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Definition 1. For m, ky,...,k,, > 1, z € C, multiple
polylogarithm (MPL) is the complex function defined by

nm

) z
Lig,,.x,(z) = Z L

O<ni<msny T2 0 M
@ It convergeson {z € C | |z] < 1}.
@ lim,,; Lig,  x,(2) = {(k1,..., kpn): MZV (k,, > 1).
%Likl,...,km_l,km—l(z) (kp > 1),

d .
e =L = I
az rin (2) {fz iy (2) (e = 1),
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KZ (Knizhnik-Zamolodchikov) equation

Definition 2. KZ equation is the diff.eqn. over
Pé\{()’ 1, co}:
dG = a)Kz(Z) . G(Z)
with
G(2) € C((A, B)),
wkz(2) = %A + z‘i—zl
Lemma 3. Let G(z), H(z) € SolKZ and
G(z) € C({(A, B))*. Then G(z)~! - H(z) is constant.

Proof.
L{G(2)'H(2)} = -G(2) M4G(2)}G(2)'H(z) + G(z) ' £ H(z) =
~G(2) ' wkz(2)G(2)G(2) ' H(2) + G(2) ' wkz(2)H(z) = 0 O
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Lemma 4. Let a # 0,1, co. Then there exists uniquely
G.(2) € SOoIKZ st.G,(a) = 1.

Proof. Actually

G.(2) := Pexp f WKz,

Z ¥4 1
:=1+f wKZ(t)+f f wkz(tz2) A wgz(ty) +---
2 dt dt
=1+f f ff =2 —1AA
2 dt dt
ff 2 LAB+---. O
t; -1

Lemma 5. Leta, b # 0,1, co. We have
Gp(2) - Ga(b) = Gy(2).
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Lemma 6. There exists uniquely Gy(z) € SolKZ
st.Gy(z) = z4 (z = 0). Here it means that

P(z) := Go(z) - {1 — 2524 + LED 42 _ ...} is analytic in

anbdof z =0and P(0) = 1.

Proof. Put P(2) = 1 + X w.woras Pw(z)W. Then by KZ

eqgn PW(z) € z@[[Z]] can be constructed inductively
PAWA(Z) 1Pwa(z) = LPsw(2),

dzPAWB(Z) 1Pws(2),

%iBWA(Z) f %PWA(Z) — 1Pw(2),

2 Pewe(2) = — Pwg(2),

dizPA(Z) =V,

LPp(2) = 5.

Z
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Lower degree: Gy(A, B)(z) =

2
1+ (log 2)A + log(1 - 2)B + ©22 A% — Li,(z)AB +
(Liz(z) + (log 2) log(1 — 2)} BA + %2V g2 .

Lemma 7. There exists uniquely G1(z) € SolKZ
stGi(z) (1 -28(z->1).

Proof. Actually G{(A, B)(1 — z) = G(B, A)(2). O
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KZ-associator (a.k.a. Drinfeld associator)

Definition 8. The KZ-associator is defined to be
Dz := Pkz(A, B) := G1(2)7! - Gy(z) € C{(A, B)).

It is constant (independent of z).

Lemma 9. ®ky = lim._, eB. '.Pexp f:_e WK7Z * et
Proof.
RHS =lime ®2-G.1-¢)- €4

e—0
= lina €8.Gy(1=-¢€)-Gype)'- €t

= lin(% €8.Gi1-€) Dz -Gop(e) ! € = LHS C
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Corollary 10. Its coefficient is given by MZV;
®kz = 1+ ) (=1)"{(ky,.. ., k) A" "' B - AL B+

Proof. By Lemma 9,

(@xz ‘ A*nm1p ... AR-1p)
1= g¢ A= gy de"k=b gy

_ A -

= lim
t t—-1 t t—-1

e—0 €

= (_l)mg(kl’ ey km)'

Lower degree:
®xz(A,B) =1—-{(2)AB + {(2)BA — {(3)A’B + 2{(3)ABA +
{(1,2)AB* - {(3)BA? = 2{(1,2)BAB + {(1,2)B*A + --- .

See Appendix B, for general formula.
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Associator relations by Drinfeld ("91)

@ group-like condition; A(®Pkz) = Pz @ Pkz,
where A is the coproduct of C{({A, B)).

@ 2-cycle relation; ®kz(A, B)Y®Pkz(B, A) = 1.

@ 3-cycle relation;
€™ 4@k (C, A)e™Dkz(B, C)e™B Dk, (A, B) = 1
with C := —A — B.

@ 5-cycle relation;
Dz (t12, 23 + t24)Prz(t13 + 123, E34) =

Dkz(t23, 130)Pkz(t12 + t13, L2 + 134)Pkz(E12, £23).

Here {t;;} are generators of
for different integers i, j, k, [,

ti =0, tjj =t [tij tu] =0, [tij, t] =0, [Lij, ti + tjx] = 0.
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Appendix A: Rough proof of associator relations for ®kz

Appendix A:
Rough proof of associator
relations for @k,
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Appendix A: Rough proof of associator relations for ®kz

Proof of group-like condition: Consider AKZ-equaton
A(A) N A(B)
V4 z-1

dH = < >-H(z)

with H(z) € C((A, B))®2.
Then for G(z) € SolKZ, we have both G(A(A), A(B))(z) and
G(z)®G(z) € SolKZ. Since

[+ Go(A(A), A(B))(Z) ~ ZA(A) = ZA®1+1®A - ZA ® ZA,
@ Gy(2)®Gy(2) ~ z* ® z*,
when z — 0, we have
Go(A(A), A(B))(z) = Gy(2)®G(z).
Similarly we have G{(A(A), A(B))(z) = G1(2)®G1(z).
So we have A((I)Kz) = (I)Kz(A(A), A(B)) =
G1(A(A), A(B))(z)™! - Gy(A(A), A(B))(2) =

(G1(2)®G1(2))™" - (Go(2)®Gy(2)) = Pkz @ Pxz. O
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Appendix A: Rough proof of associator relations for ®kz

Proof of 2-cycle relation: By using
@ Gy(A, B)(z) = G1(A, B)(2)Pkz(A, B),
@ Gi1(A, B)(z) = Go(B, A)(1 - 2),
we have
Go(A, B)(z) = Go(B, A)(1 — 2)®kz(A, B)
= G1(B, A)(1 - 2)@xkz(B, A)®Pxz(A, B)
= Go(A, B)(z)®xz(B, A)®Pxz(A, B)
So we have (I)Kz(B, A)(I)Kz(A, B) = 1. O
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Appendix A: Rough proof of associator relations for ®kz

Proof of 3-cycle relation: Make use of 6 fundamental
solutions of KZ-eqn:

Gy(A, B)(z), Go(B, A)(1 - 2), Go(B, C)(1 - 3),

Go(C, B)(2), Go(C, A)(3%), Go(A, O)(Z)

and their relation including

Gy(A, C)() = Gy(A, B)(z)e™,

Go(A, B)(z) = Go(B, A)(1 — 2)Pkz(A, B), etc.

Rough proof (consult Drinfeld’s paper) of 5-cycle
relation: Make use of 5 fundamental solutions of two
variables KZ equation over

Mos = {(x,y) € C* | x,y,xy # 0,1}.
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Appendix B: Explicit formula of coefficients of ®kz,

Appendix B:
Explicit formula of
coefficients of ®kz
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Appendix B: Explicit formula of coefficients of ®kz,

Formula of Le-Murakami (96) and F ("03)

Put Ug, := C{((A, B)). Foraword W € Ug;, let I(W)
be its coefficient in ®kz. Then we have, for k,, > 1,
[(AS 1B ... ARPIBY = (=1)"¢ (k1. .., k).
Suppose that W is written as B"'VA® (r,s = 0,
VeA-Ugy-BorV =1). Then
I(W) = Z (-1)“”’1(;:(3“ W B VAS A”)).

0<as<r
0<b<s

Here m : U§, = UW; is the natural projection
Ug, > C+ A - U, - B(C Ug,) annihilating B - U,
and Ug, - A.
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