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The bottom-line at a high level..

Physical (and mathematical) considerations lead to a system
of PDE on a compact Riemann surface.

We proved that in many cases solutions exist (hard to check)
iff certain algebro-geometric conditions (“easy” to check) are
met.

We also proved uniqueness in most cases.

This is the tip of the iceberg. Hopefully, similar results can
eventually help not only with physics but also with algebraic
geometry (moduli spaces for instance) and have connections
with index theory (quantisation, Bergman kernels, Quillen
metrics, etc).
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Cosmic strings - Introduction

The early universe was presumably akin to a magnet getting
demagnetised, in that the tiny domains point in different
directions and “defects” like “domain walls” were created.
The defects we are interested in, are defects in gravity, i.e.,
cosmic strings (different from string theory).

The governing equations essentially couple General Relativity
(equations for the curvature of a metric) and Gauge theory (a
Higgs field). A cylindrically symmetric ansatz in Einstein’s
equations (in a special case) yield the Einstein-Bogomol’nyi
equations for a metric g on a surface X , a section ϕ and a
unitary connection A on a Hermitian line bundle L (ϵ is the

symmetry-breaking scale): Kg = 4πG
∑
i

niδpi , ∂̄Aϕ = 0 ,

and FA =
1

2

(
ϵ2 − ∥ϕ∥2

)
volg .
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Cosmic strings - earlier results

When χ(M) = 2πϵ2GN (hence X = S2), then Yang proved
that when ni <

N
2 ∀ i or when n1 = n2 =

N
2 , then there exists

a solution to the equations.

He first reduced the system to a single nonlinear PDE

∆0v = λev0+2πGϵ2v−2πGeu0+v (
eu0+v − ϵ2

)
+

4πN

|X |0
where

∆0v0 = −2Kg0 +
8π2Gϵ2N

|X |0 , ∆0u0 = −4πN
|X |0 + 4π

∑
i

niδpi and λ

is a parameter related to the volume of g .

When n1 = n2 =
N
2 , an ansatz reduces the system to an ODE,

which was then solved using the shooting method (but for
some values of λ).

In the other cases, for some values of λ, the method of sub
and super solutions was used by Yang to produce a solution.

Later on, others (Hahn-Sohn-Lee) proved existence for any
λ > 0.
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Cosmic strings - questions

However, a few questions remained unanswered: Can one find
solutions for any admissible volume? (The volume cannot be
arbitrary.) Are the solutions unique? If there are only two
zeroes, then is n1 = n2 necessarily? Can there be a string
concentrated at only one point? Is ni <

N
2 necessary?

A somewhat related question: Is there a way of coupling the
Einstein equation with Gauge theory in the Kähler case using
infinite-dimensional moment maps that contains the cosmic
string equations as a special case? (Such a hypothetical
system could potentially be useful in studying the moduli
space of triples (X , L,E ).)
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Cosmic strings - brief answers (with MGF, OGP, LAC, and
CY)

Solutions are unique in most cases. (In the case of ni = N/2,
still open.)

Solutions, if they exist, have “as many” symmetries as the
equations themselves, i.e., in the n1 + n2 = N case, assuming
these points are at the poles, the solutions are radially
symmetric.

n1 = n2 is necessary thanks to two independent arguments
(the vanishing of the Futaki invariant and the reductivity of
the automorphism group). There cannot be a
singly-concentrated cosmic string (same arguments).

Iff ni <
N
2 ∀ i , then there exists a solution for any admissible

volume.

There is a way of coupling these equations - the
Kähler-Yang-Mills equations (MGF, OGP, LAC, Geom. Top.
2013).
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Gravitating vortices

The GV equations (dim. red’n. of KYM) are:

iFh =
τ − |ϕ|2h

2
g and Kg + α(∆ + τ)(|ϕ|2 − τ) = c .

An alternate perspective is to consider g as a Kähler metric
ωϕ = ω0 + 2i∂∂̄ϕ.

When c = 0 and X = S2, these are the cosmic string
equations (MGF, OGP, LAC Comm Math Phys 2017).

These equations do not always have solutions. There is a
well-known obstruction for the first equation itself
(c1(L) <

τVol
4π ) (the vortex equation).
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Gravitating vortices

For high genus g ≥ 2 we (P, MGF, OGP, and LAC Math Ann
2021) proved that if the first equation is unobstructed and
0 ≤ α ≤ 2g−2

2τ(τ/2−N) , then a unique smooth solution exists.
Method of proof: continuity method with α as the parameter.

In the same paper we also proved that n1 = n2 =
N
2 is

necessary, solutions are symmetric, and n1 = N is not possible.

We can now prove that for g ≥ 1, if the following numerical
conditions are met, then there exists a unique smooth
solution.

1 V − 4πN
τ > 0,

2 ατ
(
8πN
τ − V

)
< 2g−2

N

(
V − 4πN

τ

)
,

3 2ατm < 1,

where m is the maximum multiplicity of the zeroes of ϕ.
Method of proof: Continuity method in α but the uniform
estimate from the lower boundedness of an energy functional.
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Gravitating vortices

Unfortunately, we (correctly) claimed that ni <
N
2 was

necessary but the proof was incorrect. (We can prove (P,
MGF, OGP, LAC, CY, JEMS ’25) it now with sophisticated
tools.)

We (P, MGF, OGP, LAC, CY Bull Sci Math ’23) gave a
purely PDE-theoretic proof of the necessity of the vanishing of
the Futaki invariant.

In (P, MGF, CY Adv Math 2021) we proved that for any
admissible volume, if ni <

N
2 , the GV equations have

solutions.

The proofs involve Cheeger-Gromov theory of convergence.
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Non-Abelian GV equations

The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are) will aid in
studying these more general strings.

The non-Abelian vortex equation (Bradlow) on a vector
bundle E is F = τ−ϕ⊗ϕ∗

2 ω. Unlike the Abelian vortex equation
(connected to superconductivity), this one’s connection with
physics appears tenuous.

Bradlow proved that that a stability condition holds iff
existence holds.
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Non-Abelian GV equations

It can be coupled to gravity via the equation
Ricci(ω) + α(−2

√
−1∂∂̄ + τω)(∥ϕ∥2H − 2τ) = 0 introduced

by (Pure Appl. Math. Q. ’19) LAC, MGF, and OGP as a
dimensional reduction of the Kähler-Yang-Mills-Higgs
equations.

We provided examples of solutions (P, Math. Ann, ’25).

Let E = O(N)⊕O(N) with ϕ = (z l , zN−l) with l ≤ N − l .

Assume (the criticality condition) 2Nατ = 1.

Bradlow’s stability in this case is the admissibility of volume:
N < τV

2 < 2N − 2l .

Actually, in LAC-MGF-OGP’19, they considered a more
general case: ϕ = (z l1 , z l2) and stability was
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Non-Abelian GV equations - symmetries

We proved that in this case there exists a U(1)-symmetric
solution of the non-abelian GV equations for all admissible
volumes.

By U(1)-symmetric we mean the following action: On P1,
U(1) acts as [X 0 : e iθX 1] and it extends to O(−N) ⊂ P1 ×C2

in two ways - ([X ], µX ) → ([X 0 : e iθX 1], µe ikjθ(X 0, e iθX 1))
for two integers k1, k2 such that k1 − k2 = 2l − N.

Using this U(1)-action, we reduce the system to a system of
ODE, akin to Yang for the Abelian case. However, Yang could
use the shooting method which is a formidable affair for
systems.
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Non-Abelian GV equations - Continuity method

Thus we use the following Aubin-Yau style continuity path.

iFH +
1

2
ϕ⊗ ϕ∗Hω =

τ

2
ω,

Ricci(ω) + α(−2
√
−1∂∂̄ + τω)(∥ϕ∥2H − 2τ)

= (1− s)(Ricci(VωFS) + α(−2
√
−1∂∂̄ + τVωFS)(∥ϕ∥2Hs=0

− 2τ)),
(1)

where ωFS is the Fubini-Study metric ωFS = idz∧dz̄
(1+|z|2)2 = iFHFS

(for some metric HFS on O(1)).

When s = 0, the non-abelian vortex equation

iFH +
1

2
ϕ⊗ ϕ∗Hω =

τ

2
ω, (2)

has a solution H0 with ω = VωFS thanks to Bradlow, and H0

turns out to be U(1)-symmetric.
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Non-Abelian GV equations - Locally

Let det(g) det(g0) = e−v . We see that

ω = 2× 41/NλsωFSe
−2α∥ϕ∥2H−

v
N , (3)

where 2× 41/Nλs = det(g0)
−1/NVλse

−(s−1)2α∥ϕ∥2H0
+su0 , with

λ > 0 being a constant and u0 (can be chosen to be radially
symmetric and of zero average) satisfying√
−1∂∂̄u0 = Ricc(ωFS)− 2ατ

√
−1tr(FH0).

Thus we get

iFH = 41/NλsωFS(τ − ϕ⊗ ϕ∗H )e−2α∥ϕ∥2H−
v
N . (4)

In the usual trivialisation of V on C
∂

∂z̄

(
H−1∂H

∂z

)
= 41/Nλs(ϕ⊗ ϕ∗H − τ)e−2α∥ϕ∥2H−η/N , (5)

where e−η = det(H).
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λ > 0 being a constant and u0 (can be chosen to be radially
symmetric and of zero average) satisfying√
−1∂∂̄u0 = Ricc(ωFS)− 2ατ

√
−1tr(FH0).

Thus we get

iFH = 41/NλsωFS(τ − ϕ⊗ ϕ∗H )e−2α∥ϕ∥2H−
v
N . (4)

In the usual trivialisation of V on C
∂

∂z̄

(
H−1∂H

∂z

)
= 41/Nλs(ϕ⊗ ϕ∗H − τ)e−2α∥ϕ∥2H−η/N , (5)

where e−η = det(H).
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Non-Abelian GV equations - Extension lemma

Lemma

Let H be a smooth pos.def. matrix on C∗ satisfying

the above
equation, and suppose det(H) is radially symm. If H extends
smoothly across 0,∞, the following hold.

∥ϕ∥2H(z) ≤ τ ∀ z , |H(z)| ≤ C near z = 0, |H(1/w)||w−2N | ≤ C

near w = 0,

∥∥∥∥H−1∂H

∂z

∥∥∥∥
L∞(B(0,1))

≤ C ,

∥∥∥∥H−1∂H

∂w
− N

w

∥∥∥∥
L∞(B(0,1))

≤ C .

Conversely, if the following hold, then H extends smoothly.

∥ϕ∥2H(z) ≤ τ ∀ z , lim
z→0

z
∂ ln det(H)

∂z
= 0, lim

w→0
w
∂ ln det(H)

∂w
= 2N,∥∥∥∥H−1∂H

∂z

∥∥∥∥
L2(B(0,1))

≤ C ,

∥∥∥∥H−1∂H

∂w
− N

w

∥∥∥∥
L2(B(0,1))

≤ C .
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Non-Abelian GV equations - Reduction to an ODE system

Define the Hermitian matrix q as q = P†HP where

P =

[
ϕ1 −ϕ1
ϕ2 ϕ2

]
. (6)

Let t = ln |z |2. Then q satisfies

(q−1q′)′ = λs

([
1 0
0 0

]
q − τ Id

)
e−2αq11−ψ/N

= λs

([
q11 − τ q12

0 −τ

])
e−2αq11−ψ/N .

The boundary conditions are:

q11 ≤ τ, lim
t→−∞

ψ′ = −N, lim
t→∞

ψ′ = N,∥∥∥∥Pq−1q′P−1 −
[

l 0
0 N − l

]∥∥∥∥
L2(−∞,0)

≤ C ,∥∥∥∥Pq−1q′P−1 +

[
N − l 0
0 l

]∥∥∥∥
L2(0,∞)

≤ C . (7)
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Non-Abelian GV equations - solutions

One proves openness using IFT and integration-by-parts. For
closedness, the estimates are delicate, and rely on q11 ≤ τ (as
the first estimate).

Then one proves that for each λ > 0, the solution of the ODE
system is unique.

IFT shows that the volume Vλ of ωλ varies smoothly.

One can then prove that limλ→0+ Vλ = 4N−4l
τ and

limλ→∞ Vλ = 2N
τ .

It seems tricky to extend this reduction to ODE business for
other kinds of l1, l2.
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