
Natural Swarms in 3.99 Dimensions

Andrea Cavagna 
Institute for Complex Systems  - National Research Council 

Rome



scaling

renormalization group

universality 

correlation



scaling

renormalization group

universality 

correlation



oh, btw — yes, we do experiments!



spatial correlations
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C(r) = h�~v(x0, t0) · �~v(x0 + r, t0)i

equal-time velocity correlation function
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temporal correlations



C(r, t) = h�~v(x0, t0) · �~v(x0 + r, t0 + t)i

space-time correlation function
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critical slowing down
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50mm < ⇠ < 250mm
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80ms < ⌧ < 610ms ⌧ ⇠ ⇠z

z = 1.37 ± 0.11

dynamical critical exponent z

each one of these points is a real swarm



key experimental facts about natural swarms:

• scale-free correlations,  

•  critical slowing down,    

•  dynamical critical exponent,  

ξ ∼ L

τ ∼ ξz

z = 1.37 ± 0.11



theory



ingredient #1 

imitation aka ferromagnetism



simple ferromagnets
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u⇤

Wilson, Fisher (1972)

Halperin, Hohenberg, Ma (1972)

RG flow (on the critical manifold, because )ξ ∼ L

RG fixed pointbare value

dσi

dt
= J∑

j

nij σj + ζi

|σi | = 1

∂ψ(x, t)
∂t

= − Γ
δℋ
δψ

+ θ(x, t)

ℋ = ∫ ddx {(∇ψ)2 + rψ2 + uψ4}

z ≈ 2

noise

Model A

Landau-Ginzburg Hamiltonian:

coarse-graining



RG - ferromagnetism

RG - ferromagnetism and activity

RG - ferromagnetism, activity  
and inertia
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z = 1.73
Chen, Toner, Lee (2015)

Halperin, Hohenberg, Ma (1972)
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We have to compute a few Feynman diagrams
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z = 1.35
this work

something is missing 

z ≈ 2

experiments
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zexp = 1.37± 0.11



what a low critical exponent is telling us?

z = 1.37

the smaller is , the more effective is the transport of fluctuations across the systemz

an exponent   implies that fluctuations propagate much more effectively than mere diffusionz ≪ 2

vs z ≈ 2

ω ∼ kzτ ∼ ξzspace ∼ time1/z



ingredient #2 

activity



active ferromagnets: the Vicsek model
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dt
= J∑

j

nij(t) σj + ζi

dri

dt
= v0 σi

 is the velocityv0 σi = vi



Model A meets Navier-Stokes: Toner-Tu field theory

material derivative

incompressible case:
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dt
= J∑

j

nij(t) σj + ζi

dri

dt
= v0 σi

Dtv(x, t) = − Γ
δℋ
δv

− ∇P + θ(x, t)

∂ρ(x, t)
∂t

+ ∇(ρ v(x, t)) = 0

Dt v(x, t) = ∂tv + λ(v ⋅ ∇) vℋ = ∫ ddx {(∇v)2 + rv2 + uv4}

ρ(x, t) = ρ0

∇ ⋅ v = 0

Vicsek Toner-Tu

Dtv(x, t) = − Γ
δℋ
δv

− ∇P + θ(x, t)
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see also Forster, Nelson, Stephens (1977)

coarse-graining

Chen, Toner, Lee (2015)
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activity brings the RG flow to a new fixed point

off-equilibrium fixed point

equilibrium fixed point

activity

ferromagnetism
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z = 1.73

Chen, Toner, Lee (2015)

this RG exponent is also confirmed by simulations of the compressible case



RG - ferromagnetism

RG - ferromagnetism and activity

RG - ferromagnetism, activity  
and inertia
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z = 1.73
Chen, Toner, Lee (2015)

Halperin, Hohenberg, Ma (1972)
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We have to compute a few Feynman diagrams
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z = 1.35
this work

z ≈ 2

something is still missing 

experiments
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zexp = 1.37± 0.11



let’s go back to the experimental evidence

and remember: 

a smaller exponent  suggests that 

a more efficient propagation mechanism is at play

z
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fact: temporal relaxation in natural swarms is underdamped
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why this should help?
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∂
∂t

∼ ∇2 ⟶ iω ∼ k2 ⟶ znaive ∼ 2

∂2

∂t2
∼ ∇2 ⟶ ω2 ∼ k2 ⟶ znaive ∼ 1

ω ∼ iDk2 + ckω ∼ iDk2

because alignment requires a Laplacian, a real part of  indicates there are two derivatives in time:ω

underdamping requires a real part of the frequency

overdamped relaxation underdamped relaxation

looks promising!



we must go back to underdamped dynamics



η ·q = −
∂H
∂q

+ θ
·p = −

∂H
∂q

− ηp + θ

·q = p

reversible irreversible - relax

overdamped limit

{sα, ψβ} = ϵαβγ ψγ

{pα, qβ} = δαβ

·ψ = ψ × s

·s = − ψ ×
∂H
∂ψ

− ηs + θ ·ψ = −
∂H
∂ψ

+ θ

conjugate variables and their Poisson relations

we need to restore the generator of the rotations of the polarization field   

this is the internal angular momentum, aka spin :

ψ
s

 is the generator 
of the translations of 
p

q
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·p = −
∂H
∂q

·s = − ψ ×
∂H
∂ψ

back to  
underdamped

{pα, pβ} = 0

{sα, sβ} = ϵαβγ sγ

Attanasi et al 2014, Cavagna et al 2015



…

…



∂ψ(x, t)
∂t

= − Γ
δℋ
δψ

+ θ(x, t)
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∂t

= + g ψ ×
δℋ
δs

− Γ
δℋ
δψ

+ θψ(x, t)

∂s(x, t)
∂t

= − g ψ ×
δℋ
δψ

− Λ
δℋ
δs

+ θs(x, t)

Model A
Model G

Halperin-Hohenberg's Model G

reversible terms
relaxational irreversible terms

relaxational irreversible terms

the rotational symmetry of the dynamics implies that the spin  is a conserved quantitys(x, t)

overdamped limit

spin conservation law               and   ω = iDk2 ± ck z = 1.5 fix this!



ingredient #3 

underdamping - inertia - spin conservation

(but this is not your regular inertia!)
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promoting Model G to an active field theory
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∂t

= + g v ×
δℋ
δs

− Γ
δℋ
δv

+ θv(x, t)

∂s(x, t)
∂t

= − g v ×
δℋ
δv

− Λ
δℋ
δs

+ θs(x, t)

Dtv(x, t) = + g v ×
δℋ
δs

− Γ
δℋ
δv

− ∇P + θv(x, t)

Dts(x, t) = − g v ×
δℋ
δv

− Λ
δℋ
δs

+ θs(x, t)

Equilibrium Model G:

Self-Propelled Model G (or Active Model G) - our theory:

ℋ = ∫ ddx [(∇v)2 + rv2 + uv4] +
1
2

s2plus incompressibility:  ∇ ⋅ v = 0

to be studied in the swarm phase

∂tv → Dtv = ∂tv + γv (v ⋅ ∇) v

∂ts → Dts = ∂ts + γs (v ⋅ ∇) s
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go active:



4 dynamical fields and 5 non-linear couplings

active transport of the velocity and of the spin:

inertial spin-velocity couplings:

ferromagnetic interaction:

all coupling constants have RG scaling dimension equal to , hence:ε = 4 − d

       expansion for         d = 4 − ε
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v(x, t)
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s(x, t)
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v̂(x, t)
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ŝ(x, t)

Martin-Siggia-Rose/Janssen-De Dominicis-Peliti
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We have to compute a few Feynman diagramsa handful of 1-loop diagrams



a novel fixed point emerges

both activity and inertia play a role at 
the new fixed point, and z = 1.35

Model A 
equilibrium overdamped active overdamped

active underdamped

d = 3

Chen, Toner, Lee (2015)

Model G 
equilibrium underdamped



RG - ferromagnetism

RG - ferromagnetism and activity

RG - ferromagnetism, activity  
and inertia
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z = 1.73

experiments

Chen, Toner, Lee (2015)

Halperin, Hohenberg, Ma (1972)
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We have to compute a few Feynman diagrams

<latexit sha1_base64="Wy/S6czJpj4nVFfYkMo1YCTOLfM=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4GmY0Lhch6MVjBLNAMoSeTk/Spqd76O4R4pB/8OJBEa/+jzf/xs5y0MQHBY/3qqiqFyacaeN5305uaXlldS2/XtjY3NreKe7u1bVMFaE1IrlUzRBrypmgNcMMp81EURyHnDbCwc3YbzxSpZkU92aY0CDGPcEiRrCxUv3pyndPzzrFkud6E6BF4s9ICWaodopf7a4kaUyFIRxr3fK9xAQZVoYRTkeFdqppgskA92jLUoFjqoNscu0IHVmliyKpbAmDJurviQzHWg/j0HbG2PT1vDcW//NaqYkug4yJJDVUkOmiKOXISDR+HXWZosTwoSWYKGZvRaSPFSbGBlSwIfjzLy+S+onrn7vlu3Kpcj2LIw8HcAjH4MMFVOAWqlADAg/wDK/w5kjnxXl3PqatOWc2sw9/4Hz+ADNsjj0=</latexit>

z = 1.35
this work

<latexit sha1_base64="3AbbJ7tf220klop6+cTWtiS1qPo=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4CokW60YounFZwT6gCWEynbRDZ5IwMxFr6MaNv+LGhSJu/Qd3/o2TNgttPXDhcM693HtPkDAqlW1/GwuLS8srq6W18vrG5ta2ubPbknEqMGnimMWiEyBJGI1IU1HFSCcRBPGAkXYwvMr99h0RksbRrRolxOOoH9GQYqS05JsHD77LkRoInpH7ZHzhWKc16CYc2pbj+GbFtuwJ4DxxClIBBRq++eX2YpxyEinMkJRdx06UlyGhKGZkXHZTSRKEh6hPuppGiBPpZZMvxvBIKz0YxkJXpOBE/T2RIS7liAe6M79Yznq5+J/XTVV47mU0SlJFIjxdFKYMqhjmkcAeFQQrNtIEYUH1rRAPkEBY6eDKOgRn9uV50jqxnDOrelOt1C+LOEpgHxyCY+CAGqiDa9AATYDBI3gGr+DNeDJejHfjY9q6YBQze+APjM8fK9uXDg==</latexit>

zexp = 1.37± 0.11

z ≈ 2

a fair agreement



numerical simulations



numerical simulations - Inertial Spin Model

scale-free regime

<latexit sha1_base64="QuM93M0kHqwre9BHgirXFBIIMKc=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJKUqgPBakChbGItGH1ESR4zqtVTuJbAepRF1Y+BUWBhBi5R/Y+BucNgO0HMny0Tn36t57goRRqWz72ygtLC4tr5RXK2vrG5tb5vZOS8apwKSJYxaLToAkYTQiTUUVI51EEMQDRtrB8Dr32/dESBpHd2qUEI+jfkRDipHSkm/uP/guR2ogeCYpH1861skpdBMObcuu+WZVfxPAeeIUpAoKNHzzy+3FOOUkUpghKbuOnSgvQ0JRzMi44qaSJAgPUZ90NY0QJ9LLJleM4aFWejCMhX6RghP1d0eGuJQjHujKfGM56+Xif143VeGFl9EoSRWJ8HRQmDKoYphHAntUEKzYSBOEBdW7QjxAAmGlg6voEJzZk+dJ69hyzqzaba1avyriKIM9cACOgAPOQR3cgAZoAgwewTN4BW/Gk/FivBsf09KSUfTsgj8wPn8AJYmXCg==</latexit>

zsim = 1.35± 0.04

<latexit sha1_base64="Y5kegc0jI0I0hjVH6fI77P36QSI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Ic0oWy2m3Tp7ibsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo5NMEdomCU9UL8SaciZp2zDDaS9VFIuQ0244vp353SeqNEvkg5mkNBA4lixiBBsrPfpNFscK+fmgWnPr7hxolXgFqUGB1qD65Q8TkgkqDeFY677npibIsTKMcDqt+JmmKSZjHNO+pRILqoN8fvAUnVlliKJE2ZIGzdXfEzkWWk9EaDsFNiO97M3E/7x+ZqKbIGcyzQyVZLEoyjgyCZp9j4ZMUWL4xBJMFLO3IjLCChNjM6rYELzll1dJ56LuXdUv7y9rjWYRRxlO4BTOwYNraMAdtKANBAQ8wyu8Ocp5cd6dj0VrySlmjuEPnM8fUaaQGw==</latexit>( Sriram, notice this… and yet spin cannot be eliminated!

Cavagna et al 2015
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We have to compute a few Feynman diagrams

 no free parameters

final comparison

<latexit sha1_base64="3AbbJ7tf220klop6+cTWtiS1qPo=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4CokW60YounFZwT6gCWEynbRDZ5IwMxFr6MaNv+LGhSJu/Qd3/o2TNgttPXDhcM693HtPkDAqlW1/GwuLS8srq6W18vrG5ta2ubPbknEqMGnimMWiEyBJGI1IU1HFSCcRBPGAkXYwvMr99h0RksbRrRolxOOoH9GQYqS05JsHD77LkRoInpH7ZHzhWKc16CYc2pbj+GbFtuwJ4DxxClIBBRq++eX2YpxyEinMkJRdx06UlyGhKGZkXHZTSRKEh6hPuppGiBPpZZMvxvBIKz0YxkJXpOBE/T2RIS7liAe6M79Yznq5+J/XTVV47mU0SlJFIjxdFKYMqhjmkcAeFQQrNtIEYUH1rRAPkEBY6eDKOgRn9uV50jqxnDOrelOt1C+LOEpgHxyCY+CAGqiDa9AATYDBI3gGr+DNeDJejHfjY9q6YBQze+APjM8fK9uXDg==</latexit>

zexp = 1.37± 0.11

<latexit sha1_base64="QuM93M0kHqwre9BHgirXFBIIMKc=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJKUqgPBakChbGItGH1ESR4zqtVTuJbAepRF1Y+BUWBhBi5R/Y+BucNgO0HMny0Tn36t57goRRqWz72ygtLC4tr5RXK2vrG5tb5vZOS8apwKSJYxaLToAkYTQiTUUVI51EEMQDRtrB8Dr32/dESBpHd2qUEI+jfkRDipHSkm/uP/guR2ogeCYpH1861skpdBMObcuu+WZVfxPAeeIUpAoKNHzzy+3FOOUkUpghKbuOnSgvQ0JRzMi44qaSJAgPUZ90NY0QJ9LLJleM4aFWejCMhX6RghP1d0eGuJQjHujKfGM56+Xif143VeGFl9EoSRWJ8HRQmDKoYphHAntUEKzYSBOEBdW7QjxAAmGlg6voEJzZk+dJ69hyzqzaba1avyriKIM9cACOgAPOQR3cgAZoAgwewTN4BW/Gk/FivBsf09KSUfTsgj8wPn8AJYmXCg==</latexit>

zsim = 1.35± 0.04

<latexit sha1_base64="DFClYfuCah2b2+R/3hNa504I8Uo=">AAAB+3icbVC7TsMwFHXKq5RXKCNLRIXEFCVQHgtSBQOMBdGH1EaR4zqtVduJbAdRovwKCwMIsfIjbPwNTpsBCkeydHTOvbrHJ4gpkcpxvozSwuLS8kp5tbK2vrG5ZW5X2zJKBMItFNFIdAMoMSUctxRRFHdjgSELKO4E48vc79xjIUnE79Qkxh6DQ05CgqDSkm9WH/0+g2okWHp7lZ279tGxb9Yc25nC+kvcgtRAgaZvfvYHEUoY5gpRKGXPdWLlpVAogijOKv1E4hiiMRzinqYcMiy9dJo9s/a1MrDCSOjHlTVVf26kkEk5YYGezHPKeS8X//N6iQrPvJTwOFGYo9mhMKGWiqy8CGtABEaKTjSBSBCd1UIjKCBSuq6KLsGd//Jf0j603RO7flOvNS6KOspgF+yBA+CCU9AA16AJWgCBB/AEXsCrkRnPxpvxPhstGcXODvgF4+Mb8taTuw==</latexit>

zRG = 1.35



summary: experiments - simulations - RG theory



too good to be true?

δz1−loop = 0.15

zRG,2−loop = ?

zRG,1−loop = 1.35 zsim = 1.35 ± 0.04

zModel G
RG = 1.5

δz Ising
2−loop = 0.02

δz2−loop = ?

it’s not to good to be true — we are in line with standard calculations

will the 2-loop corrections be just zero ?!?



·s = − Λs + …

Λ = λk2

Λ = λk2 + η

conservative:

non - conservative:

spin dynamics:

 is an RG-relevant variable η

but how large is the physical value of   ?η

RG crossover
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Natural Swarms

Vicsek Swarms

Vicsek swarms - simulationsnatural swarms - experiments

temporal relaxation in natural swarms is clearly underdamped



RG crossover



RG crossover
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