇢ge,(109)

with � = �g + �r. We will assume that reequilibration of the internal state dynamics is
much faster than the external motional dynamics, so we can solve for the steady state
of the Bloch equations to describe the scattering events at all times. Doing so and using
the conservation of probability ⇢rr + ⇢gg + ⇢ee = 1 one can (after some algebra) derive
the steady state solution for ⇢ee [Janik et al. (1985)]:
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This rather complicated expression quickly simplifies if we set �g = ↵� and assume
�r ⇡ �g and ⌦g ⌧ (⌦r,�r) following the idea that the strong laser field on the |ri $ |ei
transition optically pumps the internal state to |gi and also modifies the scattering rate
of a comparably weaker beam on the |gi $ |ei transition into W (�) = �⇢ee(�) that is
advantageous for cooling. This yields
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Figure 9 shows the qualitative behavior of the scattering rate vs. detuning � for
(�r,�g) > 0. Indeed W (�) vanishes at � = 0, so the carrier is completely suppressed.
The position of the two maxima is given by
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We want the narrow bright resonance at positive detuning to coincide with the red
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The reader may recognize that this condition is equivalent with saying that the Stark-
shift of the |ri ! |gi resonance has to be equal to the motional frequency. For this
choice of paramters, W (+⌫) takes the largest value possible, while W (�⌫) then assumes
a comparatively small value from the wing of the broad bright resonance to the left of
the origin. To find the cooling limit quantitatively, we can start from Eq.(108) with
W (0) = 0. Using Eq.(114) we get after so algebra
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with � = �g + �r. We will assume that reequilibration of the internal state dynamics is
much faster than the external motional dynamics, so we can solve for the steady state
of the Bloch equations to describe the scattering events at all times. Doing so and using
the conservation of probability ⇢rr + ⇢gg + ⇢ee = 1 one can (after some algebra) derive
the steady state solution for ⇢ee [Janik et al. (1985)]:
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This rather complicated expression quickly simplifies if we set �g = ↵� and assume
�r ⇡ �g and ⌦g ⌧ (⌦r,�r) following the idea that the strong laser field on the |ri $ |ei
transition optically pumps the internal state to |gi and also modifies the scattering rate
of a comparably weaker beam on the |gi $ |ei transition into W (�) = �⇢ee(�) that is
advantageous for cooling. This yields
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Figure 9 shows the qualitative behavior of the scattering rate vs. detuning � for
(�r,�g) > 0. Indeed W (�) vanishes at � = 0, so the carrier is completely suppressed.
The position of the two maxima is given by
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We want the narrow bright resonance at positive detuning to coincide with the red
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The reader may recognize that this condition is equivalent with saying that the Stark-
shift of the |ri ! |gi resonance has to be equal to the motional frequency. For this
choice of paramters, W (+⌫) takes the largest value possible, while W (�⌫) then assumes
a comparatively small value from the wing of the broad bright resonance to the left of
the origin. To find the cooling limit quantitatively, we can start from Eq.(108) with
W (0) = 0. Using Eq.(114) we get after so algebra
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with � = �g + �r. We will assume that reequilibration of the internal state dynamics is
much faster than the external motional dynamics, so we can solve for the steady state
of the Bloch equations to describe the scattering events at all times. Doing so and using
the conservation of probability ⇢rr + ⇢gg + ⇢ee = 1 one can (after some algebra) derive
the steady state solution for ⇢ee [Janik et al. (1985)]:
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This rather complicated expression quickly simplifies if we set �g = ↵� and assume
�r ⇡ �g and ⌦g ⌧ (⌦r,�r) following the idea that the strong laser field on the |ri $ |ei
transition optically pumps the internal state to |gi and also modifies the scattering rate
of a comparably weaker beam on the |gi $ |ei transition into W (�) = �⇢ee(�) that is
advantageous for cooling. This yields
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Figure 9 shows the qualitative behavior of the scattering rate vs. detuning � for
(�r,�g) > 0. Indeed W (�) vanishes at � = 0, so the carrier is completely suppressed.
The position of the two maxima is given by
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We want the narrow bright resonance at positive detuning to coincide with the red
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The reader may recognize that this condition is equivalent with saying that the Stark-
shift of the |ri ! |gi resonance has to be equal to the motional frequency. For this
choice of paramters, W (+⌫) takes the largest value possible, while W (�⌫) then assumes
a comparatively small value from the wing of the broad bright resonance to the left of
the origin. To find the cooling limit quantitatively, we can start from Eq.(108) with
W (0) = 0. Using Eq.(114) we get after so algebra
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with � = �g + �r. We will assume that reequilibration of the internal state dynamics is
much faster than the external motional dynamics, so we can solve for the steady state
of the Bloch equations to describe the scattering events at all times. Doing so and using
the conservation of probability ⇢rr + ⇢gg + ⇢ee = 1 one can (after some algebra) derive
the steady state solution for ⇢ee [Janik et al. (1985)]:
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This rather complicated expression quickly simplifies if we set �g = ↵� and assume
�r ⇡ �g and ⌦g ⌧ (⌦r,�r) following the idea that the strong laser field on the |ri $ |ei
transition optically pumps the internal state to |gi and also modifies the scattering rate
of a comparably weaker beam on the |gi $ |ei transition into W (�) = �⇢ee(�) that is
advantageous for cooling. This yields
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Figure 9 shows the qualitative behavior of the scattering rate vs. detuning � for
(�r,�g) > 0. Indeed W (�) vanishes at � = 0, so the carrier is completely suppressed.
The position of the two maxima is given by
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We want the narrow bright resonance at positive detuning to coincide with the red
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The reader may recognize that this condition is equivalent with saying that the Stark-
shift of the |ri ! |gi resonance has to be equal to the motional frequency. For this
choice of paramters, W (+⌫) takes the largest value possible, while W (�⌫) then assumes
a comparatively small value from the wing of the broad bright resonance to the left of
the origin. To find the cooling limit quantitatively, we can start from Eq.(108) with
W (0) = 0. Using Eq.(114) we get after so algebra
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with � = �g + �r. We will assume that reequilibration of the internal state dynamics is
much faster than the external motional dynamics, so we can solve for the steady state
of the Bloch equations to describe the scattering events at all times. Doing so and using
the conservation of probability ⇢rr + ⇢gg + ⇢ee = 1 one can (after some algebra) derive
the steady state solution for ⇢ee [Janik et al. (1985)]:
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This rather complicated expression quickly simplifies if we set �g = ↵� and assume
�r ⇡ �g and ⌦g ⌧ (⌦r,�r) following the idea that the strong laser field on the |ri $ |ei
transition optically pumps the internal state to |gi and also modifies the scattering rate
of a comparably weaker beam on the |gi $ |ei transition into W (�) = �⇢ee(�) that is
advantageous for cooling. This yields
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Figure 9 shows the qualitative behavior of the scattering rate vs. detuning � for
(�r,�g) > 0. Indeed W (�) vanishes at � = 0, so the carrier is completely suppressed.
The position of the two maxima is given by
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We want the narrow bright resonance at positive detuning to coincide with the red
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The reader may recognize that this condition is equivalent with saying that the Stark-
shift of the |ri ! |gi resonance has to be equal to the motional frequency. For this
choice of paramters, W (+⌫) takes the largest value possible, while W (�⌫) then assumes
a comparatively small value from the wing of the broad bright resonance to the left of
the origin. To find the cooling limit quantitatively, we can start from Eq.(108) with
W (0) = 0. Using Eq.(114) we get after so algebra
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rate vanishes at D=0,
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strong scattering on red sideband
no scattering on carrier
weak scattering on blue sideband wing of broad peak
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set Dr=Dg >> G for good ground state cooling, trade-off with cooling rate 
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with � = �g + �r. We will assume that reequilibration of the internal state dynamics is
much faster than the external motional dynamics, so we can solve for the steady state
of the Bloch equations to describe the scattering events at all times. Doing so and using
the conservation of probability ⇢rr + ⇢gg + ⇢ee = 1 one can (after some algebra) derive
the steady state solution for ⇢ee [Janik et al. (1985)]:
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This rather complicated expression quickly simplifies if we set �g = ↵� and assume
�r ⇡ �g and ⌦g ⌧ (⌦r,�r) following the idea that the strong laser field on the |ri $ |ei
transition optically pumps the internal state to |gi and also modifies the scattering rate
of a comparably weaker beam on the |gi $ |ei transition into W (�) = �⇢ee(�) that is
advantageous for cooling. This yields
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Figure 9 shows the qualitative behavior of the scattering rate vs. detuning � for
(�r,�g) > 0. Indeed W (�) vanishes at � = 0, so the carrier is completely suppressed.
The position of the two maxima is given by
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We want the narrow bright resonance at positive detuning to coincide with the red
sideband, �+ = ⌫:
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The reader may recognize that this condition is equivalent with saying that the Stark-
shift of the |ri ! |gi resonance has to be equal to the motional frequency. For this
choice of paramters, W (+⌫) takes the largest value possible, while W (�⌫) then assumes
a comparatively small value from the wing of the broad bright resonance to the left of
the origin. To find the cooling limit quantitatively, we can start from Eq.(108) with
W (0) = 0. Using Eq.(114) we get after so algebra
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â

bla
| i = ↵|ei+ �|gi

|↵|2 + |�|2 = 1

bla
| i = e

i�
⇣
cos(✓/2)|ei+ e

i�
sin(✓/2)|gi

⌘

bla
1p
2
(|ei � |gi) ⌘ |�i

bla
1p
2
(|ei+ |gi) ⌘ |+i

bla
Tmin ⇡ h̄�/(2kB) ⇡

bla
s  1/2

bla
E(x, t) = E0(e

i(k·x�!t + c.c.) ' E0e
�i!t(1 + ik · x+ ...) + c.c.

bla
0 ⇡ |k2|� |k1|  |k2 � k1|  |k2|+ |k1| ⇡ 2|k1|

bla
k · x = k · x0 cos(⌫t)

|k · x0| ⌧ 1

bla
e
i/h̄Ĥ
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