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Simplifying Each further we get
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often
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We will now assume
that RCE

evolves with
its own dynamics

as

if there was no HSR This is OK

Since anyway
the
corrections

are higher

order in Hsp
which we anyway

neglect

Initial
foperator

Therefore Eq 3 becomes
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in

previous
lecture



Some additional comments about

Boon Markovapp
mation

1 Under Boon approximation
no Markov yet

the bath density
matrix is evolving

in Schrodinger picture by
its own dynamics

as if it is completely decoupled
from

the system The effect of the
interecation

between bath and system
Hsr on the

bath evolution
is neglected

in the leading

order This is because we anyway
have

Isr Isr
in Eq 8 of previous

lecture

and we are not interested
in additional

orders We want only up
to quadratic

order in system
bath coupling

In the interaction
picture

the bath

do not evolve under the

Born approximation



2 Using the above Born approximation
we get an evolution equation for

the reduced density matrix of the

System This is still non local in

time Non Markov ran Then to

make the equation
local we use

the assumption of
time scale

separations We say that
the bath

correlation decay time
is much much

shorter that typical
time scale ay

System evolution We then finally

get local equation
for reduced

density matrix It is to be noted

that in our definition bath
bath

correlation not only depends
on



bath properties but also depends

on system bath coupling details

Hence correlation decay
time for

bath depends
on nature of

system
bath coupling

in addition

to bath alone properties
such as

temperature
chemical potential

energy density of States

3 One can in principle do only

a Boon approximation
without

doing further
Markov approximation

In other words Born approximation

does not rely on both correlation

o



time scales or reservoir memory

and we could have a Boon

non Markovian description

Of course in traditional literature

Boon and
Markov approximation

is done together



Quantum
mast tÉ anon ome General setup

Application to damped quantum
harmonic

oscillator

In lecture 1 we gave
a motivation and

general construction
for open Quantum

Systems

and we outlined the system
reservoir

approach We will now
make our

construction of Hsp
a little more specific

Hsp
t sit

where Si are operators that act in the Hibert

Space of S and F are reservoir operators

that act in the Hibert space of R



Note that we have expressed many quantities

in interaction picture

sit e
htt's R t

t I It E Ct

IspCt h eh
Hs Hr t

lead

The master equation only
in Born approximation

i e

Eq 11 of
lecture 1 not Markov

becomes
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The information of
the reservoirs

Eq 3 enters

via correlations
into Eq 2 We can justify

the

replacement
5 El by jct if correlations

decay very
rapidly on the system

time scales



on which f t varies Obviously the ideal

situation is Ict E a SCE t

The Markov approximation as mentioned

previously relies on two widely separated

time scales
a slow time scale for the

dynamics of
the system and a fast time

Scale characterizing
the decay of

reservoir
correlation functions

A deeper understanding
of

this can be

achieved when we proceed
to our

first example
The Damped

Quantum

Harmonic
Oscillator



IDampedduatarmonicosalltor

The microscopic explicit
model for a damped

quantum harmonic oscillator is given by

the composite system
SOR

lead
Hs tacata

HR
t g Wjr

trj

Hsr Et Kfar t gate zt atttatt

v1
System

reservoir
coupling

constant

The system S is a harmonic oscillator with

frequency Wo and creation anhillation
operators

at and a respectively
The reservoir

R is

modelled as a collection of
Harmonic

oscillators

with frequencies
w and corresponding

creation and anhillation operators oft
and Mj

respectively The oscillator
a couples to

j th reservoir oscillator via coupling

constant Kj



As emphasized before
note that the total

Hamiltonian Ha Hst Hrt
Hsr is still

Hermitian Therefore we start with a

microscopic
Hermitian setup

and end
with

a non Hermitian formalism for the reduced

situation which we will call as the system

We take the reservoir to
be in thermal equilibrium

at temperature
T with density operator

Easy

Ro IT e EI l e
there

where KB is the Boltzman
constant Note that

it is not necessary
to be so specific

about

reservoir
models Eq 5 The oscillators

playing

the role of reservoirs
is physically

reasonable

in many
circumstances

Manymodes of
vacuum

radiation field
into

which an optical cavity
mode decays

through partially
transmitting mirrors

Leaky cavities



Many modes of vacuum radiation

field into which an excited atom

decays via spontaneous
emission

The reservoir
oscillators might

represent

phonon modes
in a fold

Note that our general notation
was

Hsr it Siti and Eq u results
in the

identification

Si Ea Sa e
at T TI g Ktr

Tz TE Gk Rj Using this identification

after some algebra
we

arrive at

e

105



where the reservoir correlation functions

are explicitly

Beeney

SHED
with

a w t trpfroostrj 5mg I y
lE0D

The correlation functions in Eq 7 can be

derived by evaluating
the trace using

multi mode fock states as the basis

I Wj T is mean photon number
or bosonic

occupation number of
an oscillator with frequency

w in thermal equilibrium at temperatureT



The non vanishing reservoir correlations in

Eq 7 involve a summation over reservoir

oscillators

We will change
the summation

to integration

by introducing
density of

States Dos g
w

such that g w dw gives the number of

oscillators with frequencies in the interval

w to w du In other words
we

transform E
fdwgla

By making

Suitable change of variables
Ze t t Eg 6

can be written compactly as

stead
The non zero reservoir correlations are

given below



w is called bath
spectral densityand

É LEAD

of
ogled

We now revisit the issue of Markov
approximation

In other words
one can ask if Eq 10 can be

approximated
to a Dirac delta function 8 2

In Eq 10 note that for large
enough 2 the

oscillating exponential
function et

will

average out the slowly varying functions

g w Kiu
2 Icw T basically to zero

Can we get some
estimate for

the width

of these reservoir correlations

Let us see Eq.io and take glad
KIWI cw

where c is a constant



Using this we get
taigamma

F EST E D Ep É function
lead

where reservoir correlation
time is tr Egg

Below is a sketch of the plot
for Re a i iz try

This plot shows
that

correlation function
is

peaked a bot 2 0

with a width tr EpÉ

The reservoir correlations are integrated
against

two time
dependent terms j t 2 and et

in

We can have situations when system
timescales

is far greater
than reservoir

time scales

ts tr which can justify the Markov

approximation replacement
jct 2

56

Also integrating
the reservoir correlation

functions

against oscillatory
terms etive will extract

their Wo frequency
components just

like a

fourier
transform

See book
1

for more

details
and

discussions



By applying the Markov approximation Eq 9

becomes

5 x ajat ataj p ajattatja
ataj ja at

hoc

HD
where
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it gayest

B for Idw
e

w
g
w KORKUTt wife

Note that t is of
the order of ts and 2

integration is dominated by
much shorter

times

Er
Hence we can extend

2 integration
to a

and evaluate a and p After some algebra

and going
back to Schrodinger picture

we

get

8 in fata g tint 1 Lacs
yillat e

LEAD

where yegg Fg et I FFS
SFF yd

Lindblad Super operator

Lindblad Master
Equation



Some definitions used in Ea 15 are given below

legI
ya 2kg we

Kcwest he 5 West

lead
Wc's word where D PJdw 9 4

1

Eq 16 is the Lindblad Master Equation
for the

damped harmonic oscillator From Eg 16
one

can get important
information

For e.g
one

can get rate equation for probabilities

Pu n f n for the
oscillator to be found

in the n th energy eigenstate

in c it Dent
Y a 1 npn

ÉI

Yin en Ya nti Pn

Ezpectation
values

Our theory is written in the Schrodinger picture

From there we want to calculate solutions

for expectation values of operators



For example Mt

a tr a gy

Phased in here

eq20

After some algebra Eq
20 becomes

lead
a ht iwi Las

which gives the solution IEg22

Lace e
Ya time tacos

Similarly the
bosonic occupation

number

i at a satisfies
lead

is clos
a

which gives
the Solution

acts Caicos e
all é't sleazy

In above Eq zu note
that thermal

fluctuations

thermal noise is fed into
the oscillator

from the reservoirs

As a consequence of
this the mean energy

does not decay
to zero In fact in the steady

state the mean energy
becomes that

for a quantum harmonic oscillator
with

frequency we in thermal equilibrium
at

temperature T
The oscillator acquires the

environment temperature



Note that Ea's and subsequent consequences

such as equi and Egan essentially

involved a system
bath perturbative

approach
and a Markov approximation

This is the main essence of Born Markov

Quantum Master Equation
This is an

important approach
to deal with open

Quantum Systems
To benchmark these

results it is
worthwhile to

discuss

a non
perturbative

approach
known

as Quantum
Langevin

approach
which

is the topic of next
lecture

Lecture 3


