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Anisotropic flow and viscosity

Relativistic hydrodynamics applied successfully to explain the
space-time evolution.

Role of Hydrodynamics:

Initial state spatial deformation
Hydro
====⇒Final state momentum anisotropy

Viscosity degrades conversion efficiency; necessary to explain data

Amaresh Jaiswal (NISER) Extreme Nonequilibrium QCD 3



Relativistic fluid dynamics

Conservation equations for energy-momentum and charge current.

Ideal Dissipative

Tµν = εuµuν − P∆µν Tµν = εuµuν − (P + Π)∆µν + πµν

Nµ = nuµ Nµ = nuµ + nµ

Unknowns: ε, P, n, uµ︸ ︷︷ ︸
1+1+ 1+ 3

= 6 ε, P, n, uµ, Π, πµν , nµ︸ ︷︷ ︸
1+1+ 1 + 3 + 1 + 5 + 3

= 15

Equations: ∂µT
µν = 0, ∂µN

µ = 0, EOS︸ ︷︷ ︸
4 + 1 + 1

= 6

Closed set of equations 9 more equations required

Here ∆µν = gµν − uµuν and Landau frame chosen: Tµνuν = εuµ.

Equations required for dissipative currents Π, πµν and nµ.
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Dissipation effects

In simple terms: πyx = 2 η ∂〈yux〉, Π = −ζ ∂ ·u, nx = κ ∂〈x〉a

Charge/heat conductivity: fluid’s resistance to flow of charge/heat.
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Successes of hydro models in heavy-ion collisions
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[C. Gale, S. Jeon, B. Schenke, P. Tribedy and R. Venugopalan, PRL 110, 012302 (2013)]

Amaresh Jaiswal (NISER) Extreme Nonequilibrium QCD 6



Amaresh Jaiswal (NISER) Extreme Nonequilibrium QCD 7



Adopted from F. Becattini
‘Subatomic Vortices’
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F. Becattini
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F. Becattini
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F. Becattini
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F. Becattini
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Hydrodynamics with angular momentum conservation

Apply relativistic hydrodynamics to understand particle
polarization.

Hydrodynamic evolution should ensure total angular momentum
conservation.

Formulation of relativistic hydrodynamics with angular
momentum conservation necessary.

Polarization processes are dissipative in nature.

Dissipation should also be incorporated in the formulation.

Topic of present discussion: formulation of ideal and dissipative
hydrodynamics with angular momentum conservation.

Relativistic kinetic theory framework.
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Angular momentum conservation: particles

Orbital angular momentum of a particle with momentum ~p:

~L = ~x× ~p ⇒ Li = εijk xi pj

One can obtain the dual tensor:

Lij ≡ εijk Lk ⇒ Lij = xi pj − xj pi

We know that both definitions are equivalent.

In absence of external torque, i.e.,
d~L

dt
= 0, we have: ∂iLij = 0.

This treatment valid for non-relativistic point particles.

For fluids, particle momenta → “generalized fluid momenta”

The energy-momentum tensor
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Angular momentum conservation: fluid

The orbital angular momentum for relativistic fluids is defined as

Lλ,µν = xµT λν − xνT λµ

Keeping in mind the energy-momentum conservation, ∂µT
µν = 0:

∂λL
λ,µν = Tµν − T νµ

Obviously, for symmetric Tµν , orbital angular momentum is
automatically conserved. Classically Tµν always symmetric.

For medium constituent with intrinsic spin, different story

Jλ,µν = Lλ,µν + Sλ,µν + LS couplings

Ensure total angular momentum conservation: ∂λJ
λ,µν = 0.

In absence of coupling terms, ∂λS
λ,µν = 0 (Spin Hydrodynamics).
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Spin dependent distribution function

Introduce spin four-vector sα such that in the particle rest frame,
sα = (0, s∗) with the length of the spin vector defined by

−s2 ≡ −sαsα = |s∗|2 = s2 =
1

2

Å
1 +

1

2

ã
Start with spin-1/2 massive particles and introduce their internal
angular momentum sαβ

sαβ =
1

m
εαβγδpγsδ ⇒ sα =

1

2m
εαβγδpβsγδ

The equilibrium distribution function is

f±s,eq(x, p, s) = f±eq(x, p) exp

ï
1

2
ωµν(x)sµν

ò
,

f±eq(x, p) = exp [−pµβµ(x)± ξ(x)] .

[W. Florkowski, A. Kumar, R. Ryblewski, Prog. Part. Nucl. Phys. 108 (2019) 103709]
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Integration over particle degrees of freedom

Introduce the spin integral measure

dS =
m

πs
d4s δ(s · s+ s2) δ(p · s).

Suitably normalized∫
dS = 2,

∫
dS f±s,eq(x, p, s) = f±eq(x, p).

Introduce the momentum integral measure

dP =

∫
d4p

(2π)4
2 δ(p2 −m2) Θ(p0) =

d3p

(2π)3Ep
.

Next step: construct hydrodynamic quantities.
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Conserved charge current

The equilibrium charge current is defined as

Nµ
eq =

∫
dP dS pµ

[
f+
s,eq(x, p, s)−f−s,eq(x, p, s)

]
.

Using the equilibrium distribution functions

Nµ
eq = 2 sinh(ξ)

∫
dP pµe−p·β

∫
dS exp

Å
1

2
ωαβs

αβ

ã
.

In the limit of small polarization, i.e., linear in ωαβ,

Nµ
eq = 2 sinh(ξ)

∫
dP pµ e−p·β

∫
dS

Å
1 +

1

2
ωαβs

αβ

ã
.

Integrate over spin and momenta

Nµ
eq = nuµ, n = 4 sinh(ξ)n0(T ), n0 =

1

2π2
T 3z2K2(z),

where z ≡ m/T .
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Energy momentum tensor

The energy-momentum tensor is defined as

Tµνeq =

∫
dP dS pµpν

[
f+
s,eq(x, p, s) + f−s,eq(x, p, s)

]
.

Using equilibrium distribution functions in small polarization limit

Tµνeq (x) = εuµuν − P∆µν .

The energy density and pressure is given by

ε = 4 cosh(ξ) ε0(T ), P = 4 cosh(ξ)P0(T ).

Integration over momenta leads to

ε0(T )=
1

2π2
T 4z2 [3K2(z) + zK1(z)] , P0(T )=

1

2π2
T 4z2K2(z)= n0(T )T.
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Spin tensor

We adopt the following intuitive definition for spin tensor

Sλ,µνeq =

∫
dP dS pλ sµν

[
f+
s,eq(x, p, s) + f−s,eq(x, p, s)

]
.

Integrating over spin in small polarization limit

Sλ,µνeq =
4s2

3m2
cosh(ξ)

∫
dP pλ e−p·β

Ä
m2ωµν+2pαp[µων]

α

ä
.

Integration over momenta leads to

Sλ,µνeq = C
î
n0 u

λωµν+A0 u
λuδu[µω

ν]
δ+B0

Ä
u[µ∆λδω

ν]
δ+uλ∆δ[µω

ν]
δ+uδ∆λ[µω

ν]
δ

äó
.

C = (4/3)s2 cosh(ξ), B0 = − 2

z2

ε0(T ) + P0(T )

T
= − 2

z2
s0(T ),

A0 =
6

z2
s0(T ) + 2n0(T ) = −3B0 + 2n0(T ).
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Entropy four-current

For entropy current we adopt the Boltzmann definition

Hµ
eq = −

∫
dP dS pµ

[
f+
s,eq

(
ln f+

s,eq − 1
)

+ f−s,eq

(
ln f−s,eq − 1

)]
.

Using previous definitions

Hµ
eq = βαT

µα
eq −

1

2
ωαβS

µ,αβ
eq − ξNµ

eq + Pβµ.

Using conservation laws, ∂µN
µ
eq = ∂µT

µν
eq = ∂λS

λ,µν
eq = 0, we get

∂µH
µ
eq = (∂µβα)Tµαeq −

1

2
(∂µωαβ)Sµ,αβeq − (∂µξ)N

µ
eq + ∂µ(Pβµ) = 0.

The above result is exact, i.e., up to all orders in ωµν .

Provides support for the assumed form of Sλ,µνeq .
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Ideal spin hydrodynamics

Ideal ‘spin’-hydrodynamic equations are given by

∂µN
µ
eq = 0, ∂µT

µν
eq = 0, ∂λS

λ,µν
eq = 0.

Contributions to the entropy production coming from the spin
polarization tensor are quadratic.

No effect on the entropy production from the polarization in the
linear order.

Standard hydrodynamic equation are not affected by polarization
at linear order.

Therefore up to linear in ω, spin polarization evolves on top of
such a hydrodynamic background. [W. Florkowski, B. Friman, AJ,

R. Ryblewski and E. Speranza, PRC 97, 041901 (2018); PRD 97, 116017 (2018)]

Next: dissipation needs to be included.
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Relativistic Boltzmann equation

Starting from Wigner function and its Clifford-algebra
decomposition, the evolution equation for f±s (x, p, s) is obtained
[S. Bhadury, W. Florkowski, AJ, A. Kumar and R. Ryblewski, arXiv:2002.03937]

In the absence of mean fields, the distribution function satisfies

pµ∂µf
±
s (x, p, s) = C[f±s (x, p, s)].

Assume relaxation-time approximation for the collision term

C[f±s (x, p, s)] = −(u · p)
f±s (x, p, s)− f±s,eq(x, p, s)

τeq
.

Solving up to first-order in gradients,

δf±s =
−τeq

(u · p)
e±ξ−p·β

ï(± pµ∂µξ−pλpµ∂µβλ)Å1+
1

2
sαβωαβ

ã
+

1

2
pµsαβ(∂µωαβ)

ò
.
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Boltzmann equation and dissipation

Consider dissipative corrections to conserved quantities

δNµ = Nµ −Nµ
eq, δTµν = Tµν − Tµνeq , δSλ,µν = Sλ,µν − Sλ,µνeq

Suitable moments of the Boltzmann equation in RTA leads to

∂µN
µ = −uµδN

µ

τeq
, ∂µT

µν = −uµδT
µν

τeq
, ∂λS

λ,µν = −uλδS
λ,µν

τeq
.

Conservation equations provides the matching/frame conditions:

uµδN
µ = 0, uµδT

µν = 0, uλδS
λ,µν = 0.

All dissipative currents are orthogonal to fluid four-velocity.

With RTA, one has to work in Landau frame.
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Dissipative quantities

The dissipative quantities δNµ, δTµν , and δSλ,µν are defined in
terms of the non-equilibrium parts of the distribution functions:

δNµ =

∫
dP dS pµ(δf+

s − δf−s ),

δTµν =

∫
dP dS pµpν(δf+

s + δf−s ),

δSλ,µν =

∫
dP dS pλsµν(δf+

s + δf−s ).

Remember the first-order solution from Boltzmann equation

δf±s =
−τeq

(u · p)
e±ξ−p·β

ï(± pµ∂µξ−pλpµ∂µβλ)Å1+
1

2
sαβωαβ

ã
+

1

2
pµsαβ(∂µωαβ)

ò
.

Substituting in above definitions leads to relativistic Navier-Stokes
equations for ‘spin’-hydrodynamics.
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First-order dissipative spin hydrodynamics

Dissipative correction to conserved charge current:

δNµ = nµ = τeq βn∇µξ

Dissipative correction to energy-momentum tensor:

δTµν = πµν −Π∆µν , πµν = 2τeq βπσ
µν , Π = −τeq βΠθ

Dissipative correction to spin tensor:

δSλ,µν = τeq

[
Bλ,µν

Π θ+Bκλ,µν
n (∇κξ)+B(κδ)λ,µν

π σκδ+B
ηβγλ,µν
Σ ∇ηωβγ

]
.

The transport coefficients βn, βπ, βΠ remain unchanged up to
linear order in ωµν .

Form of dissipation to spin current is new. Transport coefficients
corresponding to spin dissipation can be found in: [S. Bhadury,

W. Florkowski, AJ, A. Kumar and R. Ryblewski, arXiv:2008.10976]
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Dissipative spin hydrodynamics: other relevant works

Other parallel approaches from Wigner function formalism
[N. Weickgenannt, X.-l. Sheng, E. Speranza, Q. Wang and D. Rischke, PRD 100

(2019) 056018].

Appraoch based on Lagrangian method [D. Montenegro and G. Torrieri,

PRD 100 (2019) 056011].

A very useful review on spin hydro: [W. Florkowski, R. Ryblewski and

A. Kumar, Prog.Part.Nucl.Phys. 108 (2019) 103709, arXiv:1811.04409].

Relatively unexplored area of research.

Much work needed in this direction.
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Thank you!
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