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Section 1:
Confluence relation by
Hirose and Sato




Confluence relation

Setup
Letz #0,1 € C.
Az = @(60, €z el>
U
A; =Q& Ae1 ® Age,
U
‘A'(z) =Q®Qe,® & o ea-Azeb
a=0,z b=1,z
U
AT = Qez) - AL
U

A;z = Q @ epA,e1 D epAe,
Put A = Q(eg,e1) and set A = AL N A (i = 1,0).
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Standard relations

e, a=0,1,

Const : A, — A: alg. hom. by ¢, — {
0 a=z

00+ A, = A, lin.map (a € {0, z, 1}) defined by

n
6Z,Q'(ea,, LY eal) = Z (6{a,~,a,-+1},{z,a} - 6{“;’—1,(1;‘},{1,&}) ean e éai ) eal

i=1

withay = 0and a1 = 1.

It := {w € AY| Const(d,0, *++ 0z 0,w) = 0
for r 2 0,a1,...,a, € {0,1}}.
An element of Jqr is called a standard relation.
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Iterated integral map

L : A? > C{holomorphic functions on z}

dt, dt,
€q, """ €q; P 0<t;<<t,<l ty—a, AR t1—a;
Proposition([HS]):
L(Jst) = 0.

Question: How can we derive relations among MZV
from Jgr?

A~ thol.fens.on z}

|

A— L [
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Confluence relations

A (A2, w) > (A° ) alg.hom is defined by
A & AT (AN Qerer) —5 A7 @ (A N Qen, e2)) S
AT Qe @ A2 RN A2 S a0,

ey —» e¢;—eq,
where 7, : (A;,:) = (A, ) is anti-automor. st. Je; e, — e,

e, e,
Definition:

Jer := ATst)

An element of J¢r is called a confluence relation.
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Results of Hirose and Sato

Theorem ([HS]):
@ L(cr) = 0.
@ Confluence relations imply the double shuffle
relations.

Conjecture ([HS]):

Confluence relations might exhaust all the relations
among MZVs.
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Section 2:
Associator relation
IS equivalent to
Confluence relation




Associator relation = Confluence relation

Review: Associator

Definition ([Drinfeld,91] and [F,'10]):
An associator is a pair (y, ¢) with u € IK* (KK: a field of

ch= 0) and a series ¢(fy. /1) € K{((fo, f1)) = U,
satisfying the following associator relations

® ¢ € expliz, 2],

o (elfofn) = &,

@ VausPsiPrapasipiz = 1 in UPs,
where s is the Lie algebra generated by ¢;; (i, j € Z/5)
with the relations
@ tij=tj, t;=0, Yjezstij =0 (Vi € Z/[5),
@ [ti;,tiu]l =0 for {i,j}Nn{k,1}=0.

Hidekazu FURUSHO (Nagoya University) On confluence relation February 29, 2024 10/16




Main Theorem . Associator Confluence

Regard U, = Q(fo, f1) with the dual of A = Q(ey, €1)
by the pairing < e; | f; >= 6;j fori,j =0,1.
Theorem (by F)

Let ¢ € explfa, T21. Then it is an associator if and only if
it satisfies the confluence relations, i.e. < 1| ¢ >= 0 for
anyl € Jcy.

Corollary (by F)
GRT, = {QD € exp[fz, ’f\z] | < l|§0 >=0forl € JCF orl = eper}.
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preparation: Bar construction

Let (A® = €B;°=0Aq, d) be DGA.

Its reduced bar complex is given by
B*(A) := @:‘;O(AU@’
with A® = EBZOA" where A? = A1/dA° and A’ = A1,

It forms a CDGHA with the deconcatication coproduct
and the differential
d = dint + dext
dilar] -+ lar] = T (DT ayl - |Jaialdailaial - - - la;]
dewlar] -+l ] = TX (~D)"'Jayl-- -1 JaialT a; - aialai] - - lag.
where Ja = (-1)?"1a for a € AP,
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Step 1: Moduli spaces

My := Confy(P')/PGL(2) ~ {z € P! | z £ 0,1, 00}

(P15 P2, P3, Ps) © (0,2,1, 0)
M5 := Confs(P')/PGL(2) = {(z,w) € (P)*|z,w # 0,1, 00,2 # W}

(pl’ D25 D35 Pas pS) © (0,w,z,1,00)
X(z) :=P'\ {0,1,z,00} = {w € P! | w £ 0,2,1, 00}
B := H'B(Q),(Mys)) = UP;
A~ HOB (QLR(MO,“))

A; = H'B(2,(X(2)))

pr, : Mys = My univ family with the fiber X(z) at z

dec; : B~ A, @A Jpi A, —> B
z z
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e e R el e S|
Step 2: Upgrade Hirose-Sato’s techniques

Bl B, BO g BB (@=0,1)

EENER
Al A, ASEA A A,

Ist = {w € AY | Const(d, 0, *++ z0,W) =

for r 2 0,a1,...,a, € {0,1}}.
Jsr 1= {w € Bl | Const(d,q, +++ 00, w)

for r 2 0,a1,...,a, € {0,1}}.

Lemma
® Jgr N j2(AY) = jr(Isy).
@ Foranyl € Igr and series ¢, < Il|p3s1 >= O.
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Step 3: Associator — Confluence

Key Formula:
Forany l € A‘Z’ and group-like series ¢ € Q{{fo, f1)),
<A | ¢ >=< j2(D) | ¢} 2150534 >

If ¢ is an associator,
=< j2(D) | p3s1124 >

=< jo() | p3s1 >

If 1 € Isr, then ja(l) € Isr. By < st | 9351 >= 0,
= 0.
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Step 4: Confluence — Associator

Assume that ¢ satisfies the confluence relation.

Then by key formula, for any I € Jgr:
0 =< jo(Dlp, p2sps34 >=< j2(Dlp3a@215p534 >
=< j2(DIO >,
where O 1= 9153034202159534P421-
While we have pr;(()) = pry(O) = 1.
By
J;T N ker pr; N ker pr, = 1,
we have

O =1.
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