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1. Inner functions on the disc

Inner function of D ∶= {z ∈ C ∶ ∣z ∣ < 1}:
analytic function φ ∶ D↩ s.t. for m-a.e. x ∈ T,
φ(rχ(x)) ÐÐÐ→

r→1−
φ(χ(x)) ∈ ∂D where χ(x) ∶= e2πix .

Restriction of f to T ∶= R/Z ≅ [0,1): measurable map
τ = τ(φ) ∶ T↩ defined by χ(τx) = φ(χ(x)).
● (T,m = Leb, τ) a nonsingular transformation (abbr NST) by:

Boole’s formula on D [Nordgren 1968],

πz ○ τ−1 = πφ(z)

where dπz(x) ∶= pz(x)dx with pz(x) ∶= Reχ(x)+zχ(x)−z =
1−∣z ∣2
∣χ−z ∣2 .



2. Transfer operator & acip
Transfer operator for NST (X ,m,T ): T̂ ∶ L1(m) ↩ s.t.:

∫X T̂ f ⋅ gdm = ∫X f ⋅ g ○Tdm.
● For µ≪ m, µ ○T−1 = µ ⇐⇒ T̂ ( dµ

dm) = dµ
dm .

● For φ ∶ D↩ inner with τ = τ(φ), by Boole’s formula
τ̂(pz) = pφ(z) and πz ○ τ−1 = πz iff φ(z) = z .

Denjoy-Wolff theorem For φ ∶ D↩ inner non Möbius,
∃ d = dφ ∈ D so that φn(z) ÐÐÐ→

n→∞
d ∀ z ∈ D.

Corollary (T,m, τ(φ)) has an absolutely continuous invariant
probability (abbr. acip) iff dφ ∈ D.

Proof of ⇒. Let µ be a an acip for τ(φ) with ∣dφ∣ = 1, then

τ̂npz = pφnz = 1−∣φn(z)∣2
∣χ−φn(z)∣2 ÐÐÐ→n→∞

0 ∀ χ(x) ≠ d &.

∫
T
µ(A∣I)dm ergodic theorem←ÐÐÐÐÐÐÐ

n→∞ ∫
T
( 1
n

n−1

∑
k=0

1A ○T k)dm ÐÐÐ→
n→∞

0 ∀ A ∈ ⋃
ε>0

B(T ∖B(d, ε))

and µ ≡ 0. 2�

3. Conservative, ergodic, exact NSTs

Wandering set for NST (X ,m,T ):

W ∈ B+ such that {T−nW ∶ n ∈ N} are disjoint sets.
● NST (X ,m,T ) is:
● dissipative if X = ⋃wandering sets;

● conservative if ∄ wandering sets, e.g. if ∃ acip;

● equivalently ∑n≥0 T̂
nf = ∞ a.e. for some (all) f ∈ L1(m), f > 0.

● ergodic if A ∈ B(X ), A = T−1A ⇒ A
m= ∅,X

● exact if ⋂n≥1 T
−nB(X ) m= {∅,X};equivalently

∥T̂ nu∥1 ÐÐÐ→
n→∞

0 ∀ u ∈ L1(m)0.



4. Conservative, ergodic, exact inner functions
, For z , ω ∈ D,

∥pz − pω∥1 = 4
π sin−1[z , ω] where [z , ω] ∶= ∣ z−ω1−ωz ∣.

Thus for φ ∶ D↩ inner,(T,m, τ) is exact iff

[φn(z), φn(ω)] ÐÐÐ→
n→∞

0 ∀ z , ω ∈ D.(ï)

∵ (ï) iff ∥τ̂n(pz − pω)∥1 ÐÐÐ→
n→∞

0.

If φ is not Möb & dφ ∈ U, then (T,pid, τ) is an exact PPT.

Dichotomy For φ ∶ D↩ inner, non Möbius, either ï holds or ∃
F ∶ D→ R non constant so that F ○ φ ≡ F .

Thus (T,m, τ) ergodic Ô⇒ (T,m, τ) exact.

Now (T,m, τ) is conservative iff ∑n≥0 pφn(z) = ∞ a.e., i.e.

∑n≥0(1 − ∣φn(z)∣) = ∞ for some (all) z ∈ D.

Thus, using Blaschke’s theorem, for φ ∶ D↩ inner, not Möbius:
τ(φ) conservative Ô⇒ τ(φ) ergodic Ô⇒ τ(φ) exact.

5. Inner functions on R2+

Inner function of R2+ ∶= {z ∈ C ∶ Imz > 0} :
analytic function T ∶ R2+ ↩ s.t. for m-a.e. x ∈ R,
T (x + iy) ÐÐÐ→

y→0+
T (x) ∈ R.

(R,m,T ) is NST by
Boole’s formula on R2+ [Boole 1857] for rational inner fns.

Pz ○T−1 = PTz where dPz(x) ∶= ϕz(x)dx with ϕz(x) ∶= 1
πIm

1
x−z .

For T ∶ R2+ ↩ inner, T (z) = αT z + βT + ∫R
1+tz
t−z dµT (t)

(αT ≥ 0, βT ∈ R, µT ∈M(R) & µT ⊥ m). αT > 0 ⇒ m ○T−1 = 1
αT

m.

If λ ∈ ∂D & A = Aλ ∶ D→ R2+, A(z) ∶= i λ+z
λ−z then φ ∶ D↩ is inner on D iff

A ○ φ ○A−1 ∶ R2+ ↩ is inner on R2+.
● If φ ∶D↩ is inner with d = dφ ∈ ∂D, then T ∶= Ad ○ φ ○A−1

d ∶ R2+ ↩ is
inner with αT ≥ 1.

If αT > 1, (R,m,T ) not ergodic. If αT = 1, (R,m,T ) MPT.

∃ non-ergodic, dissipative-exact & conservative examples for αT = 1.



6. Non-singular endomorphisms of a Lebesgue space

Let (X ,m,T ) be a NST of a polish, non-atomic probability space
with transfer operator T̂ .

The transition kernel for T̂ (aka the pre-image measure of (X ,m,T))
is a measurable function
x ∈ X0 ↦ νx = ν(T)

x ∈M(T−1{x}) ⊂ CB(X )∗ where
X0 ∈ B(X ), m(X ∖X0) = 0 so that T̂ f (x) = ∫X fdνx ∀ f ∶ X → R
bounded, Borel.

Preimage measures exist by the disintegration theorem.

Multiplicity Proposition For a NST (X ,m,T ) TFAE:
● (countable to one) ∃ a (finite or) countable partition
mod m ∶ α ⊂ B(X ) so that T ∶ a → Ta is invertible, nonsingular
∀ a ∈ α;
● (forward nonsingular) ∃ X0 ∈ B(X ), m(X ∖X0) = 0 so that
A ∈ B(X0),m(A) = 0 Ô⇒ m(TA) = 0;
● νx is purely atomic for a.e. x ∈ X .

7. Multiplicity of inner functions

For φ ∶ D↩ inner,
● [Heins ’77] (T,m, τ) is countable to one iff
∃ limr→1− φ

′(rχ) =∶ φ′(χ) ∈ C a.e.

● x ↦ ν
(τ)
x is weak ∗ cts. (T→ C(T)∗) ∵ νx(pz) = pφ(z)(x);

● ν
(τ)
x ⊥ m ∵ a.e. dν

(τ)
x

dm ←ÐÐÐ
r→1−

ν
(τ)
x (prχ) = pφ(rχ)(x) ÐÐÐ→

r→1−
0.

● [Craizer ’91] If φ ∶ D↩ is inner, φ(0) = 0, then

h(τ) < ∞ ⇐⇒ φ′ ∈ N(D) & in this case h(τ) = ∫T log ∣φ′(χ)∣dm.

● [Saksman ’06] ∫T
dν
(τ)
0 (s)

∣χ(s)−λ∣2 = ∞ ∀ λ ∈ ∂D ⇒ ν
(τ)
x non-atomic ∀ x ≠ 0.

e.g. µ ∈ P(T), µ ∶= 6
π2 ∑n≥1

1
n2 δ{log n}, then ∫T

dν
(τ)
0 (s)

∣χ(s)−λ∣2 = ∞ ∀ λ ∈ ∂D.

[Donohue ’65] ∃ φ ∶ D↩ inner, φ(0) = 0 & ν
(τ)
x non-atomic for a.e.

x ∈ T.

Construction [Saksman ’06] Define F ∶ D→ R2+ by F (z) ∶= ∫T
χ+z
χ−z dµ, then

F (0) = 1 whence φ ∶= F−1
F+1

∶ D↩ is inner with φ(0) = 0 and ν
(τ)
0 = µ

whence ν
(τ)
x non-atomic ∀ x ≠ 0.



8. Representations, singularities & multiplicities

Factorization Theorem

Let φ ∶ D↩ be inner, then

φ(z) = B(z)S(z) =∶ λ∏
a∈F

ψa(z)#(a) ⋅ exp[−∫
T
χ+z
χ−z dσ]

where F ⊂ D is at most countable, # ∶ F → N so that

∑a∈F #(a)(1 − ∣a∣) < ∞, ψa(z) ∶= z−a
1−az , σ ∈M(T), σ ⊥ m and ∣λ∣ = 1.

● B = BF aka Blaschke product. A rational inner functions is a
Blaschke product with ∣F ∣ < ∞.

● S = Sσ aka singular inner function has no zeroes in D.

● The singular set of φ is
sφ ∶= {z ∈ D ∶ ∄ U open s.t. z ∈ U & φ ∶ U → C is analytic} = F ′∪χ(sptσ).
● If m(χ−1sφ}) = 0, then there is a partition α mod 0 of T into
open intervals so that τ(φ) ∶ a → Ta is strictly increasing & real
analytic ∀ a ∈ α, and hence countable to one.

Question Does τ(φ) countable to one ⇒ m(χ−1sφ}) = 0?

9. Adapted pair and Doeblin-Fortet operators

Adapted pair: pair of Banach spaces (C,L) satisfying

L ⊂ C, ∥ ⋅ ∥C ≤ L, (L)C = C & L-closed, bounded sets are C-compact.

Doeblin-Fortet (DF) operator wrt adapted pair (C,L):
P ∈ hom(C,C) ∩ hom(L,L) satisfying for some κ ≥ 1, R,H ∈ R+
and r ∈ (0,1):

∥Pnx∥C ≤ H∥x∥C ∀n ∈ N, x ∈ L, &(i)

∥Pκx∥L ≤ r∥x∥L + R∥x∥C ∀ x ∈ L.(ii)

, For b > 1, let
kb ∶= {f ∈ L2(T,m) ∶ ∥f ∥2

kb
∶= ∑n∈Z b

∣n∣∣f̂ (n)∣2 < ∞}, then kb is a
Hilbert space and (Lp(m), kb) is an adapted pair for 1 ≤ p < ∞.



10. Spectral gaps for inner functions
Spectral gap theorem [A-Nadkarni, ’22]]

Let φ ∶ D↩ be inner, not Möbius with φ(0) = 0, then
∀ b > 1, ∣φ′(0)∣ < ρ < 1, ∃ M > 0 so that with τ = τ(φ)

∥τ̂Nu −E(u)∥b ≤MρN∥u∥b ∀ u ∈ kb, N ≥ 0o

where E(u) ∶= ∫T udm = û(0).

● τ̂ is a DF operator wrt (L2(m), kb) ∀ b > 1.

As in [Butterley-Canestrari-Jain, Arxiv2205.12607v3] consider

r(φ) ∶= inf {ρ > 0 ∶ τ̂ ∋ o with ρ on L with ∥ ⋅ ∥L ≥ ∥ ⋅ ∥1},

● then r(φ) ≥ ∣φ′(0)∣, ∵ ∃ z ∈ D s.t. ∣φn(z)∣
1
n ÐÐÐ→

n→∞
∣φ′(0)∣ &

Mρn ≥ ∥τ̂n(pz) − 1∥1 ≥ ε∣φn(z)∣ = ∣φ′(0)∣n+o(n).

[Ivrii-Urbanski, ’22] Spectral gaps for τ̂ on the Dirichlet space D(D)
and the Sobolev space W

1
2
,2(T).

11. Perturbations of transfer operators
Let φ ∶D↩ be non-Möbius inner with φ(0) = 0 & τ = τ(φ).

For Ψ ∶ T→ R bounded measurable, define the operators
Πz = Πz,Ψ ∶ L1(m) ↩ (z ∈ C); and Pt = Pt,Ψ ∶ L1(m) ↩ (t ∈ R) by

Πz f ∶= τ̂(ezΨf ) & Pt f ∶= Πit f = τ̂(e itΨf ).

Analyticity of Perturbation [A- Nadkarni ’22]

If Ψ = ψ ○ χ ∶ T→ R with ψ ∈ kB (with B > 1) then
∀ 1 < b < B,z ∈ C↦ Πz ∈ hom(kb, kb) is holomorphic with

dnΠz
d zn (f ) = Πz(Ψnf ) =∶ Π

(n)
z (f ).

Corollary: a spectral theorem see [Nagaev, ’57]

Let 1 < b < B, Ψ = ψ ○ χ ∶ T→ R, ψ ∈ kB and ψ(0) = 0 = E(Ψ).
∃ ε > 0, K > 0, θ ∈ (0,1) & analytic functions
λ ∶ B(0, ε) → BC(0,1), N ∶ B(0, ε) → hom(kb, kb) s.t.

∥Pn
t,Ψh − λ(t)nN(t)h∥kb ≤ Kθn∥h∥kb ∀ ∣t ∣ < ε, n ≥ 1, h ∈ kb(m)

where ∀∣t ∣ < ε, N(t) ∶ kb → N(t)kb is a projection & dim N(t)kb = 1.



12. Expansion of the eigenvalue and CLTs

Let φ ∶D↩ be non-Möbius inner with φ(0) = 0 & τ = τ(φ) and let
Ψ = ψ ○ χ ∶ T→ R with ψ ∈ kB .

[Nagaev, ’57] & [Rousseau-Egele, ’83]

● E(Ψ2
n
n ) ÐÐÐ→

n→∞
E(E(g2∥τ−1B) − E(g∥τ−1B)2) =∶ σ2 ≥ 0 where

Ψn ∶= ∑n−1
k=0 Ψ ○ τk & g ∶= ∑n≥0 τ̂

nΨ;
● σ2 = 0 ⇐⇒ ∃ h, g = h ○ τ ⇒ Ψ = g − τ̂g = h ○ τ − h;;

● If σ2 > 0, then λ(t) = 1 − σ2t2

2 + o(t2) as t → 0 & (Ψ, τ)
satisfies the CLT:

E(exp[ itΨn√
n
]) = E(Pn

t√
n
1) = λ( t√

n
)nE(N( t√

n
)) +O(θn) ÐÐÐ→

n→∞
exp[−σ

2t2

2
].

● If σ2 > 0 & ∣λ(t)∣ < 1 ∀ t ≠ 0, then (below) (Ψ, τ) satisfies the
LLT.

CLT’s for: (χ, τ) in [Nicolau-Soler i Gilbert, arxiv:math/2006.12105] & for

(Ψ, τ), Ψ a multiplier for W
1
2
,2 in [Ivrii-Urbanski, ’22] .

13. Aperiodicity
Let φ ∶D↩ be non-Möbius inner with φ(0) = 0 & τ = τ(φ) and let
Ψ = ψ ○ χ ∶ T→ R with ψ ∈ kB .

Call Ψ periodic if ∃ t ∈ R, λ ∈ C, ∣λ∣ = 1 & g ∶ T→ C
measurable, not constant, so that e itψ = λg ○ τ/g and aperiodic

otherwise. WLOG ∣g ∣ = 1 a.e. .

Proposition Ψ is periodic iff ∃ t ∈ R, λ ∈ C, ∣λ∣ = 1 and
g ∈ L1(m) so that Pt(g) = λg .

Proof uses that conditional expectation is an orthogonal projection.

● Thus if Ψ is aperiodic,

∣λ(t)∣ ≤ limn→∞∥Pt∥
1
n

hom(kb,kb)
< 1 ∀ t ≠ 0.

Eigenvalue rigidity proposition

Suppose that t ∈ R, λ ∈ ∂D, z ∈ L1are so that Ptz = λz, then z ∈ kb.

Proof uses Yosida’s ergodic theorem for DF operators.

Aperiodicity Proposition [A-Nadkarni, ’22]

If φ is not a finite Blaschke product and ψ ∈ kB , ψ(0) = 0, ψ ≢ 0,
then Ψ = ψ ○ χ is aperiodic.

Proof uses Seidel’s theorem on inner function singularities.



14. Local Limits

Local Limit Theorem

Let φ ∶D↩ be non-Möbius inner with φ(0) = 0 & τ = τ(φ) and let
Ψ = ψ ○ χ ∶ T→ R with ψ ∈ kB be aperiodic,
then for I ⊂ R an interval, and kn ∈ Z, kn

σ
√
n
→ κ ∈ R as n →∞,

σ
√
n τ̂n(1[Ψn∈kn+I ]) ÐÐÐ→n→∞

∣I ∣√
2π
e−

κ2

2 .

where σ2 = limn→∞E(Ψ2
n
n ) and ∣I ∣ is the length of I .

15. Sketch of proof of local limits
Fourier method of proof as in [L. Breiman, ’68].
Let h ∈ L1(R), h ≥ 0 ĥ ∈ L1(R), ĥ ≡ 0 off [−M,M].
Let ε > 0 θ ∈ (0,1) be as in m. By aperiodicity ∃ η ∈ (θ,1) so that
supε≤∣t ∣≤M ∣λ(t)∣ ≤ η < 1.

σ
√
n⋅τ̂n(h(Ψn − kn)) = σ

√
n√

2π ∫
M

−M
ĥ(x)e−iknxPn

x 1dx

= σ
√
n√

2π ∫∣x ∣≤ε
ĥ(x)e−iknxλ(x)nN( x

σ
√
n
)1dx +O(

√
nηn)

= 1√
2π ∫∣x ∣≤εσ

√
n
ĥ( x

σ
√
n
)e−i

kn
σ
√

n
x
λ( x

σ
√
n
)nN( x

σ
√
n
)1dx + o(1)

ÐÐÐ→
n→∞

1√
2π ∫R

ĥ(0)e−
x2

2 e−iκxdx = ∫
R
h(x)dx ⋅ 1√

2π
e−

κ2

2 .

For ω ∈ T, kn ∈ R, kn
σ
√
n
ÐÐÐ→
n→∞

κ, define Radon measures Λn on R

by Λn(h) ∶= σ
√
nτ̂n(h(Ψn − kn))(ω). Above

[L.Breiman,′68]
Ô⇒

Λn
weak * inCc(R)∗
ÐÐÐÐÐÐÐ→

n→∞
1√
2π
e−

κ2

2 ⋅ Leb. The theorem follows from this. 2�
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127. The End

Thank you for listening.
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