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Plan of the talk

© Motivation and objectives
@ Flat connections

© Coupled harmonic equations
@ Higgs bundles
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Motivation: dependence of moduli on complex structure

Fix a compact oriented surface ¥ and a complex semisimple Lie group G.

Then the non-abelian Hodge correspondence on surfaces (Donaldson
1987, Hitchin 1987) gives, in particular, homeomorphisms

MFlat(G) ~ MHarm(G) ~ MHlt(G) ~ MHiggs(G)
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G complex semisimple connected Lie group with Lie algebra g
KcG maximal compact Lie subgroup with Lie algebra ¢

T7: g — g Lie-algebra antiholomorphic involution

(—,—) = —k with k=Killing form g x g — C, so (—, —)|¢ > 0

> compact oriented surface
Ec  C® principal G-bundle
Ex  C® principal K-bundle associated to a reduction h € (X, Eg/K)

J = { complex structures J on X compatible with its orientation}
D = {connections on Eg}
A = {connections on Ex}

Then Ax QYT Ex(8) = D, (AY)— D=A+i

vied, QYT Ex(t) — QY°(Ec(a))
Y g =yt



Flat connections
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Moduli space of reductive flat connections

@ D has a constant complex structure J (induced by the complex
structure of g) and a constant holomorphic symplectic form Q;:

JD)=iD, Q,(Dy,Dy) :/Z<D1 A D)

for D € D, Dje TpD = QY(X, E¢(g)).
Our first goal: construct a relative version over 7.
e The space J has a complex structure J; given for JeT,J by

JsJ=JJ.

Thus the projection map 7: X :=J x D — J is a (flat)
holomorphic symplectic fibration (i.e., it is a holomorphic map whose
fibres are holomorphic symplectic), for the product complex structure
Jon X =(J,J7) x (D,J) and the pullback Q; := 7*Q,.
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Identity component of the group of diffeomorphisms:

Diffg(X) :={#: L — X }

Identity-component extended gauge group:

G-equivariant automorphisms g of Eg covering elements
& of Diffp(X), i.e. the following diagram commutes:
G Eg % Ec
Wl lﬂ
I

Complex gauge group: G — { G-equivariant automorphisms of Eg }

covering the identity on ¥

Group extension: 1—5G—G— Diffg(X) —» 1
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Moment map for G-action

The space X = J x D has a canonical action of the group G, preserving
J and Qg := 7*Qy, and covering the Diffp(X)-action on 7.

Proposition (AC, Garcia-Fernandez, Garcia-Prada, Trautwein 2025)

The QN—action on (X, €2y) is Hamiltonian, with g—equivariant moment map
pg: X — (LieG)" whose zeros are the pairs (J, D) € X such that Fp = 0.
More precisely, /15 is given for all (J, D) € X and ¢ € LieG by

(u5(d, D), ) = /z (Fo, 60(C)),

where 0p(¢) € T(X, Eg(g)) is the vertical part of the G-equivariant vector
field ¢ on the total space of Eg with respect to the connection D.

Proof. Apply methods of Garcia-Fernandez' thesis. 0J
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Universal moduli space of flat G-connections

As in the absolute case, we restrict to the complex subspace D™ C D of
reductive connections, so we consider the fibration

T erd = j % Dred — j

and define the universal moduli space of flat G-connections on E; as
the quotient

UP(G) == {(J,D) € X with Fp = 0}/G = gl L.(0)/G.

By construction, U*'**(G) fibres over the Teichmiiller space:
U™ (G) — T := J/ Diffg(X).

This fibration is naturally holomorphic, and €23 induces a structure of
holomorphic symplectic fibration (with flat Ehresmann connection).



Universal moduli space for
the coupled harmonic equations
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Kahler fibrations

A Kahler fibration is a holomorphic fibre bundle 7: X — B whose typical
fibre (X,wx) is a Kahler manifold, such that the local transition functions
take values in the group of Kahler isometries.

Then wx induces a smoothly varying Kahler structure on the fibres:

& € T(B,A>V*X), where VX = ker(dw) C TX is the vertical bundle.

Coupling form: Suppose 3 a closed real (1,1)-form o on X that restricts
to @ on the fibres. Then it determines a connection on the fibration, with
horizontal distribution

H? :={ve TX | (i,o)|vx =0}

that is Kahler, i.e., parallel transport 7, : X (0) — X,(1) is Kahler isometry.

Weak coupling: A fundamental question is whether there exists a Kahler
metric wy on X which restricts to & on the fibres. Given a coupling form
o on (X,0) — B and a Kéhler form wp on B, a natural candidate is

Wy = T wi + ac

for a small coupling constant 0 < o < 1.



The Kahler fibration for harmonic G-connections

The projection 7: X := J x D — J is a Kahler fibration , for the
product complex structure J on X = (7,J7) x (D, J) (already defined)
and the family of fibrewise Kahler structures &; = g(J(—), —),
parametrized by J € J, with
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The Kahler fibration for harmonic G-connections

The projection 7: X := J x D — J is a Kahler fibration , for the
product complex structure J on X = (7,J7) x (D, J) (already defined)
and the family of fibrewise Kahler structures &; = g(J(—), —),
parametrized by J € J, with

c?:_,(al + i?/.Jl, ar + i¢2) :/z<31 A J'(ﬂ2> —/z<'¢.1 A\ J32>

for a; + ith; € Tiai)(AXIQY(T, Ex(t)))= TpD.

To perform symplectic reduction on X, we first search for a coupling form

ad € QM (%, R).




The coupling form for G-connections

Proposition (AC-GF-GP-T 2025; after Hitchin 1987)

@ There is a ‘coupling’ closed (1,1)-form o on X whose restriction to
the fibres X, = D is ;. It is given in terms of the potential

VX SR, (LD=Atip) e |45, = /zwmm
by the formula
0'“]] = iajgjl/,

where J is the product complex structure on X = (7,J7) x (D, J).

@ The coupling form o determines a Kahler connection on this
fibration with horizontal distribution

H = {(J,9(J-), (W)(J-) | (L A+iy) € X,J € T,T}
and non-zero curvature Fy := —T[(—)", (—)'] € Q?(X, VX) given by
FJ(V17 V2) = (va([-jl7-j2])>0)7 vVi = (-ji, D/) S T(J7A+iw)x.




Weak coupling

Fix a symplectic form w on ¥ (compatible with its orientation).
o We have constructed a ‘coupling’ closed (1,1)-form o on X that
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@ The space (J,J7) has a Kahler form w given for Jie T;J by
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In the weak-coupling approach, one gets a closed 2-form on X as follows:
@ Fix a parameter € € {—1,1} and a real coupling constant a > 0.
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J J
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Weak coupling

Fix a symplectic form w on ¥ (compatible with its orientation).
o We have constructed a ‘coupling’ closed (1,1)-form a4 on X.
@ The space (J,J7) has a Kahler form w.
In the weak-coupling approach, one gets a closed 2-form on X as follows:
e Fix a parameter ¢ € {—1,1} and a real coupling constant a > 0.
@ The corresponding ‘minimally coupled’ closed (1, 1)-form on (X,J) is

wgg = em*ws + ao?

Signature and non-degeneracy properties of wfy,g:

@ For e = —1, the symmetric tensor gg = o-i _1(=,J—) is negative
definite in the horizontal direction HY (and positive definite in the

vertical direction by construction), so wi’_l is a (non-degenerate)

symplectic form on X.

=]

@ For e = 41 and ¢ # 0, the symmetric tensor gi,ﬂ =0, 1(—J-)

changes signature along the lines {(J,A+i\Y)) | A € R} C X,

becoming null at HgJ7A+i/\0w) for a specific value \g € R.
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The Hamiltonian extended gauge group
Group of hamiltonian symplectomorphisms:

H := {Hamiltonian symplectomorphisms (¥,w) — (X,w)}

Hamiltonian extended gauge group:
K-equivariant automorphisms g of Ex covering elements

g of H, i.e. the following diagram commutes:

EK%EK

|

(L,w) — (X,w)

[12 | o

. .| K-equivariant automorphisms of Ex
Gauge group: K := { covering the identity on X
Group extension: 15K—K—H->1



Harmonicity and coupling to the scalar curvature

The space X = J x D has a canonical action of the group K preserving
Jand W) _.

Proposition (AC, Garcia-Fernandez, Garcia-Prada, Trautwein 2025)

The K-action on (X, w] ) is Hamiltonian, with K-equivariant moment
map ,u“ll%: X — (Lie K)* whose zero locus consists of the triples
(J,D = A+ i) € X that solve the coupled equations

Sg — o x d(NuFa, x) = ToX(T),

where S; is the scalar curvature of metric g = w(—,J—) and V = [;w.

Proof. Apply methods of Garcia-Fernandez’ thesis, including
Donaldson—Fujiki's interpretation of S, as a moment map for the
‘H-action on J. O



The coupled harmonic equations

Fixe e {—1,1} and a > 0.
Imposing the flatness condition Fp = 0 (coming from the vanishing of the

moment map pz: X — (LieG)" and the vanishing of the moment map
;[I]%: X — (Lie IE)* we get the following.
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moment map fig: X — (LieG)* and the vanishing of the moment map
u",]%: X — (Lie K)*, we get the following.

Definition (AC-GF-GP-T 2025)
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1
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where S, is the scalar curvature of the metric g = w(—, J—).




The coupled harmonic equations

Imposing the flatness condition Fp = 0 (coming from the vanishing of the

moment map pz: X — (LieG)" and the vanishing of the moment map
MI]%: X — (Lie IF€)>k we get the following.

Definition (AC-GF-GP-T 2025)
The coupled harmonic equations (CHE) for a triple (J, A+iy) € X are

Fa— 3bh,u1=0
dath = 0
da =0

Se — eax d(x[, ], x) = 2V7T><(z)

where S, is the scalar curvature of the metric g = w(—, J—).

The corresponding universal moduli space is the pre-symplectic quotient

Uy =™ (G):={solutions (J, A+i)) to the coupled harmonic equations} /K.



The coupled harmonic equations

Definition (AC-GF-GP-T 2025)
The coupled harmonic equations (CHE) for a triple (J, A+iy) € X are

1
FA - i[wvw] = 07
dA1/1 = 07 djﬂ/} = Oa
2
Se — eax ([, U], w) = Tx(®),

where S, is the scalar curvature of the metric g = w(—, J—).

The corresponding universal moduli space is the pre-symplectic quotient
Uy (G) :={solutions (J, A+it)) to the coupled harmonic equations} /K.

Ignoring singularities, it is presymplectic (symplectic for ¢ = —1).
It fibres over the Teichmiiller space 7 via the obvious map

UGN G) — U™(G) — T.



The complex structure of the universal CHE moduli space

Since the symmetric tensor gdjﬁ = Gﬂvg(—,q]]—) is not positive definite, it

is not clear a priori whether J induces a complex structure on U™ (G).
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Since the symmetric tensor gis = agg(—,q]]—) is not positive definite, it
is not clear a priori whether J induces a complex structure on Uyx™(G).
Nevertheless we can prove the following.

Theorem (AC-GF-GP-T 2025)

Fix volume V >0, ¢ € {—1,1} and (J, D = A+iy)) € X, with D flat and
irreducible. Suppose genus g(X) > 2.

Then Jayg such that V 0 < a < ag, the G-orbit of (J, D = A+it)) in X
contains a K-orbit O of solutions to the coupled harmonic equations, and
O € U;%™(G) has an open neighbourhood U, such that the complex
structure J and the symmetric tensor gig induce a complex structure and
symmetric tensor on U, C U™ (G) that satisfy gJ . = o, .(—,J—) too.
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The complex structure of the universal CHE moduli space

Theorem (AC-GF-GP-T 2025)

Fix volume V >0, ¢ € {—1,1} and (J, D = A+iy)) € X, with D flat and
irreducible. Suppose genus g(X) > 2.

Then Jag such that V 0 < a < ag, the G-orbit of (J, D = A+i)) in X
contains a K-orbit O of solutions to the coupled harmonic equations, and
O € U™ (G) has an open neighbourhood U, such that the complex
structure J and the symmetric tensor gg,s induce a complex structure and

symmetric tensor on U, C UL=™(G) that satisfy gJ . = o, .(—,J—) too.

Furthermore,
e the composite U, — U 2™ (G) — U™ (G) — T is holomorphic,

e fore = —1, ggs is non-degenerate, and defines a pseudo-Kahler
structure on the moduli space,

e fore =1, ggg is possibly degenerate.




The complex structure of the universal CHE moduli space

Theorem (AC-GF-GP-T 2025)
Fix volume V >0, ¢ € {—1,1} and (J, D = A+iy)) € X, with D flat and
irreducible. Suppose genus g(X) > 2.

Then Jayg such that V 0 < a < ag, the G-orbit of (J, D = A+it)) in X
contains a K-orbit O of solutions to the coupled harmonic equations, and
O € U™ (G) has an open neighbourhood U, such that the complex
structure J and the symmetric tensor gg’g induce a complex structure and
symmetric tensor on U, C U™ (G) that satisfy gJ . = o, .(—,J—) too.

Furthermore,
o the composite Uy — Uy2™(G) — U™ (G) — T is holomorphic,

o fore =—1, ggg is non-degenerate, and defines a pseudo-Kahler
structure on the moduli space,

o fore =1, ggs is possibly degenerate.

In either case, wi,e’bl* admits a Kahler potential, i.e., w£78|u* = iajéjd),
where ® = vz + a[1h||2,, with v induced by the Kahler potential on 7.




The complex structure of the universal CHE moduli space

Theorem (AC-GF-GP-T 2025)
Fix volume V >0, ¢ € {—1,1} and (J, D = A+iy) € X, with D flat and
irreducible. Suppose genus g(X) > 2.

Then Jag such that V 0 < a < ap, the g—orbit of (J,D = A+iy) in X
contains a K-orbit O of solutions to the coupled harmonic equations, and
O € U™ (G) has an open neighbourhood U, such that the complex
structure J and the symmetric tensor ggi’E induce a complex structure and
symmetric tensor on U, C U™ (G) that satisfy g3 . = o7, .(—,]—) too.

Proof: involves appropriate choice of gauge fixing and application of
results about generalized ellipticity of multi-degree differential
operators (Douglis & Nirenberg) following Lockhart & McOwen

(1985). O



Universal Higgs-bundle
moduli space



The tautological complex structure for Higgs bundles

The fibration ) := J x A — J has canonical complex structure given by
Hy(.j, a) = (JJ, Ja), V(J, a) S T(J’A)y,

where Ja := —ao J. Identifying X = 7 x D =2 J x T*A with the relative
cotangent bundle T}y of this fibration, the complex structure I induces
another one I on X, given on T(; 4.4)X by

1(J,a,9)) = (JJ, Ja, Jip + 1 o J).
This complex structure leaves invariant the tangent bundle to the space
2 = (LA%)€ X | djap =0}
where J converts 1 € QY (X, Ex(£)) into a Higgs field

pi=yt % eQM(T, Eg(g))-
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where (€, ¢) is the G-Higgs bundle determined by (J, A, ).



Universal moduli space of G-Higgs bundles

Recall we have a group extension where G is the gauge group of Eg:
155G —G— Diffg(X) —» 1

The identity-component extended gauge group G acts holomorphically on
X preserving both the universal space of Higgs fields X™s& and its subset

xXP = {(J,A ) € XM= | (€, @) is polystable over (X, J)}

where (€, ¢) is the G-Higgs bundle determined by (J, A, ).

Therefore we obtain a holomorphic fibration over the Teichmiiller space

U"E(G) — T := J/ Diffo(X)



Universal moduli space of G-Higgs bundles

Recall we have a group extension where G is the gauge group of Eg:
155G —G— Diffg(X) —» 1

The identity-component extended gauge group G acts holomorphically on
X preserving both the universal space of Higgs fields X™s& and its subset

xXP = {(J,A ) € XM= | (€, @) is polystable over (X, J)}
where (€, ¢) is the G-Higgs bundle determined by (J, A, ).
Therefore we obtain a holomorphic fibration over the Teichmiiller space
U (G) — T = J/ Diffo(X)

where we define the universal moduli space of G-Higgs bundles as the
‘GIT quotient’

U= (G) == X7 /G.



The coupled Hitchin equations and
the universal Hitchin moduli space



The Kahler fibration for Higgs fields

e Kahler fibration 7: (X,I) — J given by the constant fibrewise Kahler
form &y = 7wy, \{vhere wj=Re 2y is standard ‘/-Kahler form’ on D.
In terms of a; +iyy; € TpD = TaA x QY (Ex (),

wy(a; + i¢1, a + izbg) = / ((al A ap) — <zp1 A wg))
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The Kahler fibration for Higgs fields

o Kahler fibration 7: (X,I) — J given by the constant fibrewise
Kahler form & = n*wy, where w; =Re 2 is standard '/-Kahler
form’ on D.

o Problem: horizontal distribution H¥IC TX is not tangent to X"&CX.

@ Solution: Apply the general machinery of Kahler fibrations to

construct an appropriate coupling form o'.

Proposition (AC-GF-GP-T 2025)

@ The following formula, for v; = (a,-,1/;,-) € T(y,a,ip)X, defines a closed
(1,1)-form on X that is a coupling form for a Kahler Ehresmann
connection I (so it preserves X'™## C X) that is compatible with &r:




The Kahler fibration for Higgs fields

@ Problem: horizontal distribution H*:C T X is not tangent to X"&&CX.

@ Solution: Apply the general machinery of Kahler fibrations to

construct an appropriate coupling form o

Proposition (AC-GF-GP-T 2025)

e The following formula, for v; = (a;,v;) € T(J,Ai)X, defines a closed
(1,1)-form on X that is a coupling form for a Kahler Ehresmann
connection I (so it preserves X™#&* C X) that is compatible with &r:

o'(vi, v2) = wi(v1, v2) — % /z<1/1(jl) A 1p(J2))
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The Kahler fibration for Higgs fields

@ Problem: horizontal distribution H*:C T X is not tangent to X"&&CX.

@ Solution: Apply the general machinery of Kahler fibrations to

construct an appropriate coupling form o

Proposition (AC-GF-GP-T 2025)

e The following formula, for v; = (a;,v;) € T(J,Ai)X, defines a closed
(1,1)-form on X that is a coupling form for a Kahler Ehresmann
connection I (so it preserves X™#&* C X) that is compatible with &r:

o'(vi, v2) = wi(v1, v2) — % /z<1/1(jl) A 1p(J2))

1

. . 1 : g
- [Z@/}(le) A ) — 5 /):Wl A Pp(Jh)).

o I has curvature F'(v1,v)=(0,0, ¥([J1, ), for Jj:=dn(v;)€ T, J.

o The associated symmetric tensor '(—,1—) is negative semi-definite
along the horizontal direction of I'' (and positive definite in the
vertical direction by construction).




Weak coupling

Fix a symplectic form w on ¥ (compatible with its orientation).
o We have constructed a ‘coupling’ closed (1,1)-form o' on X that
restricts to w; on the fibres X, 2D of X =7 xD — J.
@ The space (J,17) has a Kahler form w already described.
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Weak coupling

Fix a symplectic form w on ¥ (compatible with its orientation).
@ We have constructed a ‘coupling’ closed (1,1)-form o' on X.
@ The space (7,J7) has a Kahler form w_.
In the weak-coupling approach, one gets a closed 2-form on X as follows:
e Fix a parameter ¢ € {—1,1} and a real coupling constant a > 0.
@ The corresponding ‘minimally coupled’ closed (1, 1)-form on (X,1I) is

I I

Wy = eT Wy +ao

Signature and non-degeneracy properties of wg,g:

@ For e = —1, the symmetric tensor gg = ofll _1(—,I-) is negative

definite in the horizontal direction H' (and positive definite in the
vertical direction by construction), so w(ﬂ)[,_l is a (non-degenerate)
symplectic form on X.

o For e = +1 and ¢ # 0, the symmetric tensor g, ,; = o, ,1(—,1-)
changes sign along the lines {(J,A+i\¢) | A € R} C X, becoming

null at HZHJ,AHAW) for a specific value Ag € R.
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symplectomorphisms on (X, w) by the gauge group K of Ek.
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The coupled Hitchin equations

Recall we have a group extension of the group H of Hamiltonian
symplectomorphisms on (X, w) by the gauge group K of Ek.

15K -——2K-—H—1

The Hamiltonian extended gauge group G has an action on X that
preserves I and wgg, and the universal space of Higgs fields X" C X.

Proposition/Definition (AC-GF-GP-T 2025)

The K-action on (XMl ) is Hamiltonian, with K-equivariant moment
map ,ul]%: X — (Lie K)* whose zero locus consists of the triples
(J,D = A+ i) € X that solve the coupled Hitchin equations

FA - [SO)T(()O)] = Oa éJ,ASO = 07
2mx (%)

Se ==

where ¢ := 10 € QLO(L, E¢(g)) is the Higgs field determined by
(J,A,¢), Sg is the scalar curvature of g = w(—,J—) and V = [fw.




The coupled Hitchin equations

The Hamiltonian extended gauge group G has an action on X that

preserves I and wg’e, and the universal space of Higgs fields X™"sss C X.

Proposition/Definition (AC-GF-GP-T 2025)

The K-action on (%Higgs,wgg) is Hamiltonian, with K-equivariant moment
map 'LLIHE: X — (Lie K)* whose zero locus consists of the triples
(J,D = A+ i) € X that solve the coupled Hitchin equations

FA - [9077—(()0)] = Oa éJ,ASO = 07

2mx(X)
Sg = V B

where ¢ = 10 € QLO(X, E¢(g)) is the Higgs field determined by
(J,A,v), Sg is the scalar curvature of g = w(—,J—) and V = [¢w.

Remark. The K-action on (.’{,wgﬁ) is also Hamiltonian, but in this case
we loose holomorphicity of ¢ in the vanishing locus of the moment map.



The coupled Hitchin equations

Proposition/Definition (AC-GF-GP-T 2025)

The K-action on (%Higgs,wgﬁ) is Hamiltonian, with KC-equivariant moment
map MIHE: X — (Lie K)* whose zero locus consists of the triples
(J,D = A+ i) € X that solve the coupled Hitchin equations
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(J,A,¢), Sg is the scalar curvature of g = w(—,J—) and V = [fw.

The universal Hitchin moduli space is the pre-symplectic quotient
Uy':(G) :={solutions (J, A+ir)) to the coupled Hitchin equations) /K.



The coupled Hitchin equations

Proposition/Definition (AC-GF-GP-T 2025)

The K-action on (%Higgs,wgﬁ) is Hamiltonian, with KC-equivariant moment
map MIHE: X — (Lie K)* whose zero locus consists of the triples
(J,D = A+ i) € X that solve the coupled Hitchin equations

Fa— [(;077—(90)] = Oa éJ,ASO = 07
2mx (%)

Se = =5

where ¢ := 10 € QLO(X, E¢(g)) is the Higgs field determined by
(J,A,¢), Sg is the scalar curvature of g = w(—,J—) and V = [fw.

The universal Hitchin moduli space is the pre-symplectic quotient
Uy':(G) :={solutions (J, A+ir)) to the coupled Hitchin equations) /K.
Ignoring singularities, it is presymplectic (symplectic for e = —1).
It fibres over the Teichmiiller space T via the obvious map
UTHG) — U™ (G) — T.
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definite, so it is not clear a priori whether I induces a complex structure on
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definite, so it is not clear a priori whether I induces a complex structure on
ULL(G). And as for U;2™(G), we can prove the following.

Theorem (AC-GF-GP-T 2025)
Fix volume V >0, e € {—1,1} and (J, D = A+iy) € X™&= corresponding
to a stable Higgs bundle. Suppose genus g(X) > 2.
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As for Ux™(G), the symmetric tensor g}, . = o, .(—,I—) is not positive
definite, so it is not clear a priori whether I induces a complex structure on
ULL(G). And as for U;2™(G), we can prove the following.

Theorem (AC-GF-GP-T 2025)
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to a stable Higgs bundle. Suppose genus g(X) > 2.

Then Jag such that ¥V 0 < a < ap, the G-orbit of (J,D = A+i) in
XMees contains a [C-orbit O of solutions to the coupled Hitchin equations,




The complex structure of universal Hitchin moduli space

As for Ux™(G), the symmetric tensor g}, . = o, .(—,I—) is not positive

definite, so it is not clear a priori whether I induces a complex structure on
ULL(G). And as for U;2™(G), we can prove the following.

Theorem (AC-GF-GP-T 2025)

Fix volume V >0, e € {—1,1} and (J, D = A+iy) € X™&= corresponding
to a stable Higgs bundle. Suppose genus g(X) > 2.

Then Jag such that V 0 < o < «p, the G-orbit of (J,D = A+i) in
XMz contains a K-orbit O of solutions to the coupled Hitchin equations,
and O € UFL(G) has an open neighbourhood U, such that the complex
structure I and the symmetric tensor gfw induce a complex structure and

symmetric tensor on U, C UML(G) that satisfy gl . = o, .(—,1—) too.




The complex structure of universal Hitchin moduli space

Theorem (AC-GF-GP-T 2025)

Fix volume V >0, ¢ € {—1,1} and (J, D = A+iy) € X" corresponding
to a stable Higgs bundle. Suppose genus g(X) > 2.

Then Jag such that V 0 < a < ayp, the g—orbit of (J,D = A+iy) in
XMiess contains a K-orbit O of solutions to the coupled Hitchin equations,
and O € UFL(G) has an open neighbourhood U, such that the complex
structure I and the symmetric tensor gf!,s induce a complex structure and
symmetric tensor on U, C U}:(G) that satisfy g, . = o, .(—,[—) too.

a,e

Furthermore,
o the composite Us — Uy't(G) — U™**(G) — T is holomorphic,

o fore = —1, gﬂaj6 is non-degenerate, and defines a pseudo-Kahler
structure on the moduli space,

e fore =1, g]}m is possibly degenerate.
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Thank you!
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