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How hard is it to find proofs?
Can a machine substitute a mathematician?


Gödel’s letter to von Neumann (20 March 1956)

2

Source: https://www.wired.co.uk/article/marcus-du-sautoy-maths-proofs

One can obviously easily construct a Turing machine, which for every formula  in first order 
predicate logic and every natural number , allows one to decide if there is a proof of  of 
length  (length = number of symbols). 


Let  be the number of steps the machine requires for this and let . 


The question is how fast  grows for an optimal machine. One can show that . 


If there really were a machine with  (or even ), this would have 
consequences of the greatest importance. Namely, it would obviously mean that in spite of 
the undecidability of the Entscheidungsproblem, the mental work of a mathematician 
concerning Yes-or-No questions could be completely replaced by a machine. After all, one 
would simply have to choose the natural number  so large that when the machine does not 
deliver a result, it makes no sense to think more about the problem. 

F
n F

n

ψ(F, n) ϕ(n) = max
F

ψ(F, n)

ϕ(n) ϕ(n) ≥ k ⋅ n

ϕ(n) ∼ k ⋅ n ∼ k ⋅ n2

n

https://www.wired.co.uk/article/marcus-du-sautoy-maths-proofs
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How hard is it to find proofs?

3

Theorem Proof of theorem

 algorithm?∃

Polynomial time (on the size of the input)Polynomial time (on the size of the input + )s
 = size of smallest proofs

May not exist proof of polynomial size
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Automatability

4

Proof system  is automatable if  algorithm:𝒮 ∃

where  is the size of smallest refutation of  in proof system 


Best running time we can hope for 


Here we are asking for time 

s F 𝒮

|F | + s

poly( |F | + s)

UNSAT CNF formula  F

e.g. F = (x1 ∨ x2) ∧ x2 ∧ (x1 ∨ x3) ∧ (x1 ∨ x3)

Refutation  
in proof system  𝒮

time poly( |F | + s)
time f( |F | + s)

in time f(N)

[Bonet, Pitassi, Raz ’97]  



32Automatability: the Proof Search ProblemSusanna de Rezende (Lund University) 

DPLL: searching for tree-like Resolution proofs 


CDCL: essentially searching for Resolution proofs


Pseudo-boolean SAT solvers: Cutting Planes


Linear algebra algorithms for Nullstellensatz


Gröbner basis algorithms: Polynomial Calculus


LP solving: Sherali-Adams LP relaxations


Ellipsoid method: Sum-of-Squares SDP relaxations

Why should a proof system be automatable?

5

Weak proof system: can only prove simple facts  proofs should be easy to find


There are algorithms that search for proofs:

⇒

Sum-of-Squares

Sherali-AdamsPolynomial Calculus

NullstellensatzResolution

Cutting Planes

Tree-like 
Resolution

ℝ ℝ

ℝ
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Tree-like resolution automatable in time nO(log s)

6

Given UNSAT CNF formula  on  variables


Suppose , size of smallest refutation, is known


 s.t.  or 






Since  not known, repeat for 


Can we do better than this?

F n

s

∃x 𝖲𝗂𝗓𝖾𝗍𝗋𝖾𝖾-𝗅𝗂𝗄𝖾 𝖱𝖾𝗌(F |x=0 ⊢ ⊥ ) ≤ s/2
𝖲𝗂𝗓𝖾𝗍𝗋𝖾𝖾-𝗅𝗂𝗄𝖾 𝖱𝖾𝗌(F |x=1 ⊢ ⊥ ) ≤ s/2

s s = 1,2,3,…
F = (x1 ∨ x2) ∧ x2 ∧ (x1 ∨ x3) ∧ (x1 ∨ x3)

[Beame, Pitassi ’96]

x1?

x2? x3?

True False

True TrueFalse False

x1 ∨ x2 x2 x1 ∨ x3 x1 ∨ x3
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Sum-of-Squares

Sherali-AdamsPolynomial Calculus

NullstellensatzResolution

Tree-like 
Resolution

ℝ ℝ

ℝ

In some cases*: width/degree-  refutation can be found in time :


Resolution, Nullstellensatz, Sherali-Adams 
Polynomial Calculus over finite fields 
Bounded coefficients Sum-of-Squares / Polynomial Calculus over 

d nO(d)

ℝ

7

Proof search for bounded width / degree

Is SoS degree automatable? Are there degree-
coefficient trade-offs for CNF formulas?

Sum-of-Squares

Sherali-AdamsPolynomial Calculus over 𝔽q

NullstellensatzResolution

Tree-like 
Resolution

ℝ ℝ

ℝ

* [Hakoniemi ’21]
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Size-  refutation → width/degree-  refutation for:


Resolution 
Polynomial Calculus 
Sherali-Adams, Sum-of-Squares


Automatability in time 


Also for Nullstellensatz 


Can we do better? 


Not via width: can be ~  even if proofs small

s O( n log s)

nO( n log s)

n

Proof search in terms of size

8

[IPS’99]

[AH’19]

[BW’99]

[BG’99]

Sum-of-Squares

Sherali-

NullstellensatzResolution

Tree-like 
Resolution

Polynomial Calculus over  𝔽q

ℝ ℝ

ℝ

Sum-of-Squares

Sherali-AdamsPolynomial Calculus over 𝔽q

NullstellensatzResolution

Tree-like 
Resolution

ℝ ℝ

ℝ
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Why should a proof system not be automatable?

9

Personal experience: finding proofs require insights


Automatability  feasible interpolation


: automating algorithm, time 


Find proof for  of size  (running )


Given assignment  to : if  is SAT, then  size-  proof for 


Run  on  for  steps: if it finds proof, output , otherwise 

→

𝒜 T(N)

A(x, z) ∧ B(y, z) s 𝒜

α z A(x, α) ∃ s B(y, α)

𝒜 B(y, α) T(s + |B | ) 1 0

 admits feasible interpolation if 
short -proof for  
→ small circuit that given   
outputs if  or  is SAT

𝒫
𝒫 A(x, z) ∧ B(y, z)

z
A B

[BPR 97 - Impagliazzo] 

One-way injective function  
If short -proof of injectivity: , then  
  admits feasible interpolation → can invert  bit by bit

f
𝒫 ( f(x0) = z) ∧ ( f(y1) = z)

𝒫 f
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Non-automatability of strong proof systems

10

Extended Frege

Frege

-FregeTC0

-FregeAC0

not automatable unless 
RSA can be broken by 
poly-size circuits
[Krajíček, Pudlák 98]

not automatable unless  
𝐃𝐢𝐟𝐟𝐢𝐞-𝐇𝐞𝐥𝐥𝐦𝐚𝐧 𝐩𝐫𝐨𝐜𝐞𝐝𝐮𝐫𝐞  
can be broken by small circuits 

 (poly size);  (sub-exp size)TC0 AC0

[Bonet, Domingo, Gavaldà,  
Maciel, Pitassi 99 ]

[Bonet, Pitassi, Raz 97 ]
automatability → feasible interpolation
[BPR 97 - Impagliazzo] 

[Arteche, Carenini, and Gray ’24]

not quantum automatable 
under LWE
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Some early results

Determining if  proof of size  is NP-complete 


for certain Frege systems


for Resolution (up to an additive )


Length of shortest proof: NP-hard to approximate within linear factor 


for several proof systems (including Resolution and Frege systems)


Is it hard to find a proof of size ?

∃ s

nO(1)

𝗉𝗈𝗅𝗒(s)

11

[Buss ’95]

[Iwama ’97]

[Alekhnovich, Buss, Moran, Pitassi ’98]
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Non-automatability of resolution
Cannot be automated in: 


linear time unless P=NP 


polynomial time unless W[P] = FPT*


time  unless ETH is false*N(log log N)1/7

12

[Alekhnovich, Buss, Moran, Pitassi ’98]

[Alekhnovich, Razborov ’01]

[Mertz, Pitassi, Wei ’19] * Also applies to tree-like resolution

[Atserias, Müller ’19]

[Eickmeyer, Grohe, Grüber ’08]

If resolution is automatable:

1. in time  then 

2. in time  then 

3. in time  then 

poly(N) 𝖭𝖯 ⊆ 𝖯
quasipoly(N) 𝖭𝖯 ⊆ 𝖰𝖯
subexp(N) 𝖭𝖯 ⊆ 𝖲𝖴𝖡𝖤𝖷𝖯

Actually, “if and only if” 

poly(N) = NO(1)

quasipoly(N) = exp(logO(1) N)
subexp(N) = exp(No(1))

“The main problem left open by this paper is whether general resolution is quasi-automatizable”



Main ideas behind proof  
and related questions
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Reflection principle
“if a sentence is provable then it is true” 


“if  has a -refutation (of size ) it is not satisfiable”   


Reflection principle:   


How hard is it to prove lower bounds for ? (Prove  is unsat.)


Can -Frege prove superpoly Resolution lower bounds?


If  is SAT then  has poly-size resolution refutation

F 𝒫 s

𝖱𝖾𝖿𝒫,s(F) → ¬𝗌𝖺𝗍(F)

𝒫 𝖱𝖾𝖿𝒫,s(F)
AC0

F 𝖱𝖾𝖿Res,s(F)

14

[Pudlák ’20]

[Pudlák ’01]
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Proof of Atserias-Müller ’19 

15

1 Given    construct F ⇒ 𝒜(F)

if  is a refutation of π 𝒜(F)

otherwise
3 Answer:  is SATF

 is UNSAT F

If resolution is automatable: in time  then poly(N) 𝖭𝖯 ⊆ 𝖯

Use: to decide if  is SAT or UNSATF in time nO(1)

Formula  s.t.


(1)  is SAT   has refutations of size  

(2)  is UNSAT   requires refutations of size 

𝒜(F)
F ⇒ 𝒜(F) nO(1)

F ⇒ 𝒜(F) 2n

 𝒜(F) Refutation π

2 Run for  steps:nO(1)  𝒜(F) Refutation π
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 = 𝒜(F) Refs(F)
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s/n

(1)  is SAT   has refutations of size F ⇒ Refs(F) nO(1)

Remember only current block:  statesnO(1)
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(2)  is UNSAT   requires refutations of width F ⇒ Refs(F) s/n

= s/n
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20
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(Simplified) proof of main theorem [AM ’19]

22

Define 


1.  is SAT   has poly-size resolution refutation


Idea: use a satisfying assignment to find invalid step of purported refutation


2.  is UNSAT   requires resolution refutation of size 


Encode  with  variables and  width


Prove width lower bound 


Apply size-width relation [BW ’01] and conclude that size is at least 


Choose 

𝒜(F) := 𝖱𝖾𝖿s(F) := 𝖱𝖾𝖿𝖱𝖾𝗌,s(F)

F ⇒ 𝖱𝖾𝖿s(F)

F ⇒ 𝖱𝖾𝖿s(F) 2Ω(n)

𝖱𝖾𝖿s(F) O(sn) O(log n)

w(𝖱𝖾𝖿s(F) ⊢ ⊥ ) ≥ Ω(s/n)

exp(Ω(s/n3))

s ≥ n4

[Pudlák ’01]
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More robust proof

23

Define  s.t. upper bound 1. still holds


2.  is UNSAT   requires Resolution refutation of size 


Prove block-width/degree lower bound 


 requires Resolution refutation of size 


 requires CP refutation of size 


 requires Res( ) refutation of size 


 requires NS and PC refutation of size 


 requires depth-  Frege refutation of exponential size*

𝒜(F) := 𝖫𝗂𝖿𝗍(𝖱𝖾𝖿s(F))

F ⇒ 𝖱𝖾𝖿s(F) 2Ω(n)

bw(𝖱𝖾𝖿s(F) ⊢ ⊥ ) ≥ Ω(s/n)

𝖫𝗂𝖿𝗍(𝖱𝖾𝖿s(F)) exp(Ω(s/n))

𝖫𝗂𝖿𝗍𝖢𝖯(𝖱𝖾𝖿s(F)) exp(Ω(s/n))

𝖫𝗂𝖿𝗍k(𝖱𝖾𝖿s(F)) k exp(Ω(s/nk))

𝖫𝗂𝖿𝗍(𝖱𝖾𝖿s(F)) exp(Ω(s/n))

𝖫𝗂𝖿𝗍d(𝖱𝖾𝖿s(F)) d

[Atserias, Müller 19]

[Göös, Koroth, 
Mertz, Pitassi 19]

[dR, Göös, Nordström, 
Pitassi, Robere, Sokolov 21]

[Garlik 20]

[Papamakarios ’24]
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Follow-up results
Cannot be automated in poly time unless P = NP, building on


Regular, ordered Resolution 

Cutting Planes 

Res(k) for small k 

Nullstellensatz and Polynomial Calculus 

Tree-like Resolution (in time  unless rETH is false)


OBDD 

Frege (non CNFs) 

Tree-like Res(k) (in time  unless rETH is false) 

no(log s)

no( k
log k log s)

24

[Atserias, Müller ’19]

[dR ’21]

[Göös, Koroth, Mertz, Pitassi ’19]

[dR, Göös, Nordström, 
Pitassi, Robere, Sokolov ’21]

[Garlik ’20]

[Bell ’20]

[Itsykson, Riazanov ’22]

[Papamakarios ’24]

[Carenini, dR ’25]
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Timeline

25

[Buss ’95]
[Iwama ’97]

[Alekhnovich, Buss,  
Moran, Pitassi ’98]

[Bonet, Domingo, Gavaldà,  
Maciel, Pitassi ’99 ]

[Bonet, Pitassi, Raz ’97 ]
[Krajíček, Pudlák ’98]

[Beame, Pitassi ’96]

[Alekhnovich,  
Razborov ’01]

[Galesi,  
Lauria ’10]

1995 20192010

[Impagliazzo,  
Pudlák, Sgall ’99]

[Ben-Sasson 
Wigderson ’01]

[Atserias, Bonet ’02]

[dR, Göös, Nordström,  
Pitassi, Robere, Sokolov ’21]

[dR ’21]

[Göös, Koroth,  
Mertz, Pitassi ’20]

[Mertz, Pitassi,  
Wei ’19]

[Atserias,  
Hakoniemi ’19]

[Atserias, Müller ’19]

[Beckmann,  
Pudlák, Thapen ’13]

[Garlik ’20]

20262002

[Itsykson, Riazanov ’22]

[Papamakarios ’24]
[Carenini, dR ’25]

[Arteche, Carenini,  
and Gray ’24]
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Summary

26

Sum-of-Squares

Sherali-Adams Polynomial Calculus

Nullstellensatz
Resolution

Cutting Planes

Tree-like 
Resolution

Res( )k

Res( )log

Extended Frege

Frege

-FregeAC0

[Atserias, Müller 19]

[dR 21]

NP-hard to automate

ETH-hard to automate 
in time ≪ nO(log n)

[Göös, Koroth, 
Mertz, Pitassi 19]

NP-hard to automate

[dR, Göös, Nordström, 
Pitassi, Robere, Sokolov 21]

NP-hard to automate

[Garlik 20]
NP-hard to automate

not automatable unless  
𝐃𝐢𝐟𝐟𝐢𝐞-𝐇𝐞𝐥𝐥𝐦𝐚𝐧 𝐩𝐫𝐨𝐜𝐞𝐝𝐮𝐫𝐞  
can be broken by small circuits

[Bonet, Domingo, Gavaldà,  
Maciel, Pitassi 99 ]

[Bonet, Pitassi, Raz 97 ]

Building on
[Krajíček, Pudlák 98]

Show NP-hard 
to automate:
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Weak automatability

 is weakly automatable  Canonical pair of  is poly separable


If  proves its own soundness:  is weakly aut.   has feasible interpolation 


Resolution weakly aut.  Res(k) weakly aut.  Res(k) has feasible interpolation


Resolution weakly automatable  parity games decided in poly time 

quasi-poly upper bound have been proved

𝒫 ⟺ 𝒫

𝒫 𝒫 ⟺ 𝒫

⟺ ⟺

⇒

27

where  is the size of the shortest -refutation of s 𝒫 F

[Pudlák ’01]

[Atserias, Bonet ’02]

[Beckmann, Pudlák, Thapen ’13][CJKLS ’17]

[Pudlák ’01]

 is weakly automatable if  
 algorithm that given unsat CNF   

returns -refutation of  in time poly

𝒫
∃ F

𝒬 F ( |F | + s)
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Exhaustive search for proof of size  takes time . Can we do better? 


Can finding short proofs require more time than finding long ones? ( )

s 2s

2s vs 2n

28

Now it seems to me, however, to be completely within the realm of possibility that  grows that slowly. Since it 
seems that  is the only estimation which one can obtain by a generalization of the proof of the 
undecidability of the Entscheidungsproblem and after all  (or ) only means that the number of 
steps as opposed to trial and error can be reduced from  to  (or ). […] 


It would be interesting to know […] how strongly in general the number of steps in finite combinatorial problems 
can be reduced with respect to simple exhaustive search.

ϕ(n)
ϕ(n) ≥ k ⋅ n

ϕ(n) ∼ k ⋅ n ∼ k ⋅ n2

N log N (log N)2

Input: Parameter  and trivial proof of size 

Output: Is there a proof of size ? 

s < 2n 2n

s

Can MPSP be solved in time ? poly(s + 2n)

Minimum proof size problem (MPSP)

(For tree-like resolution: yes!)
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Proof analysis problem (PAP)

29

 short Resolution refutation of  then  is SAT 

Can we extract from  a satisfying assignment for ?

π Ref(F) F

π F

If we can formalize the proof of AM lower bound (in PV / extended Frege): yes! 
Witnessing lemma

How efficient is the algorithm that extracts assignments?

What if  is an -Frege refutation? A PC refutation? Can we extract assignment?

What systems can prove Resolution lower bounds?

π AC0

[Arteche, Atserias, dR, Khaniki ’25]

[Arteche, dR, Khaniki, Risse ’26]
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Open problems

30

Sum-of-Squares

Sherali-Adams Polynomial Calculus

Nullstellensatz
Resolution

Cutting Planes

Tree-like 
Resolution

Res( )k

Res( )log

Extended Frege

Frege

-FregeAC0

[Atserias, Müller 19]

[dR 21]

NP-hard to automate

ETH-hard to automate 
in time ≪ nO(log n)

[Göös, Koroth, 
Mertz, Pitassi 19]

NP-hard to automate

[dR, Göös, Nordström, 
Pitassi, Robere, Sokolov 21]

NP-hard to automate

[Garlik 20]
NP-hard to automate

not automatable unless  
𝐃𝐢𝐟𝐟𝐢𝐞-𝐇𝐞𝐥𝐥𝐦𝐚𝐧 𝐩𝐫𝐨𝐜𝐞𝐝𝐮𝐫𝐞  
can be broken by small circuits

[Bonet, Domingo, Gavaldà,  
Maciel, Pitassi 99 ]

[Bonet, Pitassi, Raz 97 ]
Show NP-hard 
to automate:

Automate in time 
 when  

or show not possible.
2o(n) s = poly(n)

Understand 
coefficients: Can we 

automate in time ?nO(d)

ℝ

Show hard to 
automate

Building on
[Krajíček, Pudlák 98]

Other tree-like 
systems

Weak non-automatibility
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