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Dovp = —2Kg, + EEEN, Agug = — 1N +4WZ ni6p; and A

is a parameter related to the volume of g.

@ When nj = np = % an ansatz reduces the system to an ODE,
which was then solved using the shooting method (but for
some values of \).

@ In the other cases, for some values of \, the method of sub
and super solutions was used by Yang to produce a solution.
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Cosmic strings - questions

@ However, a few questions remained unanswered: Can one find
solutions for any admissible volume? (The volume cannot be
arbitrary.) Are the solutions unique? If there are only two
zeroes, then is n; = np necessarily? Can there be a string
concentrated at only one point? Is n; < g necessary?

@ A somewhat related question: Is there a way of coupling the
Einstein equation with Gauge theory in the Kahler case using
infinite-dimensional moment maps that contains the cosmic
string equations as a special case? (Such a hypothetical
system could potentially be useful in studying the moduli
space of triples (X, L, E).)
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@ Solutions are unique in most cases. (In the case of nj = N/2,
still open.)

@ Solutions, if they exist, have “as many” symmetries as the
equations themselves, i.e., in the n; + n, = N case, assuming
these points are at the poles, the solutions are radially
symmetric.

@ n; = nyp is necessary thanks to two independent arguments
(the vanishing of the Futaki invariant and the reductivity of
the automorphism group). There cannot be a
singly-concentrated cosmic string (same arguments).

o Iff n; < % V i, then there exists a solution for any admissible
volume.

@ There is a way of coupling these equations - the
Kahler-Yang-Mills equations (MGF, OGP, LAC, Geom. Top.
2013).
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@ An alternate perspective is to consider g as a Kahler metric
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@ When ¢ = 0 and X = S?, these are the cosmic string
equations (MGF, OGP, LAC Comm Math Phys 2017).
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Gravitating vortices

@ The GV equations (dim. red'n. of KYM) are:
N e 1 2\ _
iFp = — & and Ky +a(A+T)(|¢]—7)=cC.
@ An alternate perspective is to consider g as a Kahler metric
We = wo + 2i00¢.

@ When ¢ = 0 and X = S?, these are the cosmic string
equations (MGF, OGP, LAC Comm Math Phys 2017).

@ These equations do not always have solutions. There is a
well-known obstruction for the first equation itself
(ca(L) < %) (the vortex equation).
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Gravitating vortices

e For high genus g > 2 we (P, MGF, OGP, and LAC Math Ann
2021) proved that if the first equation is unobstructed and

2g—2
0<asstrm
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e For high genus g > 2 we (P, MGF, OGP, and LAC Math Ann
2021) proved that if the first equation is unobstructed and
0<a< W;N) then a unique smooth solution exists.
Method of proof: continuity method with « as the parameter.
@ In the same paper we also proved that ny = ny = % is
necessary, solutions are symmetric, and n; = N is not possible.
@ We can now prove that for g > 1, if the following numerical
conditions are met, then there exists a unique smooth
solution.
@ V-4l
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e For high genus g > 2 we (P, MGF, OGP, and LAC Math Ann
2021) proved that if the first equation is unobstructed and
0<a< W;N) then a unique smooth solution exists.
Method of proof: continuity method with « as the parameter.

@ In the same paper we also proved that ny = ny = % is
necessary, solutions are symmetric, and n; = N is not possible.

@ We can now prove that for g > 1, if the following numerical
conditions are met, then there exists a unique smooth
solution.

Q@ v-N>yp

@ ar (o —v) < 232 (v - t21)

Q 2arm<1,
where m is the maximum multiplicity of the zeroes of ¢.
Method of proof: Continuity method in « but the uniform

estimate from the lower boundedness of an energy functional.
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Gravitating vortices

e Unfortunately, we (correctly) claimed that n; < % was
necessary but the proof was incorrect. (We can prove (P,
MGF, OGP, LAC, CY, JEMS '25) it now with sophisticated
tools.)

e We (P, MGF, OGP, LAC, CY Bull Sci Math '23) gave a
purely PDE-theoretic proof of the necessity of the vanishing of
the Futaki invariant.

e In (P, MGF, CY Adv Math 2021) we proved that for any
admissible volume, if n; < % the GV equations have
solutions.

@ The proofs involve Cheeger-Gromov theory of convergence.

Vamsi Pritham Pingali Abelian and non-Abelian GV



Non-Abelian GV equations

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle.

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle,

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe,

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force.

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles.

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known)

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are)

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are) will aid in
studying these more general strings.

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are) will aid in
studying these more general strings.

@ The non-Abelian vortex equation (Bradlow)

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are) will aid in
studying these more general strings.

@ The non-Abelian vortex equation (Bradlow) on a vector
bundle E

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are) will aid in
studying these more general strings.

@ The non-Abelian vortex equation (Bradlow) on a vector
bundle £ is F = =28,

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are) will aid in
studying these more general strings.

@ The non-Abelian vortex equation (Bradlow) on a vector
bundle E is F = %w. Unlike the Abelian vortex equation

(

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are) will aid in
studying these more general strings.

@ The non-Abelian vortex equation (Bradlow) on a vector
bundle E is F = %w. Unlike the Abelian vortex equation
(connected to superconductivity),

Vamsi Pritham Pingali Abelian and non-Abelian GV 10/18



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are) will aid in
studying these more general strings.

@ The non-Abelian vortex equation (Bradlow) on a vector
bundle E is F = %w. Unlike the Abelian vortex equation
(connected to superconductivity), this one's connection with
physics appears tenuous.

Vamsi Pritham Pingali Abelian and non-Abelian GV



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are) will aid in
studying these more general strings.

@ The non-Abelian vortex equation (Bradlow) on a vector
bundle E is F = %w. Unlike the Abelian vortex equation

(connected to superconductivity), this one's connection with
physics appears tenuous.

@ Bradlow proved that

Vamsi Pritham Pingali Abelian and non-Abelian GV



Non-Abelian GV equations

@ The word ‘Abelian’ in the context of gauge theory indicates
the presence of a U(1)-bundle. A non-Abelian group for a
principal bundle, i.e., a higher-rank vector bundle, would be
called non-Abelian.

@ In the early universe, the electromagnetic and weak nuclear
forces were ‘unified’ into an electroweak force. The cosmic
strings arising from the symmetry breaking of this force would
involve vector bundles. It is hoped (but not yet known) that
non-Abelian GV equations (whatever they are) will aid in
studying these more general strings.

@ The non-Abelian vortex equation (Bradlow) on a vector
bundle E is F = %w. Unlike the Abelian vortex equation
(connected to superconductivity), this one's connection with
physics appears tenuous.

@ Bradlow proved that that a stability condition holds iff
existence holds.
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Ricci(w) + a(—2v/~100 + tw)(||¢||3, — 27) = 0 introduced
by (Pure Appl. Math. Q. '19) LAC, MGF, and OGP as a
dimensional reduction of the Kahler-Yang-Mills-Higgs
equations.

We provided examples of solutions (P, Math. Ann, '25).

Let E = O(N) @ O(N) with ¢ = (z/,zN~") with I < N — 1.
Assume (the criticality condition) 2NaT = 1.

Bradlow’s stability in this case is the admissibility of volume:
N < Tf <2N -2l

Actually, in LAC-MGF-OGP’19, they considered a more
general case: ¢ = (2, z%) and stability was
N> < % < Niy+ Ny — min(/l, /2) — min(N1 —h, Ny — /2). A

vanishing-of-a-Futaki-type-invariant lead to
2/1—N1 + 2/2—N2 _ 0
2Ny —7 2Ny —7 =
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Non-Abelian GV equations

It can be coupled to gravity via the equation

Ricci(w) + a(—2v/~100 + tw)(||¢||3, — 27) = 0 introduced
by (Pure Appl. Math. Q. '19) LAC, MGF, and OGP as a
dimensional reduction of the Kahler-Yang-Mills-Higgs
equations.

We provided examples of solutions (P, Math. Ann, '25).

Let E = O(N) @ O(N) with ¢ = (z/,zN~") with I < N — 1.
Assume (the criticality condition) 2NaT = 1.

Bradlow’s stability in this case is the admissibility of volume:
N < Tf <2N -2l

Actually, in LAC-MGF-OGP’19, they considered a more
general case: ¢ = (2, z%) and stability was

N> < % < Niy+ Ny — min(/l, /2) — min(N1 —h, Ny — /2). A
vanishing of-a- Futaki—type—invariant lead to

3/,1\,2 =+ glﬁh —2 = 0. This vanishing happens automatically
when /2—/\/—/1 and N1:N2:N.
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@ We proved that in this case there exists a U(1)-symmetric
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e By U(1)-symmetric we mean the following action: On P!,
U(1) acts as [X? : e X!] and it extends to
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Non-Abelian GV equations - symmetries

@ We proved that in this case there exists a U(1)-symmetric
solution of the non-abelian GV equations for all admissible
volumes.

e By U(1)-symmetric we mean the following action: On P!,
U(1) acts as [X? : e""X!] and it extends to O(—N) C P! x C?
in two ways - ([X], uX) — ([X? : e X1], ne®i?(X°, e X1))
for two integers ki, ko such that ky — ko =2/ — N.

Vamsi Pritham Pingali Abelian and non-Abelian GV 12/18



Non-Abelian GV equations - symmetries

@ We proved that in this case there exists a U(1)-symmetric
solution of the non-abelian GV equations for all admissible
volumes.

e By U(1)-symmetric we mean the following action: On P!,
U(1) acts as [X? : e""X!] and it extends to O(—N) C P! x C?
in two ways - ([X], uX) — ([X? : e X1], ne®i?(X°, e X1))
for two integers ki, ko such that ky — ko =2/ — N.

@ Using this U(1)-action, we

Vamsi Pritham Pingali Abelian and non-Abelian GV 12/18



Non-Abelian GV equations - symmetries

@ We proved that in this case there exists a U(1)-symmetric
solution of the non-abelian GV equations for all admissible
volumes.

e By U(1)-symmetric we mean the following action: On P!,
U(1) acts as [X? : e""X!] and it extends to O(—N) C P! x C?
in two ways - ([X], uX) — ([X? : e X1], ne®i?(X°, e X1))
for two integers ki, ko such that ky — ko =2/ — N.

@ Using this U(1)-action, we reduce the system to a system of
ODE, akin to

Vamsi Pritham Pingali Abelian and non-Abelian GV 12/18



Non-Abelian GV equations - symmetries

@ We proved that in this case there exists a U(1)-symmetric
solution of the non-abelian GV equations for all admissible
volumes.

e By U(1)-symmetric we mean the following action: On P!,
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e By U(1)-symmetric we mean the following action: On P!,
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Non-Abelian GV equations - symmetries

@ We proved that in this case there exists a U(1)-symmetric
solution of the non-abelian GV equations for all admissible
volumes.

e By U(1)-symmetric we mean the following action: On P!,
U(1) acts as [X? : e""X!] and it extends to O(—N) C P! x C?
in two ways - ([X], uX) — ([X? : e X1], ne®i?(X°, e X1))
for two integers ki, ko such that ky — ko =2/ — N.

@ Using this U(1)-action, we reduce the system to a system of
ODE, akin to Yang for the Abelian case. However, Yang could

use the shooting method which is a formidable affair for
systems.
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Non-Abelian GV equations - Continuity method

@ Thus we use the following Aubin-Yau style continuity path.

i+ %¢ ® ¢™w = w,
Ricci(w) + a(—2v/—109 + 1w)(||¢||3, — 27)
= (1 — s)(Ricci(Vwgs) + a(—Zleaé + TVwFs)(Hng%_,s:O —271)),
(1)

where
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Non-Abelian GV equations - Continuity method

@ Thus we use the following Aubin-Yau style continuity path.

1
iFy + §¢ ® qﬁ*”w = gw,

Ricci(w) + a(—2v/—109 + 1w)(||¢||3, — 27)
= (1 = s)(Ricci(Vwes) + a(—2v/—=190 + 7Vwes) (|9 |3, — 27)),
(1)

where wrs is the Fubini-Study metric wrs = % = iFHps

(
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(1)

where wrs is the Fubini-Study metric wrs = % = iFHps

(for some metric Hes on O(1)).
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Non-Abelian GV equations - Continuity method

@ Thus we use the following Aubin-Yau style continuity path.

i+ %¢ ® ¢™w = w,
Ricci(w) + a(—2v/—109 + 1w)(||¢||3, — 27)
= (1 — s)(Ricci(Vwgs) + a(—Zleaé + TVwFs)(Hng%_,s:O —271)),
(1)

where wrs is the Fubini-Study metric wrs = % = iFHps

(for some metric Hes on O(1)).

@ When s = 0, the non-abelian vortex equation
. 1 . T
iFi + 59 © ¢™w = sw, (2)

has a solution Hy with w = Vwgs thanks to Bradlow, and
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Non-Abelian GV equations - Continuity method

@ Thus we use the following Aubin-Yau style continuity path.

1
iFy + §¢ ® qﬁ*”w = gw,

Ricci(w) + a(—2v/—109 + 1w)(||¢||3, — 27)
= (1 = s)(Ricci(Vwes) + a(—2v/—=190 + 7Vwes) (|9 |3, — 27)),

(1)
where wrs is the Fubini-Study metric wrs = % = IFHg
(for some metric Hes on O(1)).

@ When s = 0, the non-abelian vortex equation
. 1 . T
iFi + 59 © ¢™w = sw, (2)

has a solution Hy with w = Vwgs thanks to Bradlow, and Hp
turns out to be U(1)-symmetric.
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Non-Abelian GV equations - Locally

o Let det(g)det(gy) =e™".
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v

w =2 x 4N\ wrge 20l (3)

where
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where 2 x 41/N ), = det(go)*l/’vV)\se_(s_l)za”d)”%o““",
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w =2 x 4N\ wrge 20l (3)

where 2 x 4Y/N), = det(gg)*l/’vV)\se_(s_l)za“d)”i’oJrS“O, with
A > 0 being a constant
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Non-Abelian GV equations - Locally

o Let det(g)det(go) = e™. We see that

v

w =2 x 4N )\ wrge20lolh—% (3)
where 2 x 41N\ = det(go) VN Vase - D2llkg st iy

A > 0 being a constant and v (can be chosen to be radially
symmetric and of zero average)
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Non-Abelian GV equations - Locally

o Let det(g)det(go) = e™. We see that

w = 2 x 4N orse-20loli— 3)
where 2 x 4Y/N), = det(gg)*l/’vV)\se_(s_l)za“d)”%o“““, with
A > 0 being a constant and v (can be chosen to be radially
symmetric and of zero average) satisfying

V=100uy = Ricc(wrs) — 2arv/—1tr(Fhy).
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Non-Abelian GV equations - Locally

o Let det(g)det(go) = e™. We see that

v

w =2 x 4N )\ wrge20lolh—% (3)
where 2 x 41N\ = det(go) VN Vase - D2llkg st iy

A > 0 being a constant and v (can be chosen to be radially
symmetric and of zero average) satisfying
V/—=100uy = Ricc(wrs) — 2ary/—1tr(Fpp).

@ Thus we get

v

iFr = 4YN X\ wes(T — ¢ @ ¢*H)e2elPlh— (4)
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Non-Abelian GV equations - Locally

o Let det(g)det(go) = e™. We see that

w =2 x 4N\ wrge 20l (3)
where 2 x 4Y/N), = det(gg)*l/’vV)\se_(s_l)za“d)”%o“““, with
A > 0 being a constant and v (can be chosen to be radially
symmetric and of zero average) satisfying
V/—=100uy = Ricc(wrs) — 2ary/—1tr(Fpp).
@ Thus we get

v

iFr = 4YN X\ wes(T — ¢ @ ¢*H)e2elPlh— (4)

@ In the usual trivialisation of V on C

o (, _OH
az<” oz

where e = det(H).
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Non-Abelian GV equations - Extension lemma

Let H be a smooth pos.def. matrix on C* satisfying
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Let H be a smooth pos.def. matrix on C* satisfying the above
equation, and suppose det(H) is radially symm. If H extends
smoothly across 0, co, the following hold.
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Non-Abelian GV equations - Extension lemma

Let H be a smooth pos.def. matrix on C* satisfying the above
equation, and suppose det(H) is radially symm. If H extends
smoothly across 0, co, the following hold.

19llf(2) < 7V 2,|H(2)| < C near z =0, |H(1/w)||w™2"| < C
~10H proH N

H@z ow w

near w = 0,

<,
Le<(B(0,1))

L(B(0,1))

Conversely,

<
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Non-Abelian GV equations - Extension lemma

Let H be a smooth pos.def. matrix on C* satisfying the above
equation, and suppose det(H) is radially symm. If H extends
smoothly across 0, co, the following hold.

19llf(2) < 7V 2,|H(2)| < C near z =0, |H(1/w)||w™2"| < C
~10H proH N

H@z ow w

near w = 0,

<,
Le<(B(0,1))

L(B(0,1))

Conversely, if the following hold, then H extends smoothly.

<
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Non-Abelian GV equations - Extension lemma

Let H be a smooth pos.def. matrix on C* satisfying the above
equation, and suppose det(H) is radially symm. If H extends
smoothly across 0, co, the following hold.

19llf(2) < 7V 2,|H(2)| < C near z =0, |H(1/w)||w™2"| < C
~10H proH N

H@z ow w

<

Le<(B(0,1))

near w = 0,

<,

L(B(0,1))

Conversely, if the following hold, then H extends smoothly.

. _Olndet(H) : 0Indet(H)
2
< _— = - @@ 7 —
lollgy(z) < TV 2z, ZIm)z . 0, |/!/anOW B 2N,
HH—laH <C ‘H—laH _ ﬂ < C.
9z |li2(8(01)) Ow  wilz(go)
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Non-Abelian GV equations - Reduction to an ODE system
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Non-Abelian GV equations - Reduction to an ODE system

Define the Hermitian matrix q as ¢ = PTHP where

Sl ®
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Let t = In|z|?. Then g satisfies
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Non-Abelian GV equations - Reduction to an ODE system

Define the Hermitian matrix q as ¢ = PTHP where

Sl ®

Let t = In|z|?. Then g satisfies

(@) = As ([ é 8 } q- Tld) e 2oan—v/N

=\ <[ qi1 — T dqi2 ]) e—20qu—¥/N_
0 —T

The boundary conditions are:
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Non-Abelian GV equations - Reduction to an ODE system

Define the Hermitian matrix q as ¢ = PTHP where

Sl ®

Let t = In|z|?. Then g satisfies

(@) = As ([ é 8 } q- Tld) e 2oan—v/N

=\ <[ qi1 — T dqi2 ]) e—20qu—¥/N_
0 —T

The boundary conditions are:
qu <7, lim ¢'=—N, lim ¢/ =N,
podr Lo wl]
HPq‘lq’P‘1 + [ NO_/ 0 ] <C. (7)

12(0,00)
Vamsi Pritham Pingali Abelian and non-Abelian GV 16/18
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Non-Abelian GV equations - solutions
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@ One proves openness using IFT and integration-by-parts. For
closedness, the estimates are delicate, and rely on g11 < 7 (as
the first estimate).
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@ One proves openness using IFT and integration-by-parts. For
closedness, the estimates are delicate, and rely on g11 < 7 (as
the first estimate).

@ Then one proves that for each A > 0,
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@ Then one proves that for each A > 0, the solution of the ODE
system is unique.
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@ Then one proves that for each A > 0, the solution of the ODE
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o IFT shows that
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Non-Abelian GV equations - solutions

@ One proves openness using IFT and integration-by-parts. For
closedness, the estimates are delicate, and rely on g11 < 7 (as
the first estimate).

@ Then one proves that for each A > 0, the solution of the ODE
system is unique.
o IFT shows that the volume V) of wy varies smoothly.

Vamsi Pritham Pingali Abelian and non-Abelian GV 17/18



Non-Abelian GV equations - solutions

@ One proves openness using IFT and integration-by-parts. For
closedness, the estimates are delicate, and rely on g11 < 7 (as
the first estimate).

@ Then one proves that for each A > 0, the solution of the ODE
system is unique.

o IFT shows that the volume V) of wy varies smoothly.

@ One can then prove that
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Non-Abelian GV equations - solutions

@ One proves openness using IFT and integration-by-parts. For
closedness, the estimates are delicate, and rely on g11 < 7 (as
the first estimate).

@ Then one proves that for each A > 0, the solution of the ODE
system is unique.
o IFT shows that the volume V) of wy varies smoothly.

AN—-4]
T

@ One can then prove that limy_,04 V) = and
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Non-Abelian GV equations - solutions

@ One proves openness using IFT and integration-by-parts. For
closedness, the estimates are delicate, and rely on g11 < 7 (as
the first estimate).

@ Then one proves that for each A > 0, the solution of the ODE
system Is unique.

o IFT shows that the volume V) of wy varies smoothly.

@ One can then prove that limy_,04 V) = M and

Iim,\_>oo V>\ = % L]
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Non-Abelian GV equations - solutions

@ One proves openness using IFT and integration-by-parts. For
closedness, the estimates are delicate, and rely on g11 < 7 (as
the first estimate).

@ Then one proves that for each A > 0, the solution of the ODE
system is unique.

o IFT shows that the volume V) of wy varies smoothly.

@ One can then prove that limy_,04 V) = M and

Iim,\_>oo V>\ = % L]

@ It seems tricky to extend
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Non-Abelian GV equations - solutions

@ One proves openness using IFT and integration-by-parts. For
closedness, the estimates are delicate, and rely on g11 < 7 (as
the first estimate).

@ Then one proves that for each A > 0, the solution of the ODE
system is unique.

o IFT shows that the volume V) of wy varies smoothly.

@ One can then prove that limy_,04 V) = M and

Iim,\_>oo V>\ = % L]

@ It seems tricky to extend this reduction to ODE business
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Non-Abelian GV equations - solutions

@ One proves openness using IFT and integration-by-parts. For
closedness, the estimates are delicate, and rely on g11 < 7 (as
the first estimate).

@ Then one proves that for each A > 0, the solution of the ODE
system is unique.

o IFT shows that the volume V) of wy varies smoothly.

@ One can then prove that limy_,04 V) = M and

Iim,\_>oo V>\ = % L]

@ It seems tricky to extend this reduction to ODE business for
other kinds of h, b.
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Thank you
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