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Motivation

Question. If and when a system deviates from its usual
behaviour, how likely it is to cause a cascade of additional
deviations?

> Let Xo, X1, Xo,... be a stationary process with finite

mean L.
> For fixed ¢ > 0, given that 1 S°770 X; > i + &, how
likely is it that
1 Jj+n—1
; Z X, > W +e
i=j

forj=1,2,3,...7
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of Y; and settles claims worth Z; in the j-th year. Motivation
> If E(Y;) > E(Z;), then under some assumptions,

1 n
EZ(Y;—Z;)%E(Y;[—Zl)>O,
i=1

with high probability, for large n. That is, the company
makes profit in the long run.



An example

» Consider an insurance company which earns a premium
of Y; and settles claims worth Z; in the j-th year.
> If E(Y;) > E(Z;), then under some assumptions,

1 n
EZ(Y,-—Z,-)QE(Yl—Zl)>O,
i=1

with high probability, for large n. That is, the company
makes profit in the long run.
» In case it does happen that
n

S (vi-2z)<o,

i=1
the company would be interested in knowing the
conditional probabilities of the following events for
j>1

Jj+n—1
> (i-z)<o.

i=j
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Theorem (Cramér (1938))

Let X1, X5, ... be i.i.d. random variables with

History

A(t) = logE (etxl) <oo,teR.

Then, for x > E(X1) with P(X; > x) > 0,

nll_)rrgonlogP< ZX >x> = —-N"(x),

where

N*(x) = sup (tx — A(t)) .
teR
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A(t) = logE (etxl) <oo,teR.

Then, for xg > E(X1) with P(X1 > xo) > 0, there exists
a > 0 such that N'(a) = xo.
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Theorem (Bahadur and Ranga Rao (1960))
Let X1, Xz, ... be i.i.d. from a non-lattice distribution with History

A(t) = logE (etxl) <oo,teR.

Then, for xg > E(X1) with P(X1 > xo) > 0, there exists
a > 0 such that N'(a) = xq. Furthermore,

1w 1 )
Pl=>"Xi>x | ~ ———=n"12e N (0)
(’7 ,z_; O) ay/2nN'(a)

that is,

* ].
lim n'/2e nA\* (%) Xi>x | = ——.
o0 Z 0 a /271'/\”(3)
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History

1. Results of Gartner (1977) and Ellis (1984) yield large
deviations of sums of independent possibly
non-identically distributed random variables on the
logarithmic scale.

2. Chaganty and Sethuraman (1993) studied strong large
deviations of sums of independent possibly
non-identically distributed random variables.

3. Little is known about the asymptotic conditional
distribution given that a large deviation event has
occurred.
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History

If Z, is the sum of several independent random variables,
» the event [Z, — E(Z,) > xVar(Z,)] is a “large
deviation” for fixed x > 0,

» while [Z, — E(Z,) > nn] is a “moderate deviation”
event if

v/ Var(Z,) < np < Var(Z,),n — 0.

Important distinction: Large deviation probabilities depend
on the distribution while moderate deviation probabilities
depend only on the variance.
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» Let (X, : n>0) be a stationary ergodic process with

E(etX°> <oo,teR.

» Denote u = E(Xp), and
Eie(n) = | - Z Xi>p+e|,

fore >0, j>0and n>1. Thatis, Ej.(n) is the event
that the mean of the sample Xj, ..., Xj ,_1 deviates
from the population mean by at least ¢.
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» For a fixed € > 0 and large n, if Eg(n) occurs, how
many of the subsequent E;.(n)’s are made likely by it?

Our work

» Regardless of whether Ey .(n) occurs or not, ergodicity
implies if P(Epc(n)) > 0, then

o0

Z 1Ej,5(n) = o0 a.s.

j=1

Occurrences of the “nearby” E;.(n)’s are to be
considered, therefore.

» The answer depends on the "memory” of (X, : n>0).
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A stationary Gaussian process (X, : n € Z) has

» “short memory” if

Our work

(0.9}
> [Cov(Xo, Xa)| < o0,
n=1

and

i COV(Xo,Xn) 7'é 0,

n=—o00
» and “long memory” if
Cov(Xp, Xp) ~cn %, n— o0,

for some a € (0,1) and 0 < ¢ < 0.
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» Let (Z,: n € Z) be a collection of i.i.d. zero mean
random variables with finite exponential moments.

> Let ag, a1,... € R be such that

o0

2
Zaj < 0.
Jj=0

Our work

> Set

00
Xn:u—kZajZn,j,nzO.
j=0

» Then, (X, : n>0) is a moving average (M.A.) process
with inputs (Z,) and coefficients (a;). In particular, it is
ergodic and the marginal has mean p.
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and

Zaj#oa
j=0

then (X,) is a “short memory” process.
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> If
oo
Z‘aj‘ < o0, Our work
Jj=0
and
o0
> 3 #0,
j=0
then (X,) is a “short memory” process.
» On the contrary, if
aj Nj_a 7.j — 00,

for some % < a < 1, then (X,) has a “long memory".
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(1Em<n) = 1,2,3,...)

is shown to have an asymptotic non-degenerate weak
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In this regime, the clustering is studied in 3 steps.
1. Given Eg.(n), for a fixed € > 0,

(151_,5@ = 1,2,3,...)

is shown to have an asymptotic non-degenerate weak

limit as n — 0.
Consequently, for fixed K € N,

The short memory
regime

K
P Zlﬁ,eme"Eo,e(n) = vke(),
j=1

for some probability measure vk . on R.



The short memory regime (contd.)

2. For fixed g, the “total cluster size” is finite, that is,

Clustering of rare
events

Arijit Chakrabarty

The short memory
regime



The short memory regime (contd.)

2. For fixed g, the “total cluster size” is finite, that is,

VKe = Ve, K —00.

Clustering of rare
events

Arijit Chakrabarty

The short memory
regime



The short memory regime (contd.)

2. For fixed €, the “total cluster size” is finite, that is,
VKe = Ve, K —00.

Letting n — oo and K — oo in this order makes precise
that v, is the law of the total number of events whose
occurrence has been caused by that of Eg.(n), for large
n.
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2. For fixed ¢, the “total cluster size” is finite, that is,
The short memory
regime

VKe = Ve, K —00.

Letting n — oo and K — oo in this order makes precise
that v, is the law of the total number of events whose
occurrence has been caused by that of Eg.(n), for large
n.

3. The behaviour of the total cluster size v, is studied,
after appropriate scaling, as ¢ | 0.
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The

short memory setup

Let (X, : n > 0) be an M.A. process with i.i.d. zero
mean inputs (Z, : n € Z) having all exponential
moments finite, and coefficients (a; : j > 0) satisfying

Z!aj]<oo, andA::Zaj;«éO.
=0 =0

Assume g = 0 without loss of generality.

Assume Z; is not supported on a lattice, that is,
(e

Without loss of generality, assume A > 0.

<1,tcR\{0},.=+—1.




> For all 8 € R, let Gy be the probability measure on R
obtained by “exponentially tilting” the distribution of

Zy by 0, that is,

Go(dx) = [E (e"ZO)} e P(Z € dx).

Clustering of rare
events

Arijit Chakrabarty

The short memory
regime



> For all 8 € R, let Gy be the probability measure on R
obtained by “exponentially tilting” the distribution of

Zy by 0, that is,
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> For all 8 € R, let Gy be the probability measure on R " h
obtained by “exponentially tilting” the distribution of
Zy by 0, that is,

The short memory

Go(dx) = [E (e"ZO)} T e P(Zy € d). il

» Denote

so=sup{zeR:P(Z <z)<1} e (0,00].

» Fix € such that

0<%<S().
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» There exists unique 7(¢) > 0 such that

o €
/ Gr(e)(dx) x = A

—0o0

> Let {Z/':j € Z,u=+ or —} be a collection of
independent random variables with distributions given
as follows:

27~ Guoa-14,_)r(e) » j>1,
Zj_ ~ Ure)» >0,
Zi] ~ GAflAj_lT(&‘) ? .j Z ]'7
ZJJ’_ ~ G07 >0,

where

J
AjzzaijO-
i=0



» Let T* follow exponential with parameter 7(c)/A
independently of the above family.
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» Let T* follow exponential with parameter 7(c)/A
independently of the above family.
The short memory

regime

» Define

oo
Us :Za,-Zn__i,nZ 0,
i=0

o0
Ur :Za,-Zn*_i,nZ 0.
i=0
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Theorem (C. and Samorodnitsky (2022+))
For fixed € such that 0 < A~le < s, as n — o0,

The short memory
) regime

P ((1(Ej=(n) :j €N) € [Eoe(n
= P((Va(e), Va(e),..) € ),

where

Vj(e) —1<T*>Z —U+> j>1.



The special case of i.i.d.

When Xo,Xl,X2, ..

form:

. are i.i.d., Vj(e) has the following simple

—Y,*)) J>1.

Clustering of rare
events

Arijit Chakrabarty

The short memory
regime



The special case of i.i.d.

When Xy, X1, Xo, ... are i.i.d., Vj(e) has the following simple

form:
i1
Vi(e) = 1 (T* >» (Y - Y,.+)> ji>1.
i=0
Here Yy, Y] ,... are i.i.d. copies of Xp, and Y0+, Y1+, ... are

i.i.d. from the tilted distribution of Xp so that the mean is ¢,
and the 2 families are independent of each other, and of T*.
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Intuition

» For i.i.d. zero mean X1, Xo,..

event [X1 + ...+ X, > ne],

(X, ...

S Xk) = (X], ...

., conditionally on the

yXg),n— 00,

(1)
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Intuition
» For i.i.d. zero mean X1, Xo, ..., conditionally on the
event [X1 + ...+ X, > ne],
(Xiyoo s X)) = (X{y oo, X)), n— 00, (1)

where X', ..., X[ are i.i.d. from a distribution obtained
by exponentially tilting that of X; by an amount such
that the mean is €.
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» For i.i.d. zero mean X1, Xo, ..., conditionally on the
event [X1 + ...+ X, > ne],

()(]_,...,)(k):>()<:|>_k,...,)(l:k)’n—)O()7 (]_) The short memory

regime

where X', ..., X[ are i.i.d. from a distribution obtained
by exponentially tilting that of X; by an amount such
that the mean is €.

» Furthermore, conditionally on the above event,
n
Z Xi—ne=T%,
i=1

together with (1), where T* follows exponential with
some parameter, independently of (X{,..., X}).
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The short memory

» For fixed €, the “limiting cluster size” as n — oo is The s
oo
D =Y Vj(e).
Jj=1

» The right hand side is finite a.s.
> Next question. How does D, behave as e | 0 7
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2D, = A%%/ dt 1 (To > (V2B + t)) ,
0

where
a% = Var(Zp),

To follows standard exponential
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Theorem (C. and Samorodnitsky (2022+))
Ase — 0,

The short memory
regime

2D, = A%%/ dt 1 (To > (V2B + t)) ,
0
where
a% = Var(Zp),

To follows standard exponential and (B : t > 0) is a
standard Brownian motion independent of Ty.



Understanding the invariance

Question. For ¢ fixed, the limiting distribution as n — oo
depend on the law of Z;. However, the subsequent limit as

€ — 0 does not. Why ?
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Understanding the invariance

Question. For ¢ fixed, the limiting distribution as n — oo
depend on the law of Z;. However, the subsequent limit as
€ — 0 does not. Why ?

Answer. For fixed ¢, [X1 + ...+ X, > ne] is a large
deviation event, and hence the limiting law as n — oo
depends on the distribution of Zj.
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Understanding the invariance

Question. For ¢ fixed, the limiting distribution as n — oo
depend on the law of Z;. However, the subsequent limit as
€ — 0 does not. Why ?

Answer. For fixed ¢, [X1 + ...+ X, > ne] is a large
deviation event, and hence the limiting law as n — oo
depends on the distribution of Zj.

As ¢ — 0, the above becomes a moderate deviation, and
hence limit depends on the distribution of Zy only through
its variance.

Clustering of rare
events

Arijit Chakrabarty

The short memory
regime



Gaussian short-memory processes

For a Gaussian process (X, : n € Z), the stated results hold

whenever
oo

> |Cov(Xo, Xn)| < 00,

n=0

and

D" Cov(Xo, Xn) # 0.

n=—0o0
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Gaussian short-memory processes

For a Gaussian process (X, : n € Z), the stated results hold

whenever
oo

> |Cov(Xo, Xn)| < 00,
n=0

and

D" Cov(Xo, Xn) # 0.

n=—0o0

The above is a weaker assumption than that in terms of
coefficients of the M.A. process, in the Gaussian case.
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where Vi(e), Va(e),. .. are 0-1 valued random variables
whose distribution depends on that of Zj.
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The RHS depends on the distribution of Zy only
through its variance.
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1. Conditionally on Ep(n), as n — oo,

(1(Erc(n)), 1(E2c(n)),...) = (Va(e), Va(e),...)

The short memory
regime

where Vi(e), Va(e),. .. are 0-1 valued random variables
whose distribution depends on that of Zj.
2. As e — 0,

52§: Vi(e) = A%0% /OO dt1 (To > (V2B: + t)) .

Jj=1 0

The RHS depends on the distribution of Zy only

through its variance.

3. For Gaussian processes, the results can be stated in
terms of the correlations.



Long memory

» Let (Z,: n € Z) be as before, ag, a1, ... € R be such
that
aj N.j_a >j — 00,
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Long memory

» Let (Z,: n € Z) be as before, ag, a1, ... € R be such
that
aj N.j_a 7j — 00,

for some 3 < o < 1, and (X,) be constructed from the
above as before.

» It turns out in this regime that for all fixed j € N,
im_ P (Ej(n)|Eoc(n)) =1.

That is, infinitely many E;.(n)’s occur due to the
occurrence of Eg.(n).
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» Let (Z,: n € Z) be as before, ag, a1, ... € R be such
that
aj~j %, j— o0,
for some % < a <1, and (X,) be constructed from the The long mermory
above as before. regime

» It turns out in this regime that for all fixed j € N,
im_ P (Ej(n)|Eoc(n)) =1.

That is, infinitely many E;.(n)’s occur due to the
occurrence of Eg.(n).

» Therefore, the cluster analysis done in the short memory
regime does not make sense any more.



Why the difference?

» In the long memory regime,

1 n
*ZX,‘>M+E
ni:l

is actually a moderate deviation event.
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Why the difference? e

Arijit Chakrabarty

» In the long memory regime,

1 n
[ZX{>M+E
ni:l

is actually a moderate deviation event.

» That is,

The long memory
regime

Var <ZX;) >n,n— 0.

i=1



Persistence time

» Define

Io(e) =inf{j > 1: Ej.(n) does not occur } .
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Io(e) =inf{j > 1: Ej.(n) does not occur } .

» For ¢ fixed, conditional on Eg .(n),

In(g) = o0 as.
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Persistence time

Arijit Chakrabarty

» Define

Io(e) =inf{j > 1: Ej.(n) does not occur } .

The long memory
regime

» For ¢ fixed, conditional on Eg .(n),

In(g) = o0 as.

» Question. At what rate ?
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Assumptions

1. The sequence (a,) is eventually non-increasing.
2. The family (Z, : n € Z) is i.i.d. from a distribution with
all exponential moments finite satisfying

o0
sup/ dt t?
|0]<60 / —c0

for some 09 > 0, where « = /—1.

/ P(Zy € dz) elt+9)7| < o,

—0o0
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Arijit Chakrabarty
1. The sequence (a,) is eventually non-increasing.

2. The family (Z, : n € Z) is i.i.d. from a distribution with
all exponential moments finite satisfying

o0
sup/ dt t?
|0]<60 / —c0

for some 09 > 0, where « = /—1.

3. The first Kk moments of Zy match with those of
N(0,0%), where

< o0 9 The long memory
regime

/ P(Zy € dz) elt+0)z

—0o0

142«
I
2—-2al’

and
0% = Var(Z).
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» 3
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Let Avitft: @elielsemsy
>
3 4 — 4o
3—2a’
>
3
H = 5 -, The long memory
regime

> Ty be a standard exponential random variable,

» and (Bu(t) : t > 0) be a fractional Brownian motion,
independent of Ty, with Hurst index H, that is, it is a
zero mean Gaussian process with continuous paths and

1
E(Br(s)Bn(t)) = 5 (52” + 827 s~ ) st >0,
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Furthermore,

> set
o7 B(l—a.2u—1
C= Aot @21,

» where B(-, ) is Euler's Beta-function,
> 02 = Var(Z) ,



Furthermore,
> set
2

C = (l_a)é_2a)B(1—a,2a—1),

» where B(-, ) is Euler's Beta-function,
02 = Var(Z) ,
> and

v

T = inf {t > 0: By(t) < (2C)Y2er?H — 5*1C1/22*1/2T0} ,e>0.
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Theorem (C. and Samorodnitsky (2022+))
For e > 0 fixed,

The long memory
regime

P (nPin(e) € |Eoc(n)) = P(r € ),
as n — oQ.

Unsurprisingly, the limiting law depends on Zp only through
its variance.



> Let

j+n—1
Sall) = Z Xi,n>1,j>0
i~
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j+n—1 Arijit Chakrabarty

Sa)= > Xi,n>1,j>0.
i=j
» Conditionally on Ep(n), as n — oo,

The long memory
) regime

(ﬁHa) (sn([nﬁt]) - 5,,(0)) >0
= ((26)1/2BH(t) e o) .
» Conditional on the same event,

n~(72%)(5,(0) — ne) = gro,

jointly with the above.



» Combining the two convergences,

(n—(2—2a) <5n([n5t]) - ne) > 0)

= ((2C)1/ZBH(t) — 372 4 gTo ot > 0) ,

conditionally on Eg .(n), as n — oc.
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» Combining the two convergences,

(n—(2—2a) <5n([n5t]) - ne) > 0)

The long memory
regime

= ((2C)1/ZBH(t) — 372 4 gTo ot > 0) ,

conditionally on Eg .(n), as n — oc.

» Continuous mapping theorem:

nPl(e) = 7.



Remarks

» Self-similarity of fractional Brownian motion implies

d _
T. =€

1/H

71 .
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» Self-similarity of fractional Brownian motion implies

1/H

d _
Te = € 71 .

Recall that in the short memory regime, the cluster size

~ &2 for small ¢.
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Remarks

» Self-similarity of fractional Brownian motion implies

Recall that in the short memory regime, the cluster size

~ 2 for small .
» If a1 1, then

1/H

d _
Te = € 71 .

1
6—>OandH—>§.
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» Self-similarity of fractional Brownian motion implies

1/H

d _
Te = € 71 .

The long memory
regime

Recall that in the short memory regime, the cluster size
~ 72 for small ¢.

» If a1 1, then
1
8 — 0 and H—>§.

Growth rate of /,(¢) becomes slower and the fBM
approaches a B.M.



Why additional assumptions?

» The behaviour in the moderate deviations regime is in
line with the central limit theorem, that is, like a normal

distribution.
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» The behaviour in the moderate deviations regime is in
line with the central limit theorem, that is, like a normal
distribution.

» For technical reasons, the approximation by normal was
needed to be stronger than that provided by the
standard Berry-Eseen theorem.
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Why additional assumptions?

» The behaviour in the moderate deviations regime is in
line with the central limit theorem, that is, like a normal
distribution.

» For technical reasons, the approximation by normal was

needed to be stronger than that provided by the
standard Berry-Eseen theorem.

» Matching of the first few moments with those of normal
enables an argument as in the Edgeworth expansions.
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» The deviations are moderate, and hence the behaviour
depends only on the variance.
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Conclusions in the long memory regime

» The deviations are moderate, and hence the behaviour
depends only on the variance.
» The total cluster size is infinite.

» Fluctuations of the persistence time are governed by a
fBM.
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Conclusions in the long memory regime

» The deviations are moderate, and hence the behaviour
depends only on the variance.

» The total cluster size is infinite.

» Fluctuations of the persistence time are governed by a
fBM.

» Additional assumptions are required for technical
reasons.

Clustering of rare
events

Arijit Chakrabarty

The long memory
regime
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» Consider the simplest case: X1, X5, ... are i.i.d. zero
mean with all exponential moments finite.

» Fix a, > /n. We want to study

P (S, > an),

A main ingredient

where S, = X1+ ...+ X,.
» Let 8, be such that

(B ()] E (xae?) =20
n

Such a 6, exists if P(S, > a,) > 0.
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> Let F, be the measure on R defined by

Fa(dx) = [B(e"*)] T eI P(X € d).

A main ingredient

» Forn>1, let X}, X}, ... bei.id. from F,.

> Set .
Sp=> Xy —a
i=1



Write

P(S, > ap)

= / P(Xledxl).../ P(Xn € dxp)1 (Zx,>a,,)



Write

P(S, > ap)

= / P(Xledxl).../ P(Xn € dxp)1 (Zx,>a,,)
= / P(X; € dxl)eg"x1 .. / P(X, € dx,,)eo"x"l <Z X; > a,,)

—o© i=1

exp (—9,, i x,->
i=1



Write

P(S, > ap)

= / P(Xy € dxi) .. / P(Xn € dxp)1 (Z X; > a,,)
= / P(X; € dxl)eg"x1 .. / P(X, € dx,,)eo"x"l <Z X; > a,,)
—0o0 —00 i=1

exp (—9,, ix,-)
_ E(eonsn) /OO Fn(dxl).../oo (dx,)1 (Zx,>an>



E (e‘g”s”) E |exp | —6, Z

Z

i > dan
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n
E (eons,,) Elexp [ 6.3 X5 ) 1{ D X5 > an
i=1 i=1

e nanp (eensn) E [e‘e"sil(s,’; > 0)} .
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= E (e9”5”> E |exp | —0, Z Z ;> ap

— e~thanp (eensn) E [e—ensn (S > 0)} ‘

A main ingredient

» By definition, S} is the sum of i.i.d. zero mean random
variables.
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e ) (]

— e~thanp (eensn) E [e—ensn (S > 0)} ‘

A main ingredient

» By definition, S} is the sum of i.i.d. zero mean random
variables.

» Use Berry-Eseen type bounds to estimate the error
incurred in replacing S; by a zero mean normal random
variable with the same variance in

E [efﬂsﬁ 1(S; > 0)
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FUt U re Work events

Arijit Chakrabarty

» For fixed N > 1, in the long memory regime,

conditionally on Eg .(n), as n — oc.

Future work

» Question. Is it possible to scale

N

> 1(Ei(n) - N

j=1

in a way such that there is a limiting distribution which
is not degenerate at 0 7
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Arijit Chakrabarty
» Question. What happens in the “negative memory”
regime, that is, when

—a
aj~jJ -,
for some o > 1 and
[oe)
E aj = O ? Future work
j=0

» In this regime,

Jim P (E1c(n)|Eoc(n)) =0.

» The precise question to ask is not clear a priori.
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Future work (contd.) Evers

Arijit Chakrabarty

» In the negative memory regime, Ey.(n) is a “huge
deviation” event because the deviation therein is much
larger than the variance.

Future work

» Huge deviations is a largely uncharted territory.
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