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Reinforcement Learning has been the driver behind many of Al’s “successes”
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Looking under the surface, many of these are success of
Multi-Agent Reinforcement Learning
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Looking under the surface, many of these are success of
Multi-Agent Reinforcement Learning

...but multi-agent RL is not very well understood



How can we better understand what constitutes a good Multi-
Agent learning algorithm?

Beating the best human player?
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How can we better understand what constitutes a good Multi-
Agent learning algorithm?

Consistently beating all players?
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Adversarial Policies Beat Superhuman Go Als **

Tony Wang* Adam Gleave* Tom Tseng Nora Belrose Kellin Pelrine

Joseph Miller Michael D Dennis Yawen Duan Viktor Pogrebniak

Sergey Levine Stuart Russell

*
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2023

Researchers show that the current best Go bot can be
consistently beaten by simple strategies that can be used by
amateur players.




Efficiency is crucial

NTARIRAFT

>107 games of Go 200 years of real-time StarCraft games
>1 month of training time on dedicated servers >1 month of training time on dedicated servers



RL algorithms are increasingly deployed in real-world systems

DeepMind Al Reduces Google Data
Centre Cooling Bill by 40%

Richard Evans, Jim Gao



Can we establish a principled foundation
for Multi-Agent Reinforcement Learning?
What makes these problems hard?
What simple algorithmic principles should we build on?

What are fundamental limits and how can we achieve them?



Machine Learning
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Reinforcement Learning

Uncertain, dynamic

environment >\

(evolving over time)
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Real-World Systems are Inherently Multi-Agent
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Challenges: Strategic interactions vastly complicate the task of learning

Opportunities:

Require a careful rethinking of algorithm design.
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Challenges: Strategic interactions vastly complicate the task of learning

Opportunities:

Require a careful rethinking of algorithm design.



Challenges: Strategic interactions vastly complicate the task of learning

As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give
rise to new challenges for algorithm design.

Reinforcement Learning Multi-Agent Reinforcement Learning



Challenges: Strategic interactions vastly complicate the task of learning

As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give
rise to new challenges for algorithm design.

Reinforcement Learning Multi-Agent Reinforcement Learning

Structured non-convex optimization Structured (?) equilibrium computation

)

This is fundamentally hard in general



Challenges: Strategic interactions vastly complicate the task of learning

As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give
rise to new challenges for algorithm design.

Reinforcement Learning Multi-Agent Reinforcement Learning
Structured non-convex optimization Structured (?) equilibrium computation
Stationary environment Coupling between agents introduce non-stationarities in learning

_

Makes proving convergence of algorithms
particularly difficult



Challenges: Strategic interactions vastly complicate the task of learning

As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give
rise to new challenges for algorithm design.

Reinforcement Learning Multi-Agent Reinforcement Learning
Structured non-convex optimization Structured (?) equilibrium computation
Stationary environment Coupling between agents introduce non-stationarities in learning
Role of function approximation is clear Choosing a function class is non-trivial

- ff

Larger, more expressive function classes have
the potential to yield better performance
(Modulo optimization/data)

Larger, more expressive function classes can
vield worse solutions!



Challenges: Strategic interactions vastly complicate the task of learning

As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give
rise to new challenges for algorithm design.

Opportunities: Require a careful rethinking of algorithm design.

Though it is less well understood, we can build on foundations from game theory and reinforcement learning
to explore and design new algorithmic principles.



Main Question:
How do we design principled algorithms for multi-agent problems?

We will focus on theoretical foundations.



Disclaimer:

This talk will hardly be an exhaustive overview of MARL.
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Markov Games

Generalization of a Markov Decision Process introduced by Shapley (1953)

» Action Spaces: A1, ..., An, A=]]A4
» State Spaces: S =1

» Dynamics: P(s'|s,a1,...,a,)

» Reward functions: R; : S x A— R
» Horizon: H or oo

» Initial state distribution: po




Markov Games

Interaction Protocol:

» Environment samples initial state: sg ~ pg
» For step t=01,2,...

» Each agent plays an action a; , simultaneously as = (@1 ¢, ..-Gn t)

» Agents receive their immediate reward: 75+ = R;(St, at)
» Environment transitions to the next state: syyq1 ~ P(- | s¢, as)




Markov Games

In this overview we will focus mainly on fully observable, tabular Markov Games

Fully observable: joint actions and states observed by all agents
Tabular: Finite State and Action Spaces




Policies

Players strategy spaces are spaces of policies (distributions over actions):

General Policy: Depends on the entire history of play:

I = {m : (S, xA)" "' x8 = Ay}

Non-stationary Markov Policy: Depends only on the current state and time

Hi:{ﬂ'iZR_FXS%AAi}

Stationary Markov Policy: Depends only on the current state

HZ:{TFZS%AAz}



Utilities

To evaluate the quality of their strategies, we assume that players seek to
maximize their cumulative reward:

Finite Horizon:

Ui(mi, m—;) = E

Infinite Horizon:

"7T,P,,0()

Ui (T, m—;) =

"7T,P,,O()

Utility of agent 1 depends on the policy of agent 1 as

well as the policies of all other agents 7_;

Utility is discounted cumulative reward
(each player with their own discount factor).



Recap: Markov Games Setup

» Action Spaces: A1, .., An, A=]] A
1=1

» State Spaces: S ' Uiy i) = B ppy | > 7T
» Dynamics: P(s'|s,aq, ..., ) | t=0

» Reward functions: R; : S x A— R
» Horizon: H or oo
» Initial state distribution: Po

Special Cases:

> Single-agent RL
> Two-player Zero-sum (R; = — R,)
» Cooperative (R; = R; Vi,J)



Fxpressivity of Markov Games

Generalizes Classic Game Theoretic Paradigms:

* Normal-form games (no state transitions/single state).
> e.g., repeated prisoner’s dilemma, rock-paper-scissors,...

> Extensive-form games (tree structured state transition).
> e.g., poker, Go, card games

Left Right
/ i
go stgp go  stop
\ / \
\ / \
0,1 1,2 3,2
Drop Jump
4 \

g -1,0



Qutcomes

What are good outcomes for Markov Games?

»In a single agent RL problem, the goal is to maximize reward: mar}f U(m)
T E

» In games, each player would like to maximize their own utility but their objectives may not be aligned.
e.g., Zero-sum games, an increase in my utility is a decrease in my opponent’s.

» Find a policy that best exploits my opponent’s policy:

BR(m_;) = arg max U(m;, m_;)

\ m; €11,

Best-response to 7_;



Qutcomes

What are good outcomes for Markov Games?

»In a single agent RL problem, the goal is to maximize reward: maﬁ( U(m)
T E

» In games, each player would like to maximize their own utility but their objectives may not be aligned.
e.g., Zero-sum games, an increase in my utility is a decrease in my opponent’s.

» Find a policy that best exploits my opponent’s policy:

BR(m_;) = arg maﬁc U(mi, m_;)
Tl

Good against a fixed strategy, but may not be good it my opponents adapt!

A good solution for games should be an equilibrium: No player should deviate under “rational”-play



Nash Equilibrium

What are good outcomes for Markov Games?

Nash Eq: Natural solution concept for individually rational agents.

T is Nash if for each playeri: U;(nf,7*.) > U;(m;, 7*,) Vm; €1,

—1

> Each player is at a best-response -> no incentive to unilaterally deviate.
> Always guaranteed to exist in Markov policies in Markov games.

» In space of non-stationary Markov policies for finite horizon games.

» In space of stationary Markov policies for infinite horizon games.



Nash Equilibrium

What are good outcomes for Markov Games?

Nash Eq: Natural solution concept for individually rational agents.

T is Nash if for each playeri: U;(nf,7*.) > U;(m;, 7*,) Vm; €1,

—1

> In zero-sum games (R; = — R,) the Nash equilibrium is the min-max solution satisfying

: o £ k) .
WIQHEIII_[lQ erléaﬁcl U(ﬂ-h 7T2) N U(ﬂ-l 7 7T2) WIPEaﬁcl 7TI211€11I_[12 U(ﬂ-l’ 7T2)

Analog to Von Neumann's minimax theorem (though it is proved by Shapley via

dynamic programming since U is not convex in T, or concave in my )



Nash Equilibrium

What are good outcomes for Markov Games?

Nash Eq: Natural solution concept for individually rational agents.

T is Nash if for each playeri: U;(nf,7*.) > U;(m;, 7*,) Vm; €1,

—1

>Unfortunately computing a Nash equilibrium even in simple 2-player normal-form games is
computationally hard.

Thm [Daskalakis & Papadimitriou 2009]:

Computing a Nash equilibrium of a 2-player normal-form game is in PPAD

Class of problems that are generally considered to be
intractable (like NP-hard) - computing a Brouwer fixed point



Nash Equilibrium

What are good outcomes for Markov Games?
Nash Eq: Natural solution concept for individually rational agents.

™" is Nash if for each playeri:  Us(ny,n%;) > U(m, 7%;)  Vm; €10,

Thm [Daskalakis & Papadimitriou 2009]:

Computing a Nash equilibrium of a 2-player normal-form game is in PPAD

> Are there other equilibrium concepts more amenable to learning?



A Road Map

1. Normal-form & concave games: equilibrium computation and learning in games

2. Algorithmic structures in Multi-Agent Reinforcement Learning

I. Policy-gradient algorithms in games
ii. Value-based algorithms

3. Further directions

I. The role of function approximation
il. Scalable algorithms for zero-sum games
ii. New equilibrium concepts



Normal-form & concave games

To begin understanding learning in Markov games, we focus on normal-form and concave games:

Normal-form game: Ui(ﬂ-iyﬂ-—i) — 43aN7T[Ri(a)] ;T € A

'

Policy space simplifies to the |Ai|- dimensional simplex.

Thm [Nash 1950]:

Nash equilibria always exist in mixed strategies in normal-form games.



Normal-form & concave games

To begin understanding learning in Markov games, we focus on normal-form and concave games:

Normal-form game: Uz’(ﬂ-iyﬂ-—i) — ‘Camw[Ri(a)] , T © A,

In two-player games, this simplifies to a simple matrix game: U;(m;, m7_;) = W?Rm_i

.

Al X |A_;| dimensional matrix.



Normal-form & concave games

This can be generalized to a general class of concave games:

Ui(mi, m—;) is concave in x; for all fixed 7_;

Thm [Rosen 1965]:

Nash equilibria always exist in concave games over compact & convex strategy spaces.



L earning In concave games

Consider players in concave games: U,(m;,m_;) isconcave in x; for all fixed 7_,;

Assume we are in the full information regime, where players know their utility, observe their opponents’ full policy, and seek
to adapt online to their opponents’ strategies:



L earning In concave games

Consider players in concave games: U,(m;,m_;) isconcave in x; for all fixed 7_,;

Assume we are in the full information regime, where players know their utility, observe their opponents’ full policy, and seek
to adapt online to their opponents’ strategies:

Interaction Protocol:

» Each agent chooses an initial action, x;
» For step t=01,2,...
» Each agent plays an action x; , simultaneously

» Agents receive their immediate utility U;(m; ¢, m—;+) and observe opponent’s policy m—i,t

» Agents update their policy given their observation: mit+1 = gi(mi e, T—i t)

What do good algorithms look like?



Algorithms for learning in games

The simplest algorithms for learning in games come from economics and rely on best-response oracles

BR(m_;) = argmax U;(m,m_;)

Best-Response Dynamics

~ach agent chooses an initial action, x;

-or step t=01,2, ...
Tit+1 = BR(m_;¢)

Does not converge to Nash even in rock-paper-scissors!
(Too greedy)



Algorithms for learning in games

The simplest algorithms for learning in games come from economics and rely on best-response oracles

BR(m_;) = argmax U;(mw,m_;)

Fictitious-Play [Brown, 1949]

» Each agent initializes their belief over their opponents’
Playe

strategy 7_; .
their o

i

» For step t=01,2,...

» Play @it ~ Tit41 = BR(T_i )
» Observe a_; ¢
» Update belief 7—it41 = T4
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Algorithms for learning in games

The simplest algorithms for learning in games come from economics and rely on best-response oracles

BR(m_;) = argmax U;(mw,m_;)

Fictitious-Play [Brown, 1949]

» Each agent initializes their belief over their opponents’
Robinson [1957]

strategy 7_

i

» For step t=012,... -ictitious-Play asympto.tically
) converges to Nash eq. in zero-
» Play @it ~ i1 = BR(T—i ) SUM games

» Observe a—; ¢
» Update belief 7—it41 = T4




Algorithms for learning in games

The simplest algorithms for learning in games come from economics and rely on best-response oracles

BR(m_;) = argmax U;(mw,m_;)

Fictitious-Play [Brown, 1949]

» Each agent initializes their belief over their opponents’

strategy 7_;.

» For step t=01,2,...

» Play @it ~ Tit41 = BR(T_i )
» Observe a—; ¢
» Update belief 7—it41 = T4

Robinson |
-|ctitious-P

951]
ay asymptoticall

converges
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Algorithms for learning in games

The simplest algorithms for learning in games come from economics and rely on best-response oracles

BR(m_;) = argmax U;(mw,m_;)

Fictitious-Play [Brown, 1949]

Robinson [1951]
» Each agent initializes their belief over their opponents’ “ictitious-Play asymptotically
strategy 7_; converges to Nash eq. in zero-
» For step t=01,2,... sum games.
» Play @it ~ Tijt41 = BR(7_;+) » In his proof, convergence to an
» Observe i epsilon-approximate Nash equilibrium
— i Q(A) - .
» Update belief #_itr1 = it took at most 1/¢ iterations
» Karlin [1959] conjectured that it actually converged in O(1/€?) iterations
» Daskalakis & Pan [2014] refuted this conjecture under worst case tie-breaking, showing a 1/e%*W rate is

unavoidable



Algorithms for learning in games

The simplest algorithms for learning in games come from economics and rely on best-response oracles

BR(m_;) = argmax U;(mw,m_;)

Fictitious-Play [Brown, 1949]

» Each agent initializes their belief over their opponents’

strategy 7_;. However, fictitious-play has no
> Forstep t=01.2,... convergence guarantees in
» Play @i ~ Titp1 = BR(7T_; ) general non-zero-sum games.
» Observe a—; ¢
» Update belief 7—it41 = T4




What are good algorithnms for learning in concave games?

What properties may we want for algorithms in games?
agents should not know anything about their opponents utility
agents should be “rational” (e.g., take advantage of naive opponents)

convergence to Nash



What are good algorithnms for learning in concave games?

What properties may we want for algorithms in games?
agents should not know anything about their opponents utility
agents should be “rational” (e.g., take advantage of naive opponents)

convergence to Nash

_

We've already seen that this is too much to hope for in general!
Uncoupled dynamics cannot always converge to Nash [Hart & Mas-Colell 2003]



What are good algorithnms for learning in concave games?

What properties may we want for algorithms in games?
agents should not know anything about their opponents utility
agents should be “rational” (e.g., take advantage of naive opponents)

No-regret
Algorithm should compete with the best fixed action in hindsight:



What are good algorithnms for learning in concave games?

What properties may we want for algorithms in games?
agents should not know anything about their opponents utility

agents should be “rational” (e.g., take advantage of naive opponents)

No-regret
Algorithm should compete with the best fixed action in hindsight:

T
1
max - (Z U (m' 1) — Ui(ﬂ'i,taﬂ'z’,t)) < o(1)
=1

T eN; T
Many well known algorithms turn out to be no-regret:

e.g., online gradient-play, multiplicative weights, mirror descent, smoothed fictitious-play

Note: fictitious-play and best-response dynamics are not no-regret



No-Regret and Coarse Correlated Eq.

No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:

Definition: Coarse Correlated Equilibrium [Aumann 1974]

A joint distribution o € A4 is a coarse correlated equilibrium (CCE) if, for all 1:

ﬂwma[Ui (7‘-)] > {'77—7:N0[Ui (7’(‘,;, ﬂ-—i)] \V/ﬂ-; c 1l;




No-Regret and Coarse Correlated Eq.

No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:

Thm: No-regret algorithms converge to CCE

SUpPpPOose a
time. The t

| players in a game use no-regret algorithms to choose their policies at each

ne average sequence of play converges to a CCE.



No-Regret and Coarse Correlated Eq.

No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:

Thm: No-regret algorithms converge to CCE

Suppose all players in a game use no-regret algorithms to choose their policies at each
time. The the average sequence of play converges to a CCE.

Proof: AImost by definition.

Consider the sequence of correlated joint strategies, or = Uniform ({m:};_;)

Via no-regret:

Imax

' eN;

Ui(me)]

= IMax —
/EA

T
(Z Uz 7T TT—4 t Ui(ﬂ-i,taﬂ-i,t)) S 0(1)
t=1



No-Regret and Coarse Correlated Eq.

No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:

Thm: No-regret algorithms converge to CCE

Suppose all players in a game use no-regret algorithms to choose their policies at each
time. The the average sequence of play converges to a CCE.

Proof: AImost by definition.

Consider the sequence of correlated joint strategies, or = Uniform ({m:};_;)

Via no-regret: Inax

' eN;

Taking limits: Thax




No-Regret and Coarse Correlated Eq.

No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:

Definition: Coarse Correlated Equilibrium [Aumann 1974]

A joint distribution o € A4 is a coarse correlated equilibrium (CCE) if, for all 1:

ﬂwwa[Uz’ (7‘-)] > {'77—7:N0[Ui (7’(‘,;, ﬂ-—i)] \V/ﬂ-; c 1l;

CCE have several desirable properties:

» Always exist (generalization of Nash).
» Set of CCE is convex.

» CCE can be found in normal-form games via linear programming or no-regret learning.



No-Regret and Coarse Correlated Eq.

No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:

Definition: Coarse Correlated Equilibrium [Aumann 1974]

A joint distribution o € A4 is a coarse correlated equilibrium (CCE) if, for all 1:

ﬂwwa[Uz’ (7‘-)] > {'77—7:N0[Ui (7’(‘,;, ﬂ-—i)] \V/ﬂ-; c 1l;

CCE have several desirable properties:
» Always exist (generalization of Nash).
» Set of CCE is convex.

» CCE can be found in normal-form games via linear programming or no-regret learning.

...ahd some less desirable ones:

» Can have support on dominated strategies | Viossat & Zapechelnyuk (2013)] - no rational agent would implement!
» Can be no-regret but never converge

» Requires coordination to implement.



Dynamics of no-regret algorithms

Consider a very simple instantiation of a no-regret algorithm in rock-paper scissors:

2-players Ri=Ry=1—-1 0 1

Players optimize over softmax policies using
gradient descent:

Tt = Softmax(wi,t, 57,)

Wi 41 = Wit + NR;T_; 4



Dynamics of no-regret algorithms

Consider a very simple instantiation of a no-regret algorithm in rock-paper scissors:

0 | |
2-players Ri=Ry=1—-1 0 1
1 -1 0
Players optimize over softmax policies using 32 |

gradient descent:

fi
0 K
D

Tt = Softmax(wi,t, 61)

Wi 41 = Wit + NR;T_; 4

oAl g L0



Recap: No-regret learning algorithms

General-sum Games

CCE CE Nash

i,

Class of CCE
Can be computed via
no-regret learning



Recap: No-regret learning algorithms

General-sum Games

CCE CE Nash

omacee e
Can be computed via Y Prop

. can be computed via no-swap-regret
no-regret learning algorithms



Recap: No-regret learning algorithms

General-sum Games Zero-sum games
ag= CE Nash Nash = CE = CCE
liori “Equilibrium Collapse”
Class of CCE Class of correlated equilibria

Can be computed via
no-regret learning

No-regret algorithms find Nash (min-

(inherit many properties of CCE) | |
max) eg. in zero-sum matrix games.

can be computed via no-swap-regret
algorithms (Similar phenomenon occurs in other
“strictly” competitive games e.g.,
network zero-sum games)



Recap: No-regret learning algorithms

General-sum Games Zero-sum games

8

Designing and analyzing no-regret learning algorithms is still an active research area:

Optimal rates of convergence Characterizing subset CCE that are computed by no-regret algorithms
[Daskalakis et al. 2021, Cai & Zheng 2023, Farina et al. 2023] [Anagnostides et al. 2022]
Swap-regret Time-varying games, pure exploration, ... many different variations of the problem...

[Arunachaleswaran, et al. 2025, Fishelson et al. 2025]



https://arxiv.org/search/cs?searchtype=author&query=Arunachaleswaran,+E+R

Fquilibrium computation through the lens of optimization

Another approach to the problem of equilibrium computation is through the lens of optimization.




Fquilibrium computation through the lens of optimization

Viewed through this lens, computing/learning a Nash equilibrium is equivalent to solving a
variational inequality problem.

Definition: Variational definition of Nash equilibrium of a concave game

A joint policy & is a Nash equilibrium if
. VUi (m,mo)
(F(m™), 7" — @) >0 VWEHAA?; F(m) = f
i=1 Vo Up (T, m_p)

This is a simple generalization of the max of a concave
function over a compact set.

(Vf(z*), 2" —z) >0 Vr e X concave f



Fquilibrium computation through the lens of optimization

Viewed through this lens, computing/learning a Nash equilibrium is equivalent to solving a
variational inequality problem.

Definition: Variational definition of Nash equilibrium of a concave game

A joint policy & is a Nash equilibrium if
. VUi (m,mo)
(F(m™), 7" — @) >0 VWEHAA?; F(m) = f
i=1 Vo Up (T, m_p)

f F'(7r) has useful structure, e.g., monotonicity, then we can apply tools from the literature on
solving VIPs to compute/learn Nash.




Monotone Variational Inequalities

(Projected) Gradient-Play

» Each agent initializes policy at random.
» For step t=01,2,.. Equivalently, analyze joint dynamics:

» Play Tt i1 = Pn (7 + nF (7))
» Observe V;U;(m;)
» Update policy Tit+1 = P, (mie +nViUi(m)) /J

Joint dynamics are not gradient descent
on a function!




Monotone Variational Inequalities

Joint dynamics of gradient-play

1 = P (me + nF(m¢))

Thm:

f F(r)is e.g., strongly monotone:

(F(r) = F(r'),m —7') < —allr = «'||* V7

Then 7 — T under projected gradient-play:.

Convergence to Nash in a last iterate sense.

|7 —7*1* < (1 = ne)*|mo — 7"



Monotone Variational Inequalities

Joint dynamics of gradient-play

1 = P (me + nF(m¢))
Thm:

f F(r) is e.g., monotone:

Thm:

f F(r)is e.g., strongly monotone:

(F(m) — F(r),mt =7y <0 Vm,m

and Il is convex and compact, then
under projected gradient-play:

| T
sz — 77"
t=0

(F(m) = F(r'),m — ') < —a|m —o'||* Vr,7

Then 7 — T under projected gradient-play:.

Convergence to Nash in a last iterate sense
Convergence to Nash in an ergodic sense



Convergence in Monotone Variational Inequalities

Joint dynamics of gradient-play

1 = P (me + nF(m¢))
Thm:

f F(r) is e.g., monotone:

Thm:

f F(r)is e.g., strongly monotone:

(F(m) = F(7"), 71 =7y <0 Vrm, 7«

and Il is convex and compact, then
under projected gradient-play:

| T
sz — 77"
t=0

(F(m) - F(x'),n - ') < —allm — /| ¥,

Then 7 — T under projected gradient-play:.

I is monotone in all zero-sum normal form and convex-concave games.

Monotone F is a restriction on concave games.
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f F(r) is e.g., monotone:
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Convergence in Monotone Variational Inequalities

Joint dynamics of gradient-play

1 = P (me + nF(m¢))
Thm:

f F(r) is e.g., monotone:

Thm:

f F(r)is e.g., strongly monotone:

(F(m) = F(7"), 71 =7y <0 Vrm, 7«

and Il is convex and compact, then
under projected gradient-play:

| T
sz — 77"
t=0

(F(m) ~ F(x'),m — ') < —aljm —'|? Vm,x

Then 7 — T under projected gradient-play:.

I is monotone in all zero-sum normal form and convex-concave games

minmax 7w, Rty = F(r)= An where: A = vk

771 7T _RT O - _AT

— (F(n) - F(@),r—xa"Yy=0 Vrm,«
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Joint dynamics of gradient-play

1 = P (me + nF(m¢))
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| T
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Then 7 — T under projected gradient-play:.

I is monotone in all zero-sum normal form and convex-concave games

Simple decentralized gradient ascent-descent computes Nash in these games!



Convergence in Monotone Variational Inequalities

Joint dynamics of gradient-play

1 = P (me + nF(m¢))
Thm:

f F(r) is e.g., monotone:

Thm:

f F(r)is e.g., strongly monotone:

(F(m) = F(7"), 71 =7y <0 Vrm, 7«

and Il is convex and compact, then
under projected gradient-play:

| T
sz — 77"
t=0

(F(m) — F(r'), 7 — ") < —a||r — 7T/H2 vV, o’

Then 7 — T under projected gradient-play:.

I is monotone in all zero-sum normal form and convex-concave games

Simple decentralized gradient ascent-descent computes Nash in these games!

But we can do even better!



Gradient-play in Monotone Variational Inequalities

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

F(m) = Amr where: A =—A"




Gradient-play in Monotone Variational Inequalities

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

F(m) = Amr where: A =—A"

Gradient-play
T = F(T(') Tt4+1 — P (7Tt T 77F(7Tt))

Gradient-play is the forward Euler discretization
of the limiting continuous-time dynamics

D




Gradient-play in Monotone Variational Inequalities

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

F(m) = Amr where: A =—A"

Gradient-play
T = F(T(') Tt4+1 — P (7Tt T 77F(7Tt))

Bad discretization causes divergence!
(compact convex set allows for ergodic convergence)



Gradient-play in Monotone Variational Inequalities

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

F(m) = Amr where: A =—A"

Gradient-play
T = F(’]T) Tt4+1 — P (7Tt T 77F(7Tt))

s

Can fix this behavior by doing an implicit
discretization!



[ ast-iterate convergence via the Proximal Point Algorithm

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games
F(m) = Amr where: A =—A"

Proximal-Point Algorithm
[Martinet 1970], [Rockefellar 1976]

= F(m) Tir1 = P (m¢ + nF (mi41))

_

Implicit
definition




[ ast-iterate convergence via the Proximal Point Algorithm

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

F(m) = Amr where: A =—A"

Proximal-Point Algorithm Thm:

[Martinet 1970], [Rockefellar 1976] I F(]Z') s e.g., monotone:

Tiy1 = P (me +nE(mi41))

\ (F(r) = F(r),nt ="y <0 Vrm, 7«

Implicit and I1is convex and compact, then the proximal
definition ooint algorithm guarantees:

Ty —> T

I[N convex-concave zero-sum games:

1
max U (w1, 7o) — minU(mq ¢, m2) = O <%>

1 72

Convergence to Nash in an last-iterate sense!
(This is the “Nash-Gap”, a measure of distance from Nash)



[ ast-iterate convergence via the Proximal Point Algorithm

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

F(m) = Amr where: A =—A"

Proximal-Point Algorithm Thm:
[Martinet 1970], [Rockefellar 1976] I F(?Z') s e.g., monotone:
mi+1 = Po (W“LHF(M& (F(r) = F(r),nt ="y <0 Vrm, 7«
Implicit and I1is convex and compact, then the proximal

definition ooint algorithm guarantees:

Ty —> T

I[N convex-concave zero-sum games:

1
max U (w1, 7o) — minU(mq ¢, m2) = O <%>

1 72

Not an implementable algorithm!



implementable Algorithms for Last-Iterate Convergence

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

F(m) = Amr where: A =—A"

Extra-gradient
[Korpelevich 1976]

Vit1l = PH (7Tt -+ 77F(7Tt))
Ter1 = Po (e + nF(veg1))

Optimistic Gradient
[Popov 1980]

Vi1 = Pr (7Tt T 77F(Vt))
Tip1 = P (¢ +nEF(veg1))




implementable Algorithms for Last-Iterate Convergence

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

F(m) = Amr where: A =—A"

Extra-gradient

[Korpelevich 1976] Both of these algorithms can be viewed as
approximations to the proximal point method
Viy1 = P (m + nF(m)) [Mokhtari et al. 2019]

Tir1 = P (7 + nF (Ve41))

Both algorithms are examples of
independent learning:
Optimistic Gradient » players do not need any
[Popov 1980] 7 information about their
Vst = P (1 4 nF(v)) \ Qpponents objective to
implement.
Ter1 = P (me + nF (V1))




implementable Algorithms for Last-Iterate Convergence

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

F(m) = Amr where: A =—A"

Extra-gradient Thm [Gorbonuv et al. 2022, Cai et al 2022]:
[Korpelevich 1976]

Vit1l = PH (7Tt -+ 77F(7Tt))
Ter1 = Po (e + nF(veg1))

f F(x) is e.g., monotone:

(F(m) — F(n"), 7 —7") <0 Vm, 7«

and Il is convex and compact, then the
optimistic gradient and extra-gradient algorithms

Optimistic Gradient guarantee that:
[Popov 1980] Ty —> ™

Viv1 = P (1 +nF (1)) INn convex-concave zero-sum games:

M1 — 7)1‘[ (7'('75 T 77F(Vt_|_1)) max U(7717772,t) —

!




implementable Algorithms for Last-Iterate Convergence

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

F(m) = Amr where: A =—A"

Extra-gradient Thm [Gorbonuv et al. 2022, Cai et al 2022]:
[Korpelevich 1976]

Vit1l = PH (7Tt -+ 77F(7Tt))
Ter1 = Po (e + nF(veg1))

f F(x) is e.g., monotone:

(F(m) — F(n"), 7 —7") <0 Vm, 7«

and Il is convex and compact, then the
optimistic gradient and extra-gradient algorithms

Optimistic Gradient guarantee that:
[Popov 1980] Ty —> ™

Viv1 = P (1 +nF (1)) INn convex-concave zero-sum games:

M1 — 7)1‘[ (7'('75 T 77F(Vt_|_1)) max U(7717772,t) —

!

Interestingly, the optimistic gradient algorithm is no-regret but the extra-gradient algorithm is not!



Recap: Equilibrium Computation as Optimization

Equilibrium computation can be cast as solving variational inequality problems.

» In sub-classes of games (e.g., zero-sum games, potential games) this viewpoint allows
us to leverage new classes of algorithms with strong guarantees of convergence

Extra-gradient and Optimistic gradient methods are:

1. independent learning algorithms
2. Have last-iterate convergence to Nash in monotone variational inequalities



Recap: Equilibrium Computation as Optimization

Equilibrium computation can be cast as solving variational inequality problems.

» In sub-classes of games (e.g., zero-sum games, potential games) this viewpoint allows
us to leverage new classes of algorithms with strong guarantees of convergence

Extra-gradient and Optimistic gradient methods are:

1. independent learning algorithms
2. Have last-iterate convergence to Nash in monotone variational inequalities

» This is a very active area of research:

» Beyond monotone variational inequalities
[Cai et al 2022], |Gorbonov et al. 2023], [Alacaoglu et al. 2025],...

» Accelerated convergence
[Huang et al. 2021], [Cai et al. 2022],...

» Convergence in stochastic-gradient regime
[Gorbonov et al. 2022], [Beznosikov et al. 2023], [Chen & Mazumdar et al. 2024], [Zhang et al. 2025], ...



https://arxiv.org/search/math?searchtype=author&query=Beznosikov,+A

A Road Map

1. Normal-form & concave games: equilibrium computation and learning in games

Takeaway: Equilibrium computation (even in normal-form games) is hard.

» Coupling between agents gives rise to non-stationarity and complex dynamics.

» No-regret learning and variational inequality perspectives can help for algorithm design with convergence to
game theoretically meaningful solutions e.g., CCE.

2. Algorithmic structures in Multi-Agent Reinforcement Learning

I. Policy-gradient algorithms in games
il. Value-based algorithms

3. Further directions

I. The role of function approximation
il. Scalable algorithms for zero-sum games
il. New equilibrium concepts



A Road Map

1. Normal-form & concave games: equilibrium computation and learning in games

2. Algorithmic structures in Multi-Agent Reinforcement Learning

I. Policy-gradient algorithms in games
il. Value-based algorithms

3. Further directions

I. The role of function approximation
il. Scalable algorithms for zero-sum games
il. New equilibrium concepts




Recall: Markov Games Setup

» Action Spaces: A1, ... An, A=]]A
» State Spaces: S =1

» Dynamics: P(s'|s,aq,...,an)

» Reward functions: R; : S x A — R

» Horizon: H or oo

» Initial state distribution: po




From Normal-Form to Markov Games

Can we use algorithms that we have seen for normal-form games for
multi-agent reinforcement learning?

» We'll look at two classes of algorithms:

1. Individual Policy Gradient Algorithms in Markov Games
(Including optimistic gradient methods)



From Normal-Form to Markov Games

Can we use algorithms that we have seen for normal-form games for
multi-agent reinforcement learning?

» We'll look at two classes of algorithms:

1. Individual Policy Gradient Algorithms in Markov Games 2. No-regret Learning in Markov Games
(Including optimistic gradient methods)



DeepMind Can Now Beat Us GAMING \ ENTERTAINMENT \ TECH \

at Multiplayer Games, Too Feeble humans prove no match for OpenAl’'s Dota 2

Chess and Go were child’s play. Now A.l. is winning at go d S
capture the flag. Will such skills translate to the real world?

The Al won 7,215 matches against humans, losing only 42 in the process
By Vlad Savov | @vladsavov | Apr 23, 2019, 9:25am EDT
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\_

All of these are constructing
estimates of the “policy gradient”

W,




Policy Gradients in Markov Games

Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

- i}

. t
Uq;(7T7;,7T—7;) = Er P o E AR
t=0 1



Policy Gradients in Markov Games

Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

O
. t
Ui(ﬂ'iaﬂ'—i) = Er P o E AR

Assumption: All players optimize over stationary Markov policies

» Optimization problem reduces to single-agent RL problem for fixed z_; with dynamics:

s'|s,a;) =

> o

a_;€A_;

) P(s’

Not true without Assumption!

s, a;,a_;) R(s,ai) —



Policy Gradients in Markov Games

Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption 1: All players optimize over stationary Markov policies

» Agent i's policy gradient is simply their policy gradient in this single-agent problem. Treat opponents as part of env.

VTK'(S) Ui(ﬂ-iaﬂ-—i) = Ksdr [QZT(S, )]

1—”}/2 Z”ytPT St:S"ﬂ') QZ}T(S,CL): “:ﬂ-,p Z’}/ St,CLt S0 — 5,430 — A

. . |

Marginalized Q value for agent 1

Discounted state visitation distribution



Policy Gradients in Markov Games

Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption 1: All players optimize over stationary Markov policies

» Agent i's policy gradient is simply their policy gradient in this single-agent problem. Treat opponents as part of env.

v77(3) Ui(ﬂ-iaﬂ-—z’) = Hggr [Q?(Sy )]

.

Many tricks for estimating this via samples:
Rollout policy + construct estimate




Policy Gradients in Markov Games

Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption 1: All players optimize over stationary Markov policies

» Agent i's policy gradient is simply their policy gradient in this single-agent problem. Treat opponents as part of env.

v77(3) Ui(ﬂ-iaﬂ-—z’) = Hggr [Q?(Sy )]

.

Many tricks for estimating this via samples:
Rollout policy + construct estimate

Gaurav will go into much more detail on policy gradient algorithms
for single agent RL tomorrow!



Policy Gradients in Markov Games

Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption 1: All players optimize over stationary Markov policies

» Agent i's policy gradient is simply their policy gradient in this single-agent problem. Treat opponents as part of env.

v77(3) Ui(ﬂ-z'aﬂ-—i) = Hggr [Q?(Sy )]

Independent-Policy Gradients

-ach agent initializes policy at random.

“or step t=01,2,... For NOW gssume full
information/perfect
» Fix policy, collect rollouts, estimate V;U;(m¢) estimation

» Update policy mit+1 = P, (mie +nViUi(m))




Policy Gradients in Markov Games

Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption 1: All players optimize over stationary Markov policies

» Agent i's policy gradient is simply their policy gradient in this single-agent problem. Treat opponents as part of env.

v77(3) Ui(ﬂ-iaﬂ-—z’) = Hggr [Q?(Sy )]

Independent-Policy Gradients

-ach agent initializes policy at random.
-or step t=0/1,2,...

» Observe V;U;(m)

» Update policy mi 41 = Po, (mie +nViUi(7))

What can we say about the convergence of this algorithm from the lens of optimization?



Policy Gradients in Markov Games

Independent-Policy Gradients: w11 = Pn (7 + nF(m))

Definition: Variational definition of Nash equilibrium of a Markov game

A stationary Markov Nash equilibrium &, must satisfy:

ViUi(m,m_1)

(F(r*),n" —m) >0 VWEHHZ- :
v=1 ann(T‘-naﬂ-—n)

Immediate conclusions:

» Since reinforcement learning is non-convex, F () is non-monotone.

Previous results on the convergence of gradient-play, proximal
point, optimistic gradients do not apply!



Policy Gradients in Markov Games

Independent-Policy Gradients: w11 = Pn (7 + nF(m))

Definition: Variational definition of Nash equilibrium of a Markov game

A stationary Markov Nash equilibrium &, must satisfy:

ViUi(m,m_1)

(F(r*),n" —m) >0 VWEHHZ- :
v=1 ann(T‘-naﬂ-—n)

Immediate conclusions:

» Since reinforcement learning is non-convex, F () is non-monotone.
» All stationary points of the joint policy gradient dynamics are Nash.

4

No spurious fixed points!
it policy gradients converge, they converge to Nash




Policy Gradients in Markov Games

Independent-Policy Gradients: w11 = Pn (7 + nF (7))

Definition: Variational definition of Nash equilibrium of a Markov game

A stationary Markov Nash equilibrium &, must satisfy:

ViUi(m,m_1)

(F(r*),n" —m) >0 VWEHHZ- :
v=1 ann(T‘-naﬂ-—n)

Immediate conclusions:

» Since reinforcement learning is non-convex, F () is non-monotone.
» All stationary points of the joint policy gradient dynamics are Nash.

Impossible to give global convergence in general...



Non-convergence of Policy Gradients in Markov Games

Independent-Policy Gradients: Ter1 = P (7 + nF(m))

Proposition [Mazumdar et al. 2020]:

Policy Gradients have no —even local— guarantees of convergence in general-sum games.

Nash equilibria in general-sum Markov games can be strictly unstable for the continuous-time dynamics.

» Policy gradient algorithms would almost surely avoid the Nash under a random initialization.



Non-convergence of Policy Gradients in Markov Games

Independent-Policy Gradients: Ter1 = P (7 + nF(m))

Proposition [Mazumdar et al. 2020]:

Policy Gradients have no —even local— guarantees of convergence in general-sum games.

Nash equilibria in general-sum Markov games can be strictly unstable for the continuous-time dynamics.

» Policy gradient algorithms would almost surely avoid the Nash under a random initialization.

Proof Sketch:

We consider the continuous-time dynamics in a neighborhood of an interior Nash equilibrium and look at the
inearization

= F(m)

4

Note: these are the limiting dynamics of proximal point, extra
gradient, and optimistic gradient algorithms



Non-convergence of Policy Gradients in Markov Games

Independent-Policy Gradients: Ter1 = P (7 + nF(m))

Proposition [Mazumdar et al. 2020]:

Policy Gradients have no —even local— guarantees of convergence in general-sum games.

Nash equilibria in general-sum Markov games can be strictly unstable for the continuous-time dynamics.

» Policy gradient algorithms would almost surely avoid the Nash under a random initialization.
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Non-convergence of Policy Gradients in Markov Games

Independent-Policy Gradients: Ter1 = P (7 + nF(m))

Proposition [Mazumdar et al. 2020]:

Policy Gradients have no —even local— guarantees of convergence in general-sum games.

Nash equilibria in general-sum Markov games can be strictly unstable for the continuous-time dynamics.

» Policy gradient algorithms would almost surely avoid the Nash under a random initialization.
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Policy gradient in Zero-sum Markov Games

Independent-Policy Gradients: Ter1 = P (7 + nF(m))

In zero-sum Markov games we can give a more positive result:



Policy gradient in Zero-sum Markov Games

Independent-Policy Gradients: Ter1 = P (7 + nF(m))

In zero-sum Markov games we can give a more positive result:

Proposition [Mazumdar et al. 2020]:

All Nash equilibria are locally stable in zero-sum games

» Proximal point and similar algorithms would always converge Nash when initialized close enough.

4

Local stability means only "bad’ discretization can cause divergence.



Policy gradient in Zero-sum Markov Games

Independent-Policy Gradients: Ter1 = P (7 + nF(m))

In zero-sum Markov games we can give a more positive result:

Proposition [Mazumdar et al. 2020]:

All Nash equilibria are locally stable in zero-sum games

» Proximal point and similar algorithms would always converge Nash when initialized close enough.

Proof Sketch:

Analyze limiting continuous-time dynamics: m = F(ﬂ')

We show the local linearization around Nash in zero-sum games is alway negative (semi)-definite, which implies
local stability.



Policy gradient in Zero-sum Markov Games

More recently:

[Daskalakis et al., 2020]
Thm: Time-scale separated independent policy gradients converge in zero-sum Markov games.

Consider the independent policy gradient algorithm with 7, < < 7;:

1441 = P, (M1e + MmV1iU (14, T24))
Mo t+1 = P, (Mot — 2 VaU (T4, T24))



Policy gradient in Zero-sum Markov Games

More recently:

[Daskalakis et al., 2020]
Thm: Time-scale separated independent policy gradients converge in zero-sum Markov games.

Consider the independent policy gradient algorithm with 7, < < 7;:

1441 = P, (M1e + MmV1iU (14, T24))
Mo t+1 = P, (Mot — 2 VaU (T4, T24))

T2 1

T
1
Then: 7 ; H}T?X U(my,m2,¢) —minmax U (my,m3) — 0

Paper has a polynomial rate of convergence of O (T_1/10°5)



Policy gradient in Zero-sum Markov Games

More recently:

[Daskalakis et al., 2020]
Thm: Time-scale separated independent policy gradients converge in zero-sum Markov games.

Consider the independent policy gradient algorithm with 7, < < 7;:

1441 = P, (M1e + MmV1iU (14, T24))
Mo t+1 = P, (Mot — 2 VaU (T4, T24))

T2 1

T
1
Then: 7 ; H}T?X U(my,m2,¢) —minmax U (my,m3) — 0

Proof Sketch:

Relies on recent work on non-convex-non-concave min-max optimization.

Timescale separation allows one to overcome the non-monotonicity of the gradient mapping.

» Fast timescale guarantees that: & , = BR(x, ,)

» Convergence of fast timescale + Danskin's theorem guarantees that: V g(x,) = Vmazx]Zl Uz, my) = V,U(xy, 7)) ‘,,FBR(@)



Policy gradient in Zero-sum Markov Games

More recently:

[Daskalakis et al., 2020]
Thm: Time-scale separated independent policy gradients converge in zero-sum Markov games.

Consider the independent policy gradient algorithm with 7, < < 7;:

1441 = P, (M1e + MmV1iU (14, T24))
Mo t+1 = P, (Mot — 2 VaU (T4, T24))

T
1
Then: 7 ; H}T?X U(my,m2,¢) —minmax U (my,m3) — 0

T2 1

»“Independent” policy gradients but not symmetric: requires timescale separation



Policy gradient in Zero-sum Markov Games

More recently:

[Daskalakis et al., 2020]
Thm: Time-scale separated independent policy gradients converge in zero-sum Markov games.

Consider the independent policy gradient algorithm with 7, < < 7;:

1441 = P, (M1e + MmV1iU (14, T24))
Mo t+1 = P, (Mot — 2 VaU (T4, T24))

T2 1

T
1
Then: 7 ; H}T?X U(my,m2,¢) —minmax U (my,m3) — 0

[Zeng et al. 2022]
Follow-up work has made the rates faster (O (T_1/3) by using decaying entropy regularization, though staying

with the two-timescale structure.



From Normal-Form to Markov Games

Can we use algorithms that we have seen for normal-form games for
multi-agent reinforcement learning?

» We'll look at two classes of algorithms:

1. Individual Policy Gradient Algorithms in Markov Games 2. No-regret Learning in Markov Games



From Normal-Form to Markov Games

Can we use algorithms that we have seen for normal-form games for
multi-agent reinforcement learning?

» We'll look at two classes of algorithms:
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No-regret Learning in Markov Games

H
In finite horizon games: Ui(mi, m—i) = L, P, po E Tt

Markov Games do not allow efficient no-regret learning: Two hardness results

1. Computational hardness of No-Regret [Radanovic et al., 2019, Bai et al., 2020]

No-regret learning in finite horizon Markov Games would imply a polynomial time algorithm for solving parity
with noise (which is conjectured to be hard).

2. Statistical hardness of No-Regret [Liu et al., 2020]

No-regret learning in Markov Games is at least as hard as learning the best Markov policy in partially-
observable MDPs.

However, as we will see, we can still efficiently learn and compute non-stationary Markov CCE.



No-regret Learning in Markov Games

In infinite horizon games:

U; (73, m—5)

-4‘1
Jﬂ-aPapO

- _
t

E :’Y Tit

t=0 _




No-regret Learning in Markov Games

- _
In infinite horizon games: U;(m;, 7—;) = Ex p p, E th',t
_t=0 _

Computing stationary CCE in Infinite Horizon Markov Games is hard

1. Computing a stationary CCE is PPAD-hard [Daskalakis et al., 2022]

The problem of computing a stationary CCE in infinite-horizon Markov games is as hard as computing a Nash!



Recap: No-regret Learning in Markov Games

General-sum Normal-form games General-sum finite-horizon Markov games

CCE Nash CCE Nash

.9 .

Can be computed in polynomial time via Can be computed in polynomial time but not

no-regret/no-swap-regret learning via no-regret/no-swap-regret learning
*Possible in extensive-form games by lifting*

General-sum infinite-horizon Markov games

CCE CE Nash

-

PPAD-hard
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- No strong convergence guarantees in general *Impossible in general, still should be able to

» Fast algorithms for zero-sum games by exploiting compute non-stationary CCE though.

timescale separation.
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