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MZV andMPL

MPL

Definition 1. For m, k1, . . . , km > 1, z ∈ C, multiple
polylogarithm (MPL) is the complex function defined by

Lik1,...,km(z) =
∑

0<n1<···<nm

znm

nk1

1
· · · nkm

m

It converges on {z ∈ C
∣∣ |z| < 1}.

limz→1 Lik1,...,km(z) = ζ(k1, . . . , km): MZV (km > 1).

d
dzLik1,...,km(z) =

®
1
zLik1,...,km−1,km−1(z) (km > 1),
1

1−zLik1,...,km−1(z) (km = 1).
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KZ equation

KZ (Knizhnik-Zamolodchikov) equation

Definition 2. KZ equation is the diff.eqn. over
P1
C
\{0, 1,∞}:

dG = ωKZ(z) · G(z)

with ®
G(z) ∈ C⟨⟨A, B⟩⟩,
ωKZ(z) = dz

z A + dz
z−1 B

Lemma 3. Let G(z), H(z) ∈ SolKZ and
G(z) ∈ C⟨⟨A, B⟩⟩×. Then G(z)−1 · H(z) is constant.

Proof.
d
dz{G(z)−1H(z)} = −G(z)−1{ d

dzG(z)}G(z)−1H(z) + G(z)−1 d
dz H(z) =

−G(z)−1ωKZ(z)G(z)G(z)−1H(z) + G(z)−1ωKZ(z)H(z) = 0 □
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KZ equation

Lemma 4. Let a , 0, 1,∞. Then there exists uniquely
Ga(z) ∈ SolKZ st.Ga(a) = 1.

Proof. Actually

Ga(z) := Pexp
∫ z

a
ωKZ

:= 1 +
∫ z

a
ωKZ(t) +

∫ z

a

∫ t2

a
ωKZ(t2) ∧ ωKZ(t1) + · · ·

= 1 +
∫ z

a

dt
t

A +
∫ z

a

dt
t − 1

B +
∫ z

a

∫ t2

a

dt2

t2
∧

dt1

t1
AA

+

∫ z

a

∫ t2

a

dt2

t2
∧

dt1

t1 − 1
AB + · · · . □

Lemma 5. Let a, b , 0, 1,∞. We have
Gb(z) · Ga(b) = Ga(z).
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KZ equation

Lemma 6. There exists uniquely G0(z) ∈ SolKZ
st.G0(z) ≈ zA (z → 0). Here it means that
P(z) := G0(z) · {1 − log z

1! A + (log z)2

2! A2 − · · · } is analytic in
a nbd of z = 0 and P(0) = 1.

Proof. Put P(z) = 1 +
∑

W:words PW(z)W. Then by KZ
eqn PW(z) ∈ zQ[[Z]] can be constructed inductively

d
dz PAW A(z) = 1

z PW A(z) − 1
z PAW(z),

d
dz PAWB(z) = 1

z PWB(z),
d
dz PBW A(z) = 1

z−1 PW A(z) − 1
z PBW(z),

d
dz PBWB(z) = 1

z−1 PWB(z),
d
dz PA(z) = 0,
d
dz PB(z) = 1

z−1 .
□
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KZ equation

Lower degree: G0(A, B)(z) =
1 + (log z)A + log(1 − z)B + (log z)2

2 A2 − Li2(z)AB +
{Li2(z) + (log z) log(1 − z)} BA + {log(1−z)}2

2 B2 + · · ·

Lemma 7. There exists uniquely G1(z) ∈ SolKZ
st.G1(z) ≈ (1 − z)B (z → 1) .

Proof. Actually G1(A, B)(1 − z) = G0(B, A)(z). □
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KZ equation

KZ-associator (a.k.a. Drinfeld associator)

Definition 8. The KZ-associator is defined to be
ΦKZ := ΦKZ(A, B) := G1(z)−1 · G0(z) ∈ C⟨⟨A, B⟩⟩.
It is constant (independent of z).

Lemma 9. ΦKZ = limϵ→0 ϵ
−B · Pexp

∫ 1−ϵ
ϵ
ωKZ · ϵA

Proof.
RHS = lim

ϵ→0
ϵ−B · Gϵ(1 − ϵ) · ϵA

= lim
ϵ→0
ϵ−B · G0(1 − ϵ) · G0(ϵ)−1 · ϵA

= lim
ϵ→0
ϵ−B · G1(1 − ϵ) · ΦKZ · G0(ϵ)−1 · ϵA = LHS □
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KZ equation

Corollary 10. Its coefficient is given by MZV;
ΦKZ = 1+

∑
(−1)mζ(k1, . . . , km)Akm−1B · · · Ak1−1B+· · ·

Proof. By Lemma 9,

⟨ΦKZ
∣∣ Akm−1B · · · Ak1−1B⟩

= lim
ϵ→0

∫ 1−ϵ

ϵ

dt
t

∧(km−1)

∧ dt
t − 1

∧ · · · ∧ dt
t

∧(k1−1)

∧ dt
t − 1

= (−1)mζ(k1, . . . , km). □

Lower degree:
ΦKZ(A, B) = 1 − ζ(2)AB + ζ(2)BA − ζ(3)A2B + 2ζ(3)ABA +
ζ(1, 2)AB2 − ζ(3)BA2 − 2ζ(1, 2)BAB + ζ(1, 2)B2 A + · · · .

See Appendix B, for general formula.
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KZ equation

Associator relations by Drinfeld (’91)
0 group-like condition; ∆(ΦKZ) = ΦKZ ⊗ ΦKZ

where ∆ is the coproduct of C⟨⟨A, B⟩⟩.
1 2-cycle relation; ΦKZ(A, B)ΦKZ(B, A) = 1.
2 3-cycle relation;

eπiAΦKZ(C, A)eπiCΦKZ(B,C)eπiBΦKZ(A, B) = 1
with C := −A − B.

3 5-cycle relation;
ΦKZ(t12, t23 + t24)ΦKZ(t13 + t23, t34) =
ΦKZ(t23, t34)ΦKZ(t12 + t13, t24 + t34)ΦKZ(t12, t23).

Here {t i j} are generators of Drinfeld-Kohno Lie algebra:
for different integers i, j, k, l,

t ii = 0, t i j = t ji, [t i j, tkl] = 0, [t i j, tkl] = 0, [t i j, t ik + t jk] = 0.
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Appendix A: Rough proof of associator relations for ΦKZ
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Appendix A: Rough proof of associator relations for ΦKZ

Proof of group-like condition: Consider ∆KZ-equaton

dH =
Å
∆(A)

z
+
∆(B)
z − 1

ã
· H(z)

with H(z) ∈ C⟨⟨A, B⟩⟩⊗̂2.
Then for G(z) ∈ SolKZ, we have both G(∆(A), ∆(B))(z) and
G(z)⊗̂G(z) ∈ SolKZ. Since

G0(∆(A), ∆(B))(z) ≈ z∆(A) = zA⊗1+1⊗A = zA ⊗ zA,

G0(z)⊗̂G0(z) ≈ zA ⊗ zA,

when z → 0, we have

G0(∆(A), ∆(B))(z) = G0(z)⊗̂G0(z).

Similarly we have G1(∆(A), ∆(B))(z) = G1(z)⊗̂G1(z).
So we have ∆(ΦKZ) = ΦKZ(∆(A), ∆(B)) =
G1(∆(A), ∆(B))(z)−1 · G0(∆(A), ∆(B))(z) =
(G1(z)⊗̂G1(z))−1 · (G0(z)⊗̂G0(z)) = ΦKZ ⊗ ΦKZ. □
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Appendix A: Rough proof of associator relations for ΦKZ

Proof of 2-cycle relation: By using
G0(A, B)(z) = G1(A, B)(z)ΦKZ(A, B),
G1(A, B)(z) = G0(B, A)(1 − z),

we have
G0(A, B)(z) = G0(B, A)(1 − z)ΦKZ(A, B)

= G1(B, A)(1 − z)ΦKZ(B, A)ΦKZ(A, B)
= G0(A, B)(z)ΦKZ(B, A)ΦKZ(A, B)

So we have ΦKZ(B, A)ΦKZ(A, B) = 1. □
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Appendix A: Rough proof of associator relations for ΦKZ

Proof of 3-cycle relation: Make use of 6 fundamental
solutions of KZ-eqn:
G0(A, B)(z), G0(B, A)(1 − z), G0(B,C)(1 − 1

z),
G0(C, B)(1

z), G0(C, A)( 1
1−z), G0(A,C)( z

z−1)
and their relation including
G0(A,C)( z

z−1) = G0(A, B)(z)eπiA,
G0(A, B)(z) = G0(B, A)(1 − z)ΦKZ(A, B), etc.

Rough proof (consult Drinfeld’s paper) of 5-cycle
relation: Make use of 5 fundamental solutions of two
variables KZ equation over
M0,5 ≃ {(x, y) ∈ C2

∣∣ x, y, xy , 0, 1}.
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Appendix B: Explicit formula of coefficients of ΦKZ
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Appendix B: Explicit formula of coefficients of ΦKZ

Formula of Le-Murakami (’96) and F (’03)

Put UF2 := C⟨⟨A, B⟩⟩. For a word W ∈ UF2, let I(W)
be its coefficient in ΦKZ. Then we have, for km > 1,

I(Akm−1B · · · Ak1−1B) = (−1)mζ(k1, . . . , km).
Suppose that W is written as BrV As (r, s ⩾ 0,
V ∈ A · UF2 · B or V = 1). Then

I(W) =
∑

0⩽a⩽r
0⩽b⩽s

(−1)a+bI
Ä
π(Ba

� Br−aV As−b
� Ab)

ä
.

Here π : UF2 → UF2 is the natural projection
UF2 → C + A · UF2 · B(⊂ UF2) annihilating B · UF2
and UF2 · A.

Hidekazu Furusho (Nagoya University) An introduction to KZ associator 27 February 2024 16 / 16


	MZV andMPL
	KZ equation
	Appendix A: Rough proof of associator relations for KZ
	Appendix B: Explicit formula of coefficients of KZ

