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Motivation: dependence of moduli on complex structure

Fix a compact oriented surface Σ and a complex semisimple Lie group G .

Then the non-abelian Hodge correspondence on surfaces (Donaldson
1987, Hitchin 1987) gives, in particular, homeomorphisms

The constructions depend on the choice of a complex structure J on Σ:

(Σ, J) =⇒ non-abelian Hodge correspondence.
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Objective: find universal symplectic constructions

Goal: Extend the infinite-dimensional symplectic construction of
Atiyah & Bott (1982) to obtain universal moduli spaces
coupling flat and Higgs bundles with varying complex structures,
constructed as presymplectic quotients.

Gauge-theoretic context: Complementary
symplectic perspective to the recent constructions of

Brian Collier, Jérémy Toulisse & Richard Wentworth and Nigel Hitchin.

Related algebraic approaches: Carlos Simpson (1994), V. Balaji, P. Barik & D.

S. Nagaraj (2013), Sourav Das (2021), Oren Ben-Bassat, Sourav Das & Tony

Pantev (2023), Ron Donagi & Andrés Fernandez Herrero (2024).
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Basic set-up

We fix the following throughout this talk:

G complex semisimple connected Lie group with Lie algebra g
K ⊂ G maximal compact Lie subgroup with Lie algebra k
τ : G −→ G Lie-group antiholomorphic involution with K = G τ

τ := dτ : g −→ g Lie-algebra antiholomorphic involution
〈−,−〉 = −κ with κ=Killing form g× g→ C, so 〈−,−〉|k > 0

Σ compact oriented surface
EG C∞ principal G -bundle
EK C∞ principal K -bundle associated to a reduction h ∈ Γ(Σ,EG/K )

J = { complex structures J on Σ compatible with its orientation}
D = {connections on EG}
A = {connections on EK}

Then A× Ω1(Σ,EK (k))
∼=−→ D, (A, ψ) 7−→ D = A + iψ

∀J ∈ J , Ω1(Σ,EK (k))
∼=−→ Ω1,0

J (EG (g))

ψ 7−→ ϕ = ψ1,0J
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Flat connections
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Moduli space of reductive flat connections

Recall D is the space of G -connections on EG and J is the space of
complex structures J on Σ compatible with its orientation.

D has a constant complex structure J (induced by the complex
structure of g) and a constant holomorphic symplectic form ΩJ :

J(Ḋ) = iḊ, ΩJ(Ḋ1, Ḋ2) =

∫
Σ
〈Ḋ1 ∧ Ḋ2〉

for D ∈ D, Ḋi ∈TDD = Ω1(Σ,EG (g)).

The action of the (complex) gauge group G of EG on (D,ΩJ) is
Hamiltonian. The zeros of the moment map µG : D → (LieG)∗ are
the flat connections.

As usual with complex-symplectic quotients, to construct a Hausdorff
moduli space, we can proceed in two steps:

(1) First, restrict to the zero set µ−1
G (0) of the complex moment map µG

for the complex symplectic form ΩJ = ωI + iωK .

(2) Take either (a) the GIT quotient µ−1
G (0)//GITG, or (b) the symplectic

quotient µ−1
K (0)//symK corresponding to the third symplectic form ωJ .

Choosing (a), we restrict to the complex subspace Dred ⊂ D of
reductive connections, obtaining the moduli space of flat connections
as a ‘GIT quotient’:

M(G )Flat := {reductive D ∈ D with FD = 0}/G.

The space J has a complex structure JJ given for J̇ ∈ TJJ by

JJ J̇ = JJ̇.

Thus the projection map π : X := J ×D → J is a (flat) holomorphic
symplectic fibration (i.e., it is a holomorphic map whose fibres are
holomorphic symplectic), for the product complex structure J on
X = (J , JJ )× (D, J) and the pullback ΩJ := π∗ΩJ .
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for D ∈ D, Ḋi ∈TDD = Ω1(Σ,EG (g)).

The action of the (complex) gauge group G of EG on (D,ΩJ) is
Hamiltonian. The zeros of the moment map µG : D → (LieG)∗ are
the flat connections.

As usual with complex-symplectic quotients, to construct a Hausdorff
moduli space, we can proceed in two steps:

(1) First, restrict to the zero set µ−1
G (0) of the complex moment map µG

for the complex symplectic form ΩJ = ωI + iωK .

(2) Take either (a) the GIT quotient µ−1
G (0)//GITG, or (b) the symplectic

quotient µ−1
K (0)//symK corresponding to the third symplectic form ωJ .

Choosing (a), we restrict to the complex subspace Dred ⊂ D of
reductive connections, obtaining the moduli space of flat connections
as a ‘GIT quotient’:

M(G )Flat := {reductive D ∈ D with FD = 0}/G.

The space J has a complex structure JJ given for J̇ ∈ TJJ by

JJ J̇ = JJ̇.

Thus the projection map π : X := J ×D → J is a (flat) holomorphic
symplectic fibration (i.e., it is a holomorphic map whose fibres are
holomorphic symplectic), for the product complex structure J on
X = (J , JJ )× (D, J) and the pullback ΩJ := π∗ΩJ .



8/28

Moduli space of reductive flat connections

D has a constant complex structure J (induced by the complex
structure of g) and a constant holomorphic symplectic form ΩJ :
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The identity-component extended gauge group

Identity component of the group of diffeomorphisms:

Diff0(Σ) := { ǧ : Σ→ Σ }

Identity-component extended gauge group:

G̃ :=



G -equivariant automorphisms g of EG covering elements
ǧ of Diff0(Σ), i.e. the following diagram commutes:

EG
g

∼=
//

π
��

EG

π
��

Σ
ǧ

∼=
// Σ



Complex gauge group: G :=

{
G -equivariant automorphisms of EG

covering the identity on Σ

}
Group extension: 1→ G −→ G̃ −→ Diff0(Σ)→ 1
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ǧ

∼=
// Σ



Complex gauge group: G :=

{
G -equivariant automorphisms of EG

covering the identity on Σ

}
Group extension: 1→ G −→ G̃ −→ Diff0(Σ)→ 1



9/28

The identity-component extended gauge group

Identity component of the group of diffeomorphisms:

Diff0(Σ) := { ǧ : Σ→ Σ }
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Moment map for G̃-action

The space X = J ×D has a canonical action of the group G̃, preserving
J and ΩJ := π∗ΩJ , and covering the Diff0(Σ)-action on J .

Proposition (AC, Garcia-Fernandez, Garcia-Prada, Trautwein 2025)

The G̃-action on (X,ΩJ) is Hamiltonian, with G̃-equivariant moment map

µG̃ : X→ (Lie G̃)∗ whose zeros are the pairs (J,D) ∈ X such that FD = 0.

More precisely, µG̃ is given for all (J,D) ∈ X and ζ ∈ Lie G̃ by

〈µG̃(J,D), ζ〉 =

∫
Σ
〈FD , θD(ζ)〉,

where θD(ζ) ∈ Γ(Σ,EG (g)) is the vertical part of the G -equivariant vector
field ζ on the total space of EG with respect to the connection D.

Proof. Apply methods of Garcia-Fernandez’ thesis.
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Universal moduli space of flat G-connections

As in the absolute case, we restrict to the complex subspace Dred ⊂ D of
reductive connections, so we consider the fibration

π : Xred := J ×Dred −→ J

and define the universal moduli space of flat G -connections on EG as
the quotient

UFlat(G ) := {(J,D) ∈ Xred with FD = 0}/G̃ = µG̃ |
−1
Xred(0)/G̃.

By construction, UFlat(G ) fibres over the Teichmüller space:

UFlat(G ) −→ T := J /Diff0(Σ).

This fibration is naturally holomorphic, and ΩJ induces a structure of
holomorphic symplectic fibration (with flat Ehresmann connection).



11/28

Universal moduli space of flat G-connections

As in the absolute case, we restrict to the complex subspace Dred ⊂ D of
reductive connections, so we consider the fibration

π : Xred := J ×Dred −→ J

and define the universal moduli space of flat G -connections on EG as
the quotient

UFlat(G ) := {(J,D) ∈ Xred with FD = 0}/G̃ = µG̃ |
−1
Xred(0)/G̃.

By construction, UFlat(G ) fibres over the Teichmüller space:

UFlat(G ) −→ T := J /Diff0(Σ).

This fibration is naturally holomorphic, and ΩJ induces a structure of
holomorphic symplectic fibration (with flat Ehresmann connection).



12/28

Universal moduli space for
the coupled harmonic equations
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Kähler fibrations

V. Guillemin, E. Lerman & S. Sternberg (1996) studied coupling forms on
symplectic fibrations. Here we will use Kähler fibrations.

Then ωX induces a smoothly varying Kähler structure on the fibres:
ω̂ ∈ Γ(B,∧2V ∗X), where VX = ker(dπ) ⊂ TX is the vertical bundle.

Coupling form: Suppose ∃ a closed real (1,1)-form σ on X that restricts
to ω̂ on the fibres. Then it determines a connection on the fibration, with
horizontal distribution

Hσ := {v ∈ TX | (ivσ)|VX = 0}

that is Kähler, i.e., parallel transport τγ : Xγ(0) → Xγ(1) is Kähler isometry.

Weak coupling: A fundamental question is whether there exists a Kähler
metric ωX on X which restricts to ω̂ on the fibres. Given a coupling form
σ on (X, ω̂)→ B and a Kähler form ωB on B, a natural candidate is

ωα := π∗ωB + ασ

for a small coupling constant 0 < α� 1.
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The Kähler fibration for harmonic G -connections

The projection π : X := J ×D → J is a Kähler fibration , for the
product complex structure J on X = (J , JJ )× (D, J) (already defined)
and the family of fibrewise Kähler structures ω̂J = g(J(−),−),
parametrized by J ∈ J , with

ω̂J(a1 + iψ̇1, a2 + iψ̇2) =

∫
Σ
〈a1 ∧ Jψ̇2〉 −

∫
Σ
〈ψ̇1 ∧ Ja2〉

for ai + iψ̇i ∈ T(A,iψ)(A×iΩ1(Σ,EK (k)))∼=TDD.

To perform symplectic reduction on X, we first search for a coupling form

σJ ∈ Ω1,1(X,R).
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The coupling form for G -connections

Proposition (AC-GF-GP-T 2025; after Hitchin 1987)

There is a ‘coupling’ closed (1,1)-form σJ on X whose restriction to
the fibres XJ

∼= D is ω̂J . It is given in terms of the potential

ν : X −→ R, (J,D = A + iψ) 7−→ ‖ψ‖2
L2,J =

∫
Σ
〈ψ ∧ Jψ〉

by the formula

σJ = i∂J∂̄Jν,

where J is the product complex structure on X = (J , JJ )× (D, J).

The coupling form σJ determines a Kähler connection on this
fibration with horizontal distribution

HJ = {(J̇, ψ(J̇−), (Jψ)(J̇−)) | (J,A + iψ) ∈ X, J̇ ∈ TJJ }

and non-zero curvature FJ := −Γ[(−)Γ, (−)Γ] ∈ Ω2(X,VX) given by

FJ(v1, v2) = (0, ψ([J̇1, J̇2]), 0), ∀vi = (J̇i , Ḋi ) ∈ T(J,A+iψ)X.
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Weak coupling

Fix a symplectic form ω on Σ (compatible with its orientation).

We have constructed a ‘coupling’ closed (1,1)-form σJ on X that
restricts to ω̂J on the fibres XJ

∼= D of X = J ×D → J .
The space (J , JJ ) has a Kähler form ωJ given for J̇i ∈ TJJ by

ωJ (J̇1, J̇2) =
1

2

∫
Σ

Tr(JJ̇1J̇2)ω.

In the weak-coupling approach, one gets a closed 2-form on X as follows:

Fix a parameter ε ∈ {−1, 1} and a real coupling constant α > 0.
The corresponding ‘minimally coupled’ closed (1, 1)-form on (X, J) is

ωJ
α,ε := επ∗ωJ + ασJ

Signature and non-degeneracy properties of ωJ
α,ε:

For ε = −1, the symmetric tensor g J
α,−1 = σJ

α,−1(−, J−) is negative

definite in the horizontal direction HJ (and positive definite in the
vertical direction by construction), so ωJ

α,−1 is a (non-degenerate)
symplectic form on X.

For ε = +1 and ψ 6= 0, the symmetric tensor g J
α,+1 = σJ

α,+1(−, J−)
changes signature along the lines {(J,A + iλψ) | λ ∈ R} ⊂ X,
becoming null at HJ

(J,A+iλ0ψ) for a specific value λ0 ∈ R.
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The Hamiltonian extended gauge group

Group of hamiltonian symplectomorphisms:
H := {Hamiltonian symplectomorphisms (Σ, ω)→ (Σ, ω)}

Hamiltonian extended gauge group:

K̃ :=



K -equivariant automorphisms g of EK covering elements
ǧ of H, i.e. the following diagram commutes:

EK
g

∼=
//

π

��

EK

π

��

(Σ, ω)
ǧ

∼=
// (Σ, ω)



Gauge group: K :=

{
K -equivariant automorphisms of EK

covering the identity on Σ

}
Group extension: 1→ K −→ K̃ −→ H → 1
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Harmonicity and coupling to the scalar curvature

The space X = J ×D has a canonical action of the group K̃ preserving
J and ωJ

α,ε.

Proposition (AC, Garcia-Fernandez, Garcia-Prada, Trautwein 2025)

The K̃-action on (X,ωJ
α,ε) is Hamiltonian, with K̃-equivariant moment

map µJ
K̃

: X→ (Lie K̃)∗ whose zero locus consists of the triples

(J,D = A + iψ) ∈ X that solve the coupled equations

d∗Aψ = 0,

Sg − εα ∗ d〈ΛωFA, ∗ψ〉 =
2π

V
χ(Σ),

where Sg is the scalar curvature of metric g = ω(−, J−) and V =
∫

Σ ω.

Proof. Apply methods of Garcia-Fernandez’ thesis, including
Donaldson–Fujiki’s interpretation of Sg as a moment map for the
H-action on J .
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The coupled harmonic equations

Fix ε ∈ {−1, 1} and α > 0.
Imposing the flatness condition FD = 0 (coming from the vanishing of the
moment map µG̃ : X→ (Lie G̃)∗ and the vanishing of the moment map

µJ
K̃

: X→ (Lie K̃)∗, we get the following.

Definition (AC-GF-GP-T 2025)

The coupled harmonic equations (CHE) for a triple (J,A+iψ) ∈ X are
where Sg is the scalar curvature of the metric g = ω(−, J−).

The corresponding universal moduli space is the pre-symplectic quotient

UHarm
α,ε (G ) :={solutions (J,A+iψ) to the coupled harmonic equations}/K̃.

Ignoring singularities, it is presymplectic (symplectic for ε = −1).
It fibres over the Teichmüller space T via the obvious map

UHarm
α,ε (G ) −→ UFlat(G ) −→ T .



19/28

The coupled harmonic equations

Fix ε ∈ {−1, 1} and α > 0.
Imposing the flatness condition FD = 0 (coming from the vanishing of the
moment map µG̃ : X→ (Lie G̃)∗ and the vanishing of the moment map

µJ
K̃

: X→ (Lie K̃)∗, we get the following.

Definition (AC-GF-GP-T 2025)

The coupled harmonic equations (CHE) for a triple (J,A+iψ) ∈ X are

FA −
1

2
[ψ,ψ] = 0

dAψ = 0

d∗Aψ = 0

Sg − εα ∗ d〈∗[ψ,ψ], ∗ψ〉 =
2π

V
χ(Σ)

where Sg is the scalar curvature of the metric g = ω(−, J−).

The corresponding universal moduli space is the pre-symplectic quotient

UHarm
α,ε (G ) :={solutions (J,A+iψ) to the coupled harmonic equations}/K̃.

Ignoring singularities, it is presymplectic (symplectic for ε = −1).
It fibres over the Teichmüller space T via the obvious map

UHarm
α,ε (G ) −→ UFlat(G ) −→ T .



19/28

The coupled harmonic equations

Imposing the flatness condition FD = 0 (coming from the vanishing of the
moment map µG̃ : X→ (Lie G̃)∗ and the vanishing of the moment map

µJ
K̃

: X→ (Lie K̃)∗, we get the following.

Definition (AC-GF-GP-T 2025)

The coupled harmonic equations (CHE) for a triple (J,A+iψ) ∈ X are

FA −
1

2
[ψ,ψ] = 0

dAψ = 0

d∗Aψ = 0

Sg − εα ∗ d〈∗[ψ,ψ], ∗ψ〉 =
2π

V
χ(Σ)

where Sg is the scalar curvature of the metric g = ω(−, J−).

The corresponding universal moduli space is the pre-symplectic quotient

UHarm
α,ε (G ) :={solutions (J,A+iψ) to the coupled harmonic equations}/K̃.

Ignoring singularities, it is presymplectic (symplectic for ε = −1).
It fibres over the Teichmüller space T via the obvious map

UHarm
α,ε (G ) −→ UFlat(G ) −→ T .



19/28

The coupled harmonic equations

Definition (AC-GF-GP-T 2025)

The coupled harmonic equations (CHE) for a triple (J,A+iψ) ∈ X are

FA −
1

2
[ψ,ψ] = 0,

dAψ = 0, d∗Aψ = 0,

Sg − εα ∗ d〈∗[ψ,ψ], ∗ψ〉 =
2π

V
χ(Σ),

where Sg is the scalar curvature of the metric g = ω(−, J−).

The corresponding universal moduli space is the pre-symplectic quotient

UHarm
α,ε (G ) :={solutions (J,A+iψ) to the coupled harmonic equations}/K̃.

Ignoring singularities, it is presymplectic (symplectic for ε = −1).
It fibres over the Teichmüller space T via the obvious map

UHarm
α,ε (G ) −→ UFlat(G ) −→ T .



20/28

The complex structure of the universal CHE moduli space

Since the symmetric tensor g J
α,ε = σJ

α,ε(−, J−) is not positive definite, it
is not clear a priori whether J induces a complex structure on UHarm

α,ε (G ).

Nevertheless we can prove the following.

Theorem (AC-GF-GP-T 2025)

Fix volume V > 0, ε ∈ {−1, 1} and (J,D = A+iψ) ∈ X, with D flat and
irreducible. Suppose genus g(Σ) ≥ 2.
Then ∃α0 such that ∀ 0 < α < α0, the G̃-orbit of (J,D = A+iψ) in X
contains a K̃-orbit O of solutions to the coupled harmonic equations, and
O ∈ UHarm

α,ε (G ) has an open neighbourhood U∗ such that the complex

structure J and the symmetric tensor g J
α,ε induce a complex structure and

symmetric tensor on U∗ ⊂ UHarm
α,ε (G ) that satisfy g J

α,ε = σJ
α,ε(−, J−) too.
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Furthermore,

the composite U∗ ↪→ UHarm
α,ε (G )→ UFlat(G )→ T is holomorphic,

for ε = −1, gJα,ε is non-degenerate, and defines a pseudo-Kähler
structure on the moduli space,

for ε = 1, gJα,ε is possibly degenerate.
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for ε = −1, gJα,ε is non-degenerate, and defines a pseudo-Kähler
structure on the moduli space,

for ε = 1, gJα,ε is possibly degenerate.

In either case, ωJ
α,ε|U∗ admits a Kähler potential, i.e., ωJ

α,ε|U∗ = i∂J∂̄JΦ,
where Φ = ενJ + α‖ψ‖2

L2 , with νJ induced by the Kähler potential on J .
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O ∈ UHarm

α,ε (G ) has an open neighbourhood U∗ such that the complex

structure J and the symmetric tensor g J
α,ε induce a complex structure and

symmetric tensor on U∗ ⊂ UHarm
α,ε (G ) that satisfy g J

α,ε = σJ
α,ε(−, J−) too.

Proof: involves appropriate choice of gauge fixing and application of
results about generalized ellipticity of multi-degree differential
operators (Douglis & Nirenberg) following Lockhart & McOwen
(1985).
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Universal Higgs-bundle
moduli space
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The tautological complex structure for Higgs bundles

The fibration Y := J ×A → J has canonical complex structure given by

IY(J̇, a) = (JJ̇, Ja), ∀(J̇, a) ∈ T(J,A)Y,

where Ja := −a ◦ J. Identifying X = J ×D ∼= J × T ∗A with the relative
cotangent bundle T ∗JY of this fibration, the complex structure IY induces
another one I on X, given on T(J,A,ψ)X by

I(J̇, a, ψ̇) = (JJ̇, Ja, Jψ̇ + ψ ◦ J̇).

This complex structure leaves invariant the tangent bundle to the space

XHiggs := {(J,A, ψ) ∈ X | ∂̄J,Aϕ = 0}

where J converts ψ∈Ω1(Σ,EK (k)) into a Higgs field

ϕ :=ψ1,0J ∈Ω1,0(Σ,EG (g)).
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Universal moduli space of G-Higgs bundles

Recall we have a group extension where G is the gauge group of EG :

1→ G −→ G̃ −→ Diff0(Σ)→ 1

The identity-component extended gauge group G̃ acts holomorphically on
X preserving both the universal space of Higgs fields XHiggs and its subset

Xps := {(J,A, ψ) ∈ XHiggs | (E , ϕ) is polystable over (Σ, J)}

where (E , ϕ) is the G -Higgs bundle determined by (J,A, ψ).

Therefore we obtain a holomorphic fibration over the Teichmüller space

UHiggs(G ) −→ T := J /Diff0(Σ)

where we define the universal moduli space of G-Higgs bundles as the
‘GIT quotient’

UHiggs(G ) := Xps/G̃.
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The coupled Hitchin equations and

the universal Hitchin moduli space
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The Kähler fibration for Higgs fields

Kähler fibration π : (X, I)→ J given by the constant fibrewise Kähler
form ω̂I = π∗ωI , where ωI =ReΩJ is standard ‘I -Kähler form’ on D.
In terms of ai + iψ̇i ∈ TDD = TAA× iΩ1(EK (k)),

ωI (a1 + iψ̇1, a2 + iψ̇2) =

∫
Σ

(
〈a1 ∧ a2〉 − 〈ψ̇1 ∧ ψ̇2〉

)

Problem: horizontal distribution Hω̂I⊂TX is not tangent to XHiggs⊂X.
Solution: Apply the general machinery of Kähler fibrations to
construct an appropriate coupling form σI.

Proposition (AC-GF-GP-T 2025)

The following formula, for vi = (ai , ψ̇i ) ∈ T(J,A,iψ)X, defines a closed
(1, 1)-form on X that is a coupling form for a Kähler Ehresmann
connection Γ (so it preserves XHiggs ⊂ X) that is compatible with ω̂I:

σI(v1, v2) = ωI (v1, v2)− 1

2

∫
Σ
〈ψ(J̇1) ∧ ψ(J̇2)〉

− 1

2

∫
Σ
〈ψ(JJ̇1) ∧ ψ̇2〉 −

1

2

∫
Σ
〈ψ̇1 ∧ ψ(JJ̇2)〉.

Γ has curvature F I(v1, v2)=(0, 0, ψ4 ([J̇1, J̇2])), for J̇i :=dπ(vi )∈TJJ .

The associated symmetric tensor σI(−, I−) is negative semi-definite
along the horizontal direction of ΓI (and positive definite in the
vertical direction by construction).
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Weak coupling

Fix a symplectic form ω on Σ (compatible with its orientation).

We have constructed a ‘coupling’ closed (1,1)-form σI on X that
restricts to ω̂I on the fibres XJ

∼= D of X = J ×D → J .
The space (J , IJ ) has a Kähler form ωJ already described.

In the weak-coupling approach, one gets a closed 2-form on X as follows:

Fix a parameter ε ∈ {−1, 1} and a real coupling constant α > 0.
The corresponding ‘minimally coupled’ closed (1, 1)-form on (X, I) is

ωI
α,ε := επ∗ωJ + ασI

Signature and non-degeneracy properties of ωJ
α,ε:

For ε = −1, the symmetric tensor g I
α,−1 = σI

α,−1(−, I−) is negative

definite in the horizontal direction HI (and positive definite in the
vertical direction by construction), so ωI

α,−1 is a (non-degenerate)
symplectic form on X.

For ε = +1 and ψ 6= 0, the symmetric tensor g I
α,+1 = σI

α,+1(−, I−)
changes sign along the lines {(J,A + iλψ) | λ ∈ R} ⊂ X, becoming
null at HJ

(J,A+iλ0ψ) for a specific value λ0 ∈ R.
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The coupled Hitchin equations

Recall we have a group extension of the group H of Hamiltonian
symplectomorphisms on (Σ, ω) by the gauge group K of EK .

1→ K −→ K̃ −→ H → 1

The Hamiltonian extended gauge group G̃ has an action on X that
preserves I and ωI

α,ε, and the universal space of Higgs fields XHiggs ⊂ X.

Proposition/Definition (AC-GF-GP-T 2025)

The K̃-action on (XHiggs,ωI
α,ε) is Hamiltonian, with K̃-equivariant moment

map µI
K̃

: X→ (Lie K̃)∗ whose zero locus consists of the triples

(J,D = A + iψ) ∈ X that solve the coupled Hitchin equations

FA − [ϕ, τ(ϕ)] = 0, ∂̄J,Aϕ = 0,

Sg =
2πχ(Σ)

V
,

where ϕ := ψ1,0J ∈Ω1,0(Σ,EG (g)) is the Higgs field determined by
(J,A, ψ), Sg is the scalar curvature of g = ω(−, J−) and V =

∫
Σ ω.

The universal Hitchin moduli space is the pre-symplectic quotient

UHit
α,ε(G ) :={solutions (J,A+iψ) to the coupled Hitchin equations)/K̃.

Ignoring singularities, it is presymplectic (symplectic for ε = −1).
It fibres over the Teichmüller space T via the obvious map

UHit
α,ε(G ) −→ UHiggs(G ) −→ T .
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The complex structure of universal Hitchin moduli space

As for UHarm
α,ε (G ), the symmetric tensor g I

α,ε = σI
α,ε(−, I−) is not positive

definite, so it is not clear a priori whether I induces a complex structure on
UHit
α,ε(G ).

And as for UHarm
α,ε (G ), we can prove the following.

Theorem (AC-GF-GP-T 2025)

Fix volume V > 0, ε ∈ {−1, 1} and (J,D = A+iψ) ∈ XHiggs corresponding
to a stable Higgs bundle. Suppose genus g(Σ) ≥ 2.
Then ∃α0 such that ∀ 0 < α < α0, the G̃-orbit of (J,D = A+iψ) in
XHiggs contains a K̃-orbit O of solutions to the coupled Hitchin equations,
and O ∈ UHit

α,ε(G ) has an open neighbourhood U∗ such that the complex

structure I and the symmetric tensor g I
α,ε induce a complex structure and

symmetric tensor on U∗ ⊂ UHit
α,ε(G ) that satisfy g I

α,ε = σI
α,ε(−, I−) too.
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and O ∈ UHit

α,ε(G ) has an open neighbourhood U∗ such that the complex

structure I and the symmetric tensor g I
α,ε induce a complex structure and

symmetric tensor on U∗ ⊂ UHit
α,ε(G ) that satisfy g I

α,ε = σI
α,ε(−, I−) too.

Furthermore,

the composite U∗ ↪→ UHit
α,ε(G )→ UHiggs(G )→ T is holomorphic,

for ε = −1, gIα,ε is non-degenerate, and defines a pseudo-Kähler
structure on the moduli space,

for ε = 1, gIα,ε is possibly degenerate.
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Thank you!


