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Introduction

Classical homgenization problem Unit cell Y = [0, 1]

Heterogeneous equation . v

=V - (4% (x)Vue(x)) + us(z) = f(x) in R

; 2(Ton e ., z Periodic medium
with f € L*(R") and A%(z) := ay (%). S .
LA A J
> ay € L®(R™ R"*™) is Y-periodic and elliptic ceee
L A A A J

Classical question: What is the effective behavior of u® ase — 07

Classical homogenization theorem Saes

L 2 2 A J

The weak limit u with u. — u in H'(R™) solves '.\L"'
—V - (A*Vu(z)) + u(z) = f(x) in R®

with constant effective coefficient A* € R™"*". .
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Introduction

A classical corrector result

A* is given in terms of ay and periodic first order correctors x§-1).

A *
Formula for A Cell problem for the corrector

V- (av(®)(e; + xSV (@) =0in Y

One can not expect strong convergence in H' or
convergence rates in L? better than £® with o < 1!

Corrector result

e — (u+ex® (2) - V)| p2@n) < Ce?

Problem: Adding a second order corrector e2x(?) (2) - V2u(z) will not
improve the L2-rate!
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Introduction

Higher order estimates

Classical two-scale expansion: u.(z) ~ 3, & un (2, )

Bakhvalov, Panasenko '89

1) wo(z,y) = u(m) with homogenized solution .

2) Define @k (z) := [, ur(x,y) dy. Then Separation of
n—1 > Macroscopic
—V-(A*Viin) =Bl V" Put > B o V' i profile U.
=1 > Highly oscillatory

(n)
3) Define U.(z) := u(z) + Zn>2 €"{in(z). Then correctors

~ > XM (2) V' UL(x)

n>0

Higher order estimates: Truncate the series in 3) at n = N to obtain
L2-error of order eN+1.
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Introduction

Optimal control

» J® convex and
continuous
2
> U,q C L*(RY)
convex and closed

General form

Energy: min J°(6., uc)
Admissible set: . € U,q C L*(R™)

Constraint: —V - (A°(z)Vue(z)) + ue(x) = 0:(x) in R > 9:_ optimall control
with solution u}

Homogenization result. Weak convergens methods provide
1) 0 — 0" € Uyg and uf — u* in H'(R™).

2) (6*,u") solves effective optimal control problem.
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Introduction

Optimal control

» J® convex and
continuous
2
> U,q C L*(RY)
convex and closed

General form

Energy: min J°(6., uc)
Admissible set: . € U,q C L*(R™)

Constraint: —V - (A°(z)Vue(z)) + ue(x) = 0:(x) in R > 9:_ optimall control
with solution u}

Homogenization result. Weak convergens methods provide
1) 0 — 0" € Uyg and uf — u* in H'(R™).

2) (6*,u") solves effective optimal control problem.

Aim: Find (037, uh) with [|0F — 03] 2rn + [lul — uisllL2@n) < Ce*M.
Problem: Truncating the asymptotic expansion of 87 and u} is a bad idea.
Example: Uyq := {0 € L*(R™) | ||uc||p2zny < L}

2M—1
uy = u* + Z un(z, 2) # |Jujs|lp2@ny < L
n=1
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Introduction

Bloch expansions in a nutshell

1.) Fourier transform of 2.) Write f 315 § k+mn with k € Z" and
u:R" = C: neZ:=[-3,3)"
27r1k: iz 27r1'r] aB
_ 5 orit-z / a(k+n)e dn
u() = [ a(e)e e J )
=:F=F(z;n)

Agnes Lamacz-Keymling High-order homogenization in optimal control



Introduction

Bloch expansions in a nutshell

1.) Fourier transform of 2.) Write f 315 § =k +n with k € Z" and
u:R" = C: neZ:=[-3,3)"
27r1k: iz 27r1'r; aB
_ ~ 2mi€-x / k + 77 d
u() = [ a(e)e e )
=:F=F(z;n)

3.) Expand F' in periodic eigenfunctions ®,,(x;n) of
—(V + 2nin) - (ay ()(V + 2nin)):

W (1) = P (230)e*™ 7 solves
Fim = 3 tm(m)®m(e;m) J J

mENg

=V - (ay (2) Vwm (x;n)) = Am (1) win (2;7)
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Introduction
Main result

Proof

Bloch expansions in a nutshell

1.) Fourier transform of 2.) Write f 315 § =k +n with k € Z" and
u:R" = C: neZ:=[-3,3)"
27r1k: iz 27r1'r; aB
_ ~ 2mi€-x / k + 77 d
u() = [ a(e)e e )
» =:F=F(x;n)

3.) Expand F' in periodic eigenfunctions ®,,(x;n) of
—(V + 2nin) - (ay ()(V + 2nin)):
W (1) = P (230)e*™ 7 solves

Fasm) = Y n()@n(zi1)
"z |~V @ @V @m) = dnn) ) |

Result: The operator £L = —V - (ay (-)V) acts as a multiplier:

Cu—ﬁ/Zum mwm(x;n d’l]—/zum Am (M) wm (z;1) dn

meENg mENg
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Bloch adaption

Rescaled Bloch expansion

u(z) = / I ACEACHEY

meNg

wfn(x>77) = w77l($/675n)
An(n) = E%Am(‘fn)

The oscillatory operator £L° := =V - (A*(-)V
Cu=ct [ S dbme = [
Z/e

meNg

) acts as a multiplier:

> g (MAT (n)whn (5 m) dn
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Introduction

Bloch adaption

Rescaled Bloch expansion

Wl ) 1= /2, 2)
uw) = [ I ACEACHEY Xor(n) = S Am(en)

meNg
The oscillatory operator L% := —V - (A%(-)V) acts as a multiplier:
Cu=ct [ S dmenendn= [ S an N ) o) dn
Z/e meNy Z/e meNg

Question: Analogue for adding highly oscillatory correctors?

Bloch adaption (Conca,Orive,Vanninathan '02) For u sufficiently smooth:
Let u € L*(R™; C) with Fourier transform . A (u) =u + gx(l)( )-Vu
A= [ i n)dn L) VRt O

Note: For supp(a) C K C Z/e one has

||AE(U)HL2(R7L) = HﬂHL?(z/e) = H@Hm(m = HuHL?(]R")
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Homogenization problem

Oscillatory optimal control problem

Energy: min J¢ (6, u.) > Admissible set
€
Admissible set: 8, € U, C L2(R™) Ugq may depend
. . on € — next slide
Constraint: —V - (A% (2)Vue(x)) + us(x) = 0:(z) in R™

1) For fixed constants 1,2 > 0 and kK >0
T%(0e,ue) = 5B (ue —ug 1) + B llue — ugolliz@n) + 5116%172mn)
2) E* is the energy corresponding to the oscillatory PDE-constraint,
Ef(u) = / Vu(z) - A5 (z)Vu(x) + |u(z)|? de
3) For ug,1,uq,2 with coﬂi;pact support K in Fourier space

U2,1 = AE(Ud,l) and U3,2 = As(ud,2)

Remark: Well-prepared data are important for corrector results!
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Introduction

Admissible set

1) Us, C L*(R™) convex and closed.

2) There exists 6y € L*(R") such that A%(6y) € US, for all € > 0.
3) For every § € U, with 6(z) = fZ/E ZmENo éfn(n)wfn(:ﬂ;n) dn

Ok = Kéé(n)w8(~;n) dn € Ug,.
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Introduction

Admissible set

1) Us, C L*(R™) convex and closed.

2) There exists 6 € LQ(R”) such that A°(0y) € UZ, for all £ > 0.

3) For every § € UZ, with 6(x fZ/E meNo 05, (n)ws, (5 m) dn

Example: US, = {0 € L>(R") | ||| p2rn) < L}
2) Choose 6y = 0.
3) 10kllLe@n) = 106l L2(r0) < Smeno 105 ll22(2/0) = 101l z2(rn) < L

Other examples:
Us,=1{0 € L*(R")| luellp2@ny < L} or Ugy ={6 € L*(R™) | E®(u.) < L}
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Main result

M-th order effective problem and main result

1) M-th order effective energy ugy = A" (ud,1)

T3r(0,w) =5-Eig(u — ua) + 2 |u — ua 2|72 @en)

» Constant tensors
A%, of order 2k

with Ej;(u fR" (Zk L€ g2k =2(Vky, VkU>A§k) + |ul? > A5 = A* classical
effective matrix

+ 51161172 gy

2) Effective PDE-constraint

3) Effective admissible set

(Zh e 2 () A5V u) +u=0 | Usy={0 € (A) 7 (Us) | supp(d) € K }
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Main result

M-th order effective problem and main result

1) M-th order effective energy ugy = A" (ud,1)

T3r(0,w) =5-Eig(u — ua) + 2 |u — ua 2|72 @en)

» Constant tensors
A%, of order 2k

with Ej;(u fR" (Zk L€ g2k =2(Vky, VkU>A§k) + |ul? > A5 = A* classical
effective matrix

+ 51161172 gy

2) Effective PDE-constraint 3) Effective admissible set

(ZhL, 22 (=1 a5 0) +u=0 | Uz = {0 (49) 7 (Uz) |supp(d) K }

Error estimate: Let (6}, u},) be the solution to the above effective problem.

162 — A=(030)| L2 gy + [[uZ = A% (uhs) || 2 any < O

Example: US, = {[10]l 2y < L} = Ua = {110l 12an) < L, supp(d) C K}
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Outline of the proof

1) Expand the optimal control 6% and w} in Bloch waves. Show
that 67 and u} are adaptions,

0F = A°(6) and ul = A°(a}).

2) Bloch analysis: Use analyticity of the first Bloch-eigenvalue Aj
to derive the M-th order effective problem.

3) Error estimate
167 — Orrlln2ey + @5 — wisll r2@ny < CE*M

by means of a variational inequality in Bloch/Fourier-space.

Important fact: Both minimization problems are constraint
by the same admissible set.
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Expansion of the solution

PDE-constraint
/ (m)wr, (3m) dn E N
Z/e meENg _V(A (JU)VUE) + U = 05
* ~ % 5 é*
ut(z) = / D L (), (w5m) dn Sar () = em
Z/e meNg ’ 1 + /\76?7,(77)
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Expansion of the solution

E PDE-constraint
/ (m)wr, (3m) dn E N
Z/e meENg _V(A (JU)VUE) + U = 05
* ~ % 5 é*
ut(z) = / D L (), (w5m) dn Sar () = em
Z/e meNg ’ 1 + /\76?7,(77)

Step 1: Reduction of the expansion

é;m(n):OforleorngéK

Proof:
> J (0, uc) = %Es(us - UZJ) + %2”“5 Ug 2||L2(Rn) +5 ||06||L2(]Rn)
> Bloch coefficients of ug ;, u , vanish form > 1orn ¢ K
= JH((0e) e, (ue) i) < 7 (0e, ue)
~——
eve,
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Bloch analysis

. with
* 95 (n) 5 i e
Ue (l‘) = /K 1+>E) (n,,) (l’ 7/) dTi =A (us) Ue (12)

é:,o (n) 27in-x
TP dn

0: () = /K 02 0 (n)w (x5 m) dn = A°(67) b(x) = /Kééiwﬂ e diy
/

Taylor expansion of \j

A5(n) = (2m)°A5 - n®* +2(2m) AL - % 4 -+ 2 72 (2m) "M Ay - 0P +O(EM)

=:Ppr(n)
. . L o~ E o(W 2ﬂ-in T
Approximation: @y (%) 1= [ TPy € dn
Error estimate Observation:
- - 2M 2k—2 k 2k ~ 0
H’LL; _u)]kw,app”LQ(JR") S Ce (Zk 1€ ( ) A2kv ul\l app) +u1\4 ,app 92

Problem: * is related to the original optimal control, not the effective one!
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Reformulation in Bloch /Fourier space
1. Original energy:

JE(t%,us) = LlEa(u —uga) + G llue — ugslze @ + 516°1Z2 @y

For 0-(z) = fK .,0(n)w§ (z;m) dn one finds
J (eg,ue)_jf(e 0)
2
= [ 2 04 Ao an
" 2 K s 9
/!HAE —ud,2<n>\ in+ 5 [ oot o
2. Effective energy: For 0(x fK €™ dn one finds
Jar (0, u) :JM( )
’“ ‘ (14 Pu(n)d
1+PM —ud1(77)‘ (14 Par(n)) dn

p2 ‘ 0(n) N 24 f-c/ TONE:
= = - += /16 d
T3 /K 1+ Pa(n) uda(fi)‘ g [ 16 dn
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Admissible sets in Bloch/Fourier space

Let 6 € LQ(K' C). Consider Effective admissible set:

= [ bms@man | . {0€ (471 (Uz,) |supp(d) © K
= [y O0m)e>m di

Then 0,36( Uik < 0 €Uy,

Proof: Since by definition O = A°(0F),

HFeUd<:>9F_/9 )2 4 e (AF)NUE,) < 0n € (US,)k

Conclusion: The minimization problems for J° and J}, are constrained
by the same set

Uga := {0 € L*(K;C)|0p € U} = {0 € L*(K;C)|0p € (U, k}
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Estimate for the optimal controls

és o = argmin JE(6)

The minimizers 67, and 63, satisfy 0l
. . 0%, = argmin J3,(6)
2M M M
1620 — Onll2xic) < Ce €U0

Proof: Apply the variational inequality for Je to é}kw and for JA}\} to é;f,o:
w020 = Oirllizccicy < G2 (1020l ey + Niaslliaieey ) < C2,
where the factor Ce?M is due to sup, ek |[A5(n) — Pu(n)] < Ce*M.

> 0F = As(é*) with
9* fK 9: o 27ri77-ac d77

1) 16z - O3l 2ny < Ce2M
2) 16:=A(03) |2y < C*M

> 0 = Jx (9}4(17)@2””7"‘ dn effective
optimal control
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Estimate for the solutions
Recall:
> 0F = A%(6%) and u* = A°(i?)

, TSRO, 2M
> First apprOX|mat|on 142 — @3y appllLzgny < Ce*™, where

2k— 2 k x w2k G
(Ze 1A,V uMapp>+uMapp 02

Let u}, be the solution to (Zﬁil 52k*2(—1)kA§kV2kﬂ*M) + Uhy = O

1) [l — uslle@e < Ce™

2) fluz — A (i)l 2y < Oc2M

Proof: Use that [|§* — Ol L2rny < Ce*M and exploit a priori estimate
for the effective equation.
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Well-posedness of the effective problem
M-th order effective equation:
(—ASVPu+ AV u 4 -+ ()M 245, VM) +u =0

Solution in Fourier space:

_ é(’?) e27ri’ -
u(x) = /Rn 5 Pu) T dn

Problem: A} is negative semidefinite (Conca,Orive,Vanninathan '06)!
= The effective equation is not well-posed in general!

» For ¢ below ), and

Let K C R™ be compact and M € N fixed. supp(f) C K the

Then for every e < e equation is well posed
Pyi(n) > é|772| for all n € K, > A priori estimate for
. l|lul| 71 (rny uniformly

where ) is the ellipticity constant of (27)2Aj. in e
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Substitution trick

Second order effective equation

> AJ positive definite
—A5V?u(z) + ?AjViu+u =90 > A} negative semidefinite

Substitution trick
1-D: Replace £2A}0%u = 522—‘}33 (A302u) to lowest order in € by
2

Formally: c2A}0%u = 522—%63 (A30%u) = 52%%83 (u—0)+O(e*)

Well-posed Sffectlve equation * > The effective energy has
(—A5+e22)PPu+u = 0+£2 22920 to be transformed, too.
2 2

n-D: Decomposition A;V* = —B3V?(A5V?) + B;V* with B3, B} > 0.

’ Effective equation: (—Aj + &B5)V2u + 2B;Viu +u = (Id — £2B3V?)0 ‘
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Conclusion

» Derivation of a high order
effective optimal control
problem via Bloch analysis

> Bloch adaption of the effective
solution required to capture the
high order oscillations

» Effective admissible set given as
inverse image under the Bloch
adaption

[1] A.Lamacz-Keymling, I. Yousept: High-order
homogenization in optimal control by the Bloch

wave method. Submitted (2020)

Thank you!
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