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Reinforcement Learning has been the driver behind many of AI’s “successes”



Looking under the surface, many of these are success of 
Multi-Agent Reinforcement Learning



Looking under the surface, many of these are success of 
Multi-Agent Reinforcement Learning

…but multi-agent RL is not very well understood 



March 2016: 


Deepmind’s AlphaGo beats the human 
champion 4-1.

How can we better understand what constitutes a good Multi-
Agent learning algorithm?

Beating the best human player?



2023


Researchers show that the current best Go bot can be 
consistently beaten by simple strategies that can be used by 
amateur players.

How can we better understand what constitutes a good Multi-
Agent learning algorithm?

Consistently beating all players?



Efficiency is crucial

>107 games of Go

>1 month of training time on dedicated servers

200 years of real-time StarCraft games

>1 month of training time on dedicated servers



RL algorithms are increasingly deployed in real-world systems



Can we establish a principled foundation 
for Multi-Agent Reinforcement Learning? 

What makes these problems hard?


What simple algorithmic principles should we build on?


What are fundamental limits and how can we achieve them?
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Reinforcement Learning


Uncertain, dynamic 
environment


(evolving over time)



Real-World Systems are Inherently Multi-Agent


Uncertain, dynamic 
environment


(evolving over time)

Decision-making algorithms
 Human decision-makers



Opportunities: Require a careful rethinking of algorithm design.


Challenges: Strategic interactions vastly complicate the task of learning
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Opportunities: Require a careful rethinking of algorithm design.


Challenges: Strategic interactions vastly complicate the task of learning



As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give 
rise to new challenges for algorithm design.

Reinforcement Learning Multi-Agent Reinforcement Learning

Challenges: Strategic interactions vastly complicate the task of learning



As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give 
rise to new challenges for algorithm design.

Structured non-convex optimization Structured (?) equilibrium computation 

Reinforcement Learning Multi-Agent Reinforcement Learning

This is fundamentally hard in general

Challenges: Strategic interactions vastly complicate the task of learning



As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give 
rise to new challenges for algorithm design.

Structured non-convex optimization Structured (?) equilibrium computation 

Stationary environment Coupling between agents introduce non-stationarities in learning

Reinforcement Learning Multi-Agent Reinforcement Learning

Makes proving convergence of algorithms 
particularly difficult

Challenges: Strategic interactions vastly complicate the task of learning



As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give 
rise to new challenges for algorithm design.

Structured non-convex optimization Structured (?) equilibrium computation 

Stationary environment Coupling between agents introduce non-stationarities in learning

Role of function approximation is clear Choosing a function class is non-trivial

Larger, more expressive function classes have 
the potential to yield better performance


(Modulo optimization/data)

Larger, more expressive function classes can 
yield worse solutions!

Reinforcement Learning Multi-Agent Reinforcement Learning

Challenges: Strategic interactions vastly complicate the task of learning



As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give 
rise to new challenges for algorithm design.

Opportunities: Require a careful rethinking of algorithm design.

Though it is less well understood, we can build on foundations from game theory and reinforcement learning 

to explore and design new algorithmic principles.

Challenges: Strategic interactions vastly complicate the task of learning



Main Question: 


How do we design principled algorithms for multi-agent problems? 


We will focus on theoretical foundations. 



Disclaimer:


This talk will hardly be an exhaustive overview of MARL.


I hope to give you intuition for why it is difficult, what general principles are 
used, and potential new research directions.


To that end I have selected a set of results that I hope make the point.



Markov Games

‣ Action Spaces: 

‣ State Spaces: 

‣ Dynamics:

‣ Reward functions: 

‣ Horizon:

‣ Initial state distribution:  
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 Generalization of a Markov Decision Process introduced by Shapley (1953) 
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<latexit sha1_base64="p7pldPGa5TYKwrElOXYTFCvIAmA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtXU/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8LyY9k</latexit>r2,t

Interaction Protocol:


‣ Environment samples initial state:

‣ For step t=0,1,2,…

<latexit sha1_base64="ONHNi1Sh3tLotOmpzQmcOe4cx3Q=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoioh6LXjxWsB/QhLDZbtqlu5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/vV2sFhRyeZIrRNEp6oXoQ15UzStmGG016qKBYRp91ofDvzu49UaZbIBzNJaSDwULKYEWysFNaqOnSRr5lAvholoRvW6m7DnQOtEq8gdSjQCmtf/iAhmaDSEI617ntuaoIcK8MIp9OKn2maYjLGQ9q3VGJBdZDPD5+iU6sMUJwoW9Kgufp7IsdC64mIbKfAZqSXvZn4n9fPTHwd5EymmaGSLBbFGUcmQbMU0IApSgyfWIKJYvZWREZYYWJsVhUbgrf88irpnDe8y8bF/UW9eVPEUYZjOIEz8OAKmnAHLWgDgQye4RXenCfnxXl3PhatJaeYOYI/cD5/AJEYkmU=</latexit>s0 ⇠ ⇢0

‣ Each agent plays an action   simultaneously


‣ Agents receive their immediate reward:

‣ Environment transitions to the next state:  

ai,t
<latexit sha1_base64="LN9tgc3UeigAxI3ZQZc/l0/cZ7c=">AAACDHicbZDLSsNAFIYn9VbrrerSTbAIFUpIpKgboejGZQV7gSaEyXTSDp1MwsyJUEIfwI2v4saFIm59AHe+jdM2C239YeDjP+dw5vxBwpkC2/42Ciura+sbxc3S1vbO7l55/6Ct4lQS2iIxj2U3wIpyJmgLGHDaTSTFUcBpJxjdTOudByoVi8U9jBPqRXggWMgIBm355Qr24crlNIQq9jOnBpOaZVkahUZXssEQTnWXbdkzmcvg5FBBuZp++cvtxySNqADCsVI9x07Ay7AERjidlNxU0QSTER7QnkaBI6q8bHbMxDzRTt8MY6mfAHPm/p7IcKTUOAp0Z4RhqBZrU/O/Wi+F8NLLmEhSoILMF4UpNyE2p8mYfSYpAT7WgIlk+q8mGWKJCej8SjoEZ/HkZWifWc65Vb+rVxrXeRxFdISOURU56AI10C1qohYi6BE9o1f0ZjwZL8a78TFvLRj5zCH6I+PzBwZLmlo=</latexit>

at = (a1,t, ...an,t)
<latexit sha1_base64="MhyvesRf7FbzdcHumFAqAaq+eWc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahQimJFHUjFN24rGIf0IYwmU7aoZNJmLkRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1+zJkC2/42ckvLK6tr+fXCxubW9o65u9dUUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q+vJ37rgUrFInEPo5i6Ie4LFjCCQUueeSC9lJVhfHnnsZLyoIw9OPHMol2xp7AWiZORIspQ98yvbi8iSUgFEI6V6jh2DG6KJTDC6bjQTRSNMRniPu1oKnBIlZtOrx9bx1rpWUEkdQmwpurviRSHSo1CX3eGGAZq3puI/3mdBIILN2UiToAKMlsUJNyCyJpEYfWYpAT4SBNMJNO3WmSAJSagAyvoEJz5lxdJ87TinFWqt9Vi7SqLI48O0REqIQedoxq6QXXUQAQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AfgCUnA==</latexit>

ri,t = Ri(st, at)
<latexit sha1_base64="hUEwb8sfwbujOueoxDpJ/h40En0=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJGMKuBLUM2lhGMA/ILsvsZJIMmX0wc1cIa/7Axl+xsVDE1tbOv3E2SaGJB+7lcM69zNzjx4IrsKxvI7e0vLK6ll8vbGxube+Yu3tNFSWSsgaNRCTbPlFM8JA1gINg7VgyEviCtfzhdea37plUPArvYBQzNyD9kPc4JaAlzzxWXgqn9hg7ige4XnJoNwLslPFD1pQHZUw8OPHMolWxJsCLxJ6RIpqh7plfTjeiScBCoIIo1bGtGNyUSOBUsHHBSRSLCR2SPutoGpKAKTed3DPGR1rp4l4kdYWAJ+rvjZQESo0CX08GBAZq3svE/7xOAr1LN+VhnAAL6fShXiIwRDgLB3e5ZBTESBNCJdd/xXRAJKGgIyzoEOz5kxdJ86xin1eqt9Vi7WoWRx4doENUQja6QDV0g+qogSh6RM/oFb0ZT8aL8W58TEdzxmxnH/2B8fkDFQWaKA==</latexit>

st+1 ⇠ P (· | st, at)



Markov Games

Environment
<latexit sha1_base64="BCwuRXFY1CxrVgnl+ES+CpYixTY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJN/0cp/1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJsjnx07JmVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoJcqHSDLlii0VRJgkmZPY5GQjNGcqJJZRpYW8lbEQ1ZWjzqdgQvOWXV0nrou5d1S8fLmuN2yKOMpzAKZyDB9fQgHtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx8xao7z</latexit>st

<latexit sha1_base64="FIUMeFE9kFwUoHwhVJD5XJWiokw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtU0/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcKzI9j</latexit>st+1
<latexit sha1_base64="nMF+GUWO6yujUAznt0O2DPlmVFw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWatN+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/wCY9S</latexit>a1,t

<latexit sha1_base64="lmKkPeinCd/b8sTRm0DW/O1AZPI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtWk/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w/xkI9T</latexit>a2,t

<latexit sha1_base64="u94xG/Mn310OA8SJp724TUvfmZM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8KQo9j</latexit>r1,t

<latexit sha1_base64="p7pldPGa5TYKwrElOXYTFCvIAmA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtXU/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8LyY9k</latexit>r2,t

In this overview we will focus mainly on fully observable, tabular Markov Games

Fully observable: joint actions and states observed by all agents

Tabular: Finite State and Action Spaces 



Policies
Players strategy spaces are spaces of policies (distributions over actions):

General Policy: Depends on the entire history of play: 


Non-stationary Markov Policy: Depends only on the current state and time


Stationary Markov Policy: Depends only on the current state

<latexit sha1_base64="IrTmnxaa+ufGdM0HVbFyqiTS2zg="></latexit>

⇧i = {⇡i : (S,⇥A)t�1 ⇥ S ! �Ai}

<latexit sha1_base64="lnIB1wVcmud3DcAbjueX8MHqd70="></latexit>

⇧i = {⇡i : R+ ⇥ S ! �Ai}

<latexit sha1_base64="1pXPSBWsUsBoijq+UKC5Tc5znTU="></latexit>

⇧i = {⇡i : S ! �Ai}



Utilities
To evaluate the quality of their strategies, we assume that players seek to 
maximize their cumulative reward:

Finite Horizon:


Infinite Horizon:
<latexit sha1_base64="YXZKnFgnkKuGxOz4v8XQoH6Cqxw="></latexit>

Ui(⇡i,⇡�i) = E⇡,P,⇢0

" 1X

t=0

�tri,t

#

<latexit sha1_base64="s3m/4352oneRrqzt6wswg422Ty4="></latexit>

Ui(⇡i,⇡�i) = E⇡,P,⇢0

"
HX

t=0

ri,t

#
Utility of agent  depends on the policy of agent  as 

well as the policies of all other agents 
i i

π−i

Utility is discounted cumulative reward 

(each player with their own discount factor).



Recap: Markov Games Setup

<latexit sha1_base64="YXZKnFgnkKuGxOz4v8XQoH6Cqxw="></latexit>

Ui(⇡i,⇡�i) = E⇡,P,⇢0

" 1X

t=0

�tri,t

#‣ Action Spaces: 

‣ State Spaces: 

‣ Dynamics:

‣ Reward functions: 

‣ Horizon:

‣ Initial state distribution:  


<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S

<latexit sha1_base64="3A1XyanMEwHyoEAtrzAHY71ddAY=">AAACNnicbVDLSgMxFM34rPU16tJNsAguyjAjRd0Uqm7cCBXsAzrjkEnTNjSTGZKMUIZ+lRu/w103LhRx6yeYaQv24QmBk3PPJfeeIGZUKtseGSura+sbm7mt/PbO7t6+eXBYl1EiMKnhiEWiGSBJGOWkpqhipBkLgsKAkUbQv83qjWciJI34oxrExAtRl9MOxUhpyTfv3RCpHkYsvR76TtGyrCKclbh+ZudPKruxiNp+SsvO8InPmalvFmzLHgMuE2dKCmCKqm++ue0IJyHhCjMkZcuxY+WlSCiKGRnm3USSGOE+6pKWphyFRHrpeO0hPNVKG3YioS9XcKzOdqQolHIQBtqZDSkXa5n4X62VqM6Vl1IeJ4pwPPmokzCoIphlCNtUEKzYQBOEBdWzQtxDAmGlk87rEJzFlZdJ/dxyLqzSQ6lQuZnGkQPH4AScAQdcggq4A1VQAxi8gBH4AJ/Gq/FufBnfE+uKMe05AnMwfn4BftWrRQ==</latexit>

A1, ...,An, A =
nY

i=1

Ai

<latexit sha1_base64="v+P5tbU8Ln/DO3rOonTFRrG+yHA=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBaxQgiJFHVZdOOygn1AE8JkOmmHTiZhZiKUWHDjr7hxoYhbf8Kdf+P0sdDWAxcO59zLvfeEKaNSOc63UVhaXlldK66XNja3tnfM3b2mTDKBSQMnLBHtEEnCKCcNRRUj7VQQFIeMtMLB9dhv3RMhacLv1DAlfox6nEYUI6WlwDyoV+SJZz14FpTQgihwLdu2LRTw08AsO7YzAVwk7oyUwQz1wPzyugnOYsIVZkjKjuukys+RUBQzMip5mSQpwgPUIx1NOYqJ9PPJDyN4rJUujBKhiys4UX9P5CiWchiHujNGqi/nvbH4n9fJVHTp55SnmSIcTxdFGYMqgeNAYJcKghUbaoKwoPpWiPtIIKx0bCUdgjv/8iJpntnuuV29rZZrV7M4iuAQHIEKcMEFqIEbUAcNgMEjeAav4M14Ml6Md+Nj2lowZjP74A+Mzx/lnJR/</latexit>

P (s0 | s, a1, ..., an)
<latexit sha1_base64="ke/BBRcMnL4w53EtbOMqRJ6WIsY=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAIrsqMiEpXVTcua7UXaMuQSTNtaGYyJGeUMvRd3PgqblwoxY0L38W0HVBbfwj8fOcccs7vRYJrsO1PK7O0vLK6ll3PbWxube/kd/fqWsaKshqVQqqmRzQTPGQ14CBYM1KMBJ5gDW9wPak3HpjSXIb3MIxYJyC9kPucEjDIzZeqLi/hdkCgT4lI7ka4DTxg+gddGqR4rw9EKfk4456XVEduvmAX7anwonFSU0CpKm5+3O5KGgcsBCqI1i3HjqCTEAWcCjbKtWPNIkIHpMdaxobE7NFJpjeO8JEhXexLZV4IeEp/TyQk0HoYeKZzsqGer03gf7VWDP5FJ+FhFAML6ewjPxYYJJ4EhrtcMQpiaAyhiptdMe0TRSiYWHMmBGf+5EVTPyk6Z8XT29NC+SqNI4sO0CE6Rg46R2V0gyqohih6Qi/oDb1bz9arNbY+Zq0ZK53ZR39kfX0D3PGlEw==</latexit>

Ri : S ⇥A ! R
<latexit sha1_base64="2cacPqS2D8kBTsJ6kFQU95l03wc=">AAAB/3icbZDLSgMxFIYz9VbrrSq4cRMsgqsyI0VdFt10WcFeoC0lk2ba0EwyJGfEYezCV3HjQhG3voY738a0nYW2/hD4+M85nJPfjwQ34LrfTm5ldW19I79Z2Nre2d0r7h80jYo1ZQ2qhNJtnxgmuGQN4CBYO9KMhL5gLX98M6237pk2XMk7SCLWC8lQ8oBTAtbqF49quIu7wB4gVXoyZS4DSPrFklt2Z8LL4GVQQpnq/eJXd6BoHDIJVBBjOp4bQS8lGjgVbFLoxoZFhI7JkHUsShIy00tn90/wqXUGOFDaPgl45v6eSEloTBL6tjMkMDKLtan5X60TQ3DVS7mMYmCSzhcFscCg8DQMPOCaURCJBUI1t7diOiKaULCRFWwI3uKXl6F5XvYuypXbSql6ncWRR8foBJ0hD12iKqqhOmogih7RM3pFb86T8+K8Ox/z1pyTzRyiP3I+fwAj9JWQ</latexit>

H or 1

Environment
<latexit sha1_base64="BCwuRXFY1CxrVgnl+ES+CpYixTY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJN/0cp/1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJsjnx07JmVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoJcqHSDLlii0VRJgkmZPY5GQjNGcqJJZRpYW8lbEQ1ZWjzqdgQvOWXV0nrou5d1S8fLmuN2yKOMpzAKZyDB9fQgHtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx8xao7z</latexit>st

<latexit sha1_base64="FIUMeFE9kFwUoHwhVJD5XJWiokw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtU0/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcKzI9j</latexit>st+1
<latexit sha1_base64="nMF+GUWO6yujUAznt0O2DPlmVFw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWatN+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/wCY9S</latexit>a1,t

<latexit sha1_base64="lmKkPeinCd/b8sTRm0DW/O1AZPI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtWk/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w/xkI9T</latexit>a2,t

<latexit sha1_base64="u94xG/Mn310OA8SJp724TUvfmZM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8KQo9j</latexit>r1,t

<latexit sha1_base64="p7pldPGa5TYKwrElOXYTFCvIAmA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtXU/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8LyY9k</latexit>r2,t

<latexit sha1_base64="Ej1UUYpgdMhDedp3vPRMBqNML1g=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq6dHqu/1yxWv6s2BV4mfkwrkaPTLX72BomnMpKWCGNP1vcQGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ85ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUciH4yy+vktZF1b+s1u5rlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A0jkjvM=</latexit>⇢0

Special Cases:


‣  Single-agent RL

‣  Two-player Zero-sum  


‣  Cooperative 

(R1 = − R2)

(Ri = Rj ∀i, j)



Expressivity of Markov Games

Generalizes Classic Game Theoretic Paradigms:


‣Normal-form games (no state transitions/single state).

‣ e.g., repeated prisoner’s dilemma, rock-paper-scissors,…


‣ Extensive-form games (tree structured state transition). 

‣ e.g., poker, Go, card games




Outcomes

Best-response to π−i

‣ In games, each player would like to maximize their own utility but their objectives may not be aligned.

e.g., Zero-sum games, an increase in my utility is a decrease in my opponent’s.

‣Find a policy that best exploits my opponent’s policy:

<latexit sha1_base64="3OXw0bINa5pVMCsDn5djgX/b5U0=">AAACJXicbVDLSgMxFM3UV62vqks3wSJUqGVGirpQKHXjsop9QKcMmTRtQzOZIcmIZZifceOvuHFhEcGVv2I6HURbDwQO55zLzT1uwKhUpvlpZJaWV1bXsuu5jc2t7Z387l5T+qHApIF95ou2iyRhlJOGooqRdiAI8lxGWu7oeuq3HoiQ1Of3ahyQrocGnPYpRkpLTv6ydle0A+pEJzQ+vrKRGNgeenSiqUahTTm065rF0C7BRpKkpZ+8ky+YZTMBXCRWSgogRd3JT+yej0OPcIUZkrJjmYHqRkgoihmJc3YoSYDwCA1IR1OOPCK7UXJlDI+00oN9X+jHFUzU3xMR8qQce65OekgN5bw3Ff/zOqHqX3QjyoNQEY5ni/ohg8qH08pgjwqCFRtrgrCg+q8QD5FAWOlic7oEa/7kRdI8LVtn5cptpVCtpXVkwQE4BEVggXNQBTegDhoAgyfwAt7AxHg2Xo1342MWzRjpzD74A+PrG0X+o+U=</latexit>

BR(⇡�i) = arg max
⇡i2⇧i

U(⇡i,⇡�i)

What are good outcomes for Markov Games?


‣ In a single agent RL problem, the goal is to maximize reward:
<latexit sha1_base64="SrsGs+bhZxngJaji0n3r3I9+Agw=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFiEClISKeqx6MVjBdMWmhA22227dHcTdjdiCb148a948aCIV/+DN/+N2zYHbX0w8Hhvhpl5UcKo0o7zbRWWlldW14rrpY3Nre0de3evqeJUYuLhmMWyHSFFGBXE01Qz0k4kQTxipBUNryd+655IRWNxp0cJCTjqC9qjGGkjhfahz9FDmPkJhT4V0G/QMfRPoVcxyklol52qMwVcJG5OyiBHI7S//G6MU06Exgwp1XGdRAcZkppiRsYlP1UkQXiI+qRjqECcqCCbfjGGx0bpwl4sTQkNp+rviQxxpUY8Mp0c6YGa9ybif14n1b3LIKMiSTUReLaolzKoYziJBHapJFizkSEIS2puhXiAJMLaBFcyIbjzLy+S5lnVPa/Wbmvl+lUeRxEcgCNQAS64AHVwAxrAAxg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AR5SXJQ==</latexit>

max
⇡2⇧

U(⇡)



Outcomes

‣ In games, each player would like to maximize their own utility but their objectives may not be aligned.

e.g., Zero-sum games, an increase in my utility is a decrease in my opponent’s.

‣Find a policy that best exploits my opponent’s policy:

<latexit sha1_base64="3OXw0bINa5pVMCsDn5djgX/b5U0=">AAACJXicbVDLSgMxFM3UV62vqks3wSJUqGVGirpQKHXjsop9QKcMmTRtQzOZIcmIZZifceOvuHFhEcGVv2I6HURbDwQO55zLzT1uwKhUpvlpZJaWV1bXsuu5jc2t7Z387l5T+qHApIF95ou2iyRhlJOGooqRdiAI8lxGWu7oeuq3HoiQ1Of3ahyQrocGnPYpRkpLTv6ydle0A+pEJzQ+vrKRGNgeenSiqUahTTm065rF0C7BRpKkpZ+8ky+YZTMBXCRWSgogRd3JT+yej0OPcIUZkrJjmYHqRkgoihmJc3YoSYDwCA1IR1OOPCK7UXJlDI+00oN9X+jHFUzU3xMR8qQce65OekgN5bw3Ff/zOqHqX3QjyoNQEY5ni/ohg8qH08pgjwqCFRtrgrCg+q8QD5FAWOlic7oEa/7kRdI8LVtn5cptpVCtpXVkwQE4BEVggXNQBTegDhoAgyfwAt7AxHg2Xo1342MWzRjpzD74A+PrG0X+o+U=</latexit>

BR(⇡�i) = arg max
⇡i2⇧i

U(⇡i,⇡�i)

Good against a fixed strategy, but may not be good if my opponents adapt!

What are good outcomes for Markov Games?


‣ In a single agent RL problem, the goal is to maximize reward:
<latexit sha1_base64="SrsGs+bhZxngJaji0n3r3I9+Agw=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFiEClISKeqx6MVjBdMWmhA22227dHcTdjdiCb148a948aCIV/+DN/+N2zYHbX0w8Hhvhpl5UcKo0o7zbRWWlldW14rrpY3Nre0de3evqeJUYuLhmMWyHSFFGBXE01Qz0k4kQTxipBUNryd+655IRWNxp0cJCTjqC9qjGGkjhfahz9FDmPkJhT4V0G/QMfRPoVcxyklol52qMwVcJG5OyiBHI7S//G6MU06Exgwp1XGdRAcZkppiRsYlP1UkQXiI+qRjqECcqCCbfjGGx0bpwl4sTQkNp+rviQxxpUY8Mp0c6YGa9ybif14n1b3LIKMiSTUReLaolzKoYziJBHapJFizkSEIS2puhXiAJMLaBFcyIbjzLy+S5lnVPa/Wbmvl+lUeRxEcgCNQAS64AHVwAxrAAxg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AR5SXJQ==</latexit>

max
⇡2⇧

U(⇡)

A good solution for games should be an equilibrium: No player should deviate under “rational”-play



Nash Equilibrium
What are good outcomes for Markov Games?


Nash Eq: Natural solution concept for individually rational agents.


is Nash if for each player i:

<latexit sha1_base64="fGch9OLczDVJTCrcySeq1lpLhgM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Cbz209UaSbFvZnE1I/wULCQEWys1OrF7OEM9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR27RSdWGWAQqlsCYNm6u+JFEdaT6LAdkbYjPSil4n/ed3EhFd+ykScGCrIfFGYcGQkyl5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3uLLy6R1XvUuqrW7WqV+ncdRhCM4hlPw4BLqcAsNaAKBR3iGV3hzpPPivDsf89aCk88cwh84nz/EnY6c</latexit>

⇡⇤ <latexit sha1_base64="DyXrO4GAglnK4JCD5hhIoM8jEek="></latexit>

Ui(⇡
⇤
i ,⇡

⇤
�i) � Ui(⇡i,⇡

⇤
�i) 8⇡i 2 ⇧i

‣ Each player is at a best-response -> no incentive to unilaterally deviate.

‣ Always guaranteed to exist in Markov policies in Markov games.


‣ In space of non-stationary Markov policies for finite horizon games.

‣ In space of stationary Markov policies for infinite horizon games.




Nash Equilibrium
What are good outcomes for Markov Games?


Nash Eq: Natural solution concept for individually rational agents.


is Nash if for each player i:

<latexit sha1_base64="fGch9OLczDVJTCrcySeq1lpLhgM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Cbz209UaSbFvZnE1I/wULCQEWys1OrF7OEM9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR27RSdWGWAQqlsCYNm6u+JFEdaT6LAdkbYjPSil4n/ed3EhFd+ykScGCrIfFGYcGQkyl5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3uLLy6R1XvUuqrW7WqV+ncdRhCM4hlPw4BLqcAsNaAKBR3iGV3hzpPPivDsf89aCk88cwh84nz/EnY6c</latexit>

⇡⇤ <latexit sha1_base64="DyXrO4GAglnK4JCD5hhIoM8jEek="></latexit>

Ui(⇡
⇤
i ,⇡

⇤
�i) � Ui(⇡i,⇡

⇤
�i) 8⇡i 2 ⇧i

Analog to Von Neumann’s minimax theorem (though it is proved by Shapley via 
dynamic programming since U is not convex in  or concave in  )π2 π1

<latexit sha1_base64="0sri5oHk1DwkopgFTt/xgdSYFtE="></latexit>

min
⇡22⇧2

max
⇡12⇧1

U(⇡1,⇡2) = U(⇡⇤
1 ,⇡

⇤
2) = max

⇡12⇧1

min
⇡22⇧2

U(⇡1,⇡2)

‣ In zero-sum games  the Nash equilibrium is the min-max solution satisfying 
(R1 = − R2)



Nash Equilibrium
What are good outcomes for Markov Games?


Nash Eq: Natural solution concept for individually rational agents.


is Nash if for each player i:

<latexit sha1_base64="fGch9OLczDVJTCrcySeq1lpLhgM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Cbz209UaSbFvZnE1I/wULCQEWys1OrF7OEM9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR27RSdWGWAQqlsCYNm6u+JFEdaT6LAdkbYjPSil4n/ed3EhFd+ykScGCrIfFGYcGQkyl5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3uLLy6R1XvUuqrW7WqV+ncdRhCM4hlPw4BLqcAsNaAKBR3iGV3hzpPPivDsf89aCk88cwh84nz/EnY6c</latexit>

⇡⇤ <latexit sha1_base64="DyXrO4GAglnK4JCD5hhIoM8jEek="></latexit>

Ui(⇡
⇤
i ,⇡

⇤
�i) � Ui(⇡i,⇡

⇤
�i) 8⇡i 2 ⇧i

‣Unfortunately computing a Nash equilibrium even in simple 2-player normal-form games is 
computationally hard.


Thm [Daskalakis & Papadimitriou 2009]:

Computing a Nash equilibrium of a 2-player normal-form game is in PPAD


Class of problems that are generally considered to be 
intractable (like NP-hard) - computing a Brouwer fixed point



Nash Equilibrium
What are good outcomes for Markov Games?


Nash Eq: Natural solution concept for individually rational agents.


is Nash if for each player i:

<latexit sha1_base64="fGch9OLczDVJTCrcySeq1lpLhgM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Cbz209UaSbFvZnE1I/wULCQEWys1OrF7OEM9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR27RSdWGWAQqlsCYNm6u+JFEdaT6LAdkbYjPSil4n/ed3EhFd+ykScGCrIfFGYcGQkyl5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3uLLy6R1XvUuqrW7WqV+ncdRhCM4hlPw4BLqcAsNaAKBR3iGV3hzpPPivDsf89aCk88cwh84nz/EnY6c</latexit>

⇡⇤ <latexit sha1_base64="DyXrO4GAglnK4JCD5hhIoM8jEek="></latexit>

Ui(⇡
⇤
i ,⇡

⇤
�i) � Ui(⇡i,⇡

⇤
�i) 8⇡i 2 ⇧i

Computing a Nash equilibrium of a 2-player normal-form game is in PPAD


‣Are there other equilibrium concepts more amenable to learning?


Thm [Daskalakis & Papadimitriou 2009]:



A Road Map 

1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions


i. The role of function approximation

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts




Policy space simplifies to the         - dimensional simplex.
<latexit sha1_base64="UfNOpFut/hjkMsp0AwGDT0lmW1M=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6rblxWsA9oQ5hMp+3QySTMTISa9kvcuFDErZ/izr9x0mahrQcGDufcyz1zgpgzpR3n2yqsrW9sbhW3Szu7e/tl++CwpaJEEtokEY9kJ8CKciZoUzPNaSeWFIcBp+1gfJv57UcqFYvEg57E1AvxULABI1gbybfL016I9Yhgnl7PfDb17YpTdeZAq8TNSQVyNHz7q9ePSBJSoQnHSnVdJ9ZeiqVmhNNZqZcoGmMyxkPaNVTgkCovnQefoVOj9NEgkuYJjebq740Uh0pNwsBMZinVspeJ/3ndRA+uvJSJONFUkMWhQcKRjlDWAuozSYnmE0MwkcxkRWSEJSbadFUyJbjLX14lrfOqe1Gt3dcq9Zu8jiIcwwmcgQuXUIc7aEATCCTwDK/wZj1ZL9a79bEYLVj5zhH8gfX5AztVk3k=</latexit>

|Ai|

<latexit sha1_base64="YUUK9CFRxeVcIeOjQiZNxob+W28="></latexit>

Ui(⇡i,⇡�i) = Ea⇠⇡[Ri(a)] ;⇡i 2 �i

To begin understanding learning in Markov games, we focus on normal-form and concave games:


Normal-form game:

Normal-form & concave games

Thm [Nash 1950]:

Nash equilibria always exist in mixed strategies in normal-form games.




<latexit sha1_base64="fI3/K0fDL92bUnVl1btNA4qvl+0=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6sCRS1GXVjcsK9gFNCJPppB06mYSZiVDSfIMbf8WNC0XcunLn3zhps7CtBy4czrmXe+/xY0alsqwfY2l5ZXVtvbRR3tza3tk19/ZbMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vaHt7nffiRC0og/qFFM3BD1OQ0oRkpLnnk6dkKkBhix9Drz6Bg6ioZEwhk5PaPZ2DMrVtWaAC4SuyAVUKDhmd9OL8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWUI73XTScvZfBYKz0YREIXV3Ci/p1IUSjlKPR1Z36onPdy8T+vm6jgyk0pjxNFOJ4uChIGVQTzfGCPCoIVG2mCsKD6VogHSCCsdIplHYI9//IiaZ1X7Ytq7b5Wqd8UcZTAITgCJ8AGl6AO7kADNAEGT+AFvIF349l4NT6Mz2nrklHMHIAZGF+/YYGejw==</latexit>

|Ai|⇥ |A�i| dimensional  matrix.

In two-player games, this simplifies to a simple matrix game:

<latexit sha1_base64="R3M0YVcyOsy5k8FjJtXkyiyg8YI=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQNtDRylAvwtCLxynrNthqSbN0C0tfSFJhlH0GL34VLx4U8erJm9/GtKug0wcS/vz+z0Py/N2IUSEN41MrLCwuLa8UV0tr6xubW/r2TluEMcfEwiELeddFgjAaEEtSyUg34gT5LiMdd3yZ+p07wgUNg5acRMT20TCgHsVIKuToVcuhlX5EHXqY3skRnVbPYQZuW/DGofAbO3rZqBlZwb/CzEUZ5NV09I/+IMSxTwKJGRKiZxqRtBPEJcWMTEv9WJAI4TEakp6SAfKJsJNspSk8UGQAvZCrE0iY0Z8TCfKFmPiu6vSRHIl5L4X/eb1Yemd2QoMoliTAs4e8mEEZwjQfOKCcYMkmSiDMqforxCPEEZYqxZIKwZxf+a9oH9fMk1r9ul5uXORxFMEe2AcVYIJT0ABXoAksgME9eATP4EV70J60V+1t1lrQ8pld8Ku09y8vhZyP</latexit>

Ui(⇡i,⇡�i) = ⇡T
i Ri⇡�i

Normal-form & concave games

<latexit sha1_base64="YUUK9CFRxeVcIeOjQiZNxob+W28="></latexit>

Ui(⇡i,⇡�i) = Ea⇠⇡[Ri(a)] ;⇡i 2 �i

To begin understanding learning in Markov games, we focus on normal-form and concave games:


Normal-form game:



<latexit sha1_base64="0OUQZYnsr6sNTdmQCLgs/NU+fgU="></latexit>

max
⇡i2�i

Ui(⇡i,⇡�i) = max
⇡i2�i

Ea⇠⇡[Ri(a)]

This can be generalized to a general class of concave games:

is concave in  for all fixed  πi π−i

Normal-form & concave games

Thm [Rosen 1965]:

Nash equilibria always exist in concave games over compact & convex strategy spaces.




Consider players in  concave games:
<latexit sha1_base64="0OUQZYnsr6sNTdmQCLgs/NU+fgU="></latexit>

max
⇡i2�i

Ui(⇡i,⇡�i) = max
⇡i2�i

Ea⇠⇡[Ri(a)]is concave in  for all fixed  πi π−i

Learning in concave games

Assume we are in the full information regime, where players know their utility, observe their opponents’ full policy, and seek 
to adapt online to their opponents’ strategies:



Consider players in  concave games:
<latexit sha1_base64="0OUQZYnsr6sNTdmQCLgs/NU+fgU="></latexit>

max
⇡i2�i

Ui(⇡i,⇡�i) = max
⇡i2�i

Ea⇠⇡[Ri(a)]is concave in  for all fixed  πi π−i

Learning in concave games

Assume we are in the full information regime, where players know their utility, observe their opponents’ full policy, and seek 
to adapt online to their opponents’ strategies:

Interaction Protocol:


‣ Each agent chooses an initial action, 

‣ For step t=0,1,2,…

πi,0

‣ Each agent plays an action   simultaneously


‣ Agents receive their immediate utility                         and observe opponent’s policy 

‣ Agents update their policy given their observation: 

πi,t
<latexit sha1_base64="lMNI4WK21lg/PMO1UEhdsW9cVBs=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoUItiRR1WXTjsoJpC20Ik+mkHTqZhJmJUELBja/ixoUibn0Jd76NkzQLrR4Y+Dj3Xu7c48eMSmVZX0ZpaXllda28XtnY3NreMXf3OjJKBCYOjlgkej6ShFFOHEUVI71YEBT6jHT9yXVW794TIWnE79Q0Jm6IRpwGFCOlLc88gI5Ha4OYeimtq1k9p9MMTzyzajWsXPAv2AVUQaG2Z34OhhFOQsIVZkjKvm3Fyk2RUBQzMqsMEklihCdoRPoaOQqJdNP8hhk81s4QBpHQjyuYuz8nUhRKOQ193RkiNZaLtcz8r9ZPVHDpppTHiSIczxcFCYMqglkgcEgFwYpNNSAsqP4rxGMkEFY6tooOwV48+S90zhr2eaN526y2roo4yuAQHIEasMEFaIEb0AYOwOABPIEX8Go8Gs/Gm/E+by0Zxcw++CXj4xt3e5bJ</latexit>

Ui(⇡i,t,⇡�i,t)
<latexit sha1_base64="DtZQepSl4iyfINc36kxpEKgOJYE=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ40JJIUY9FLx4r2A9IQ9lst+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U391hPXRsTqEccJDyI6UKIvGEUr+aSTiG52Ic5x0i2V3Yo7A1kmXk7KkKPeLX11ejFLI66QSWqM77kJBhnVKJjkk2InNTyhbEQH3LdU0YibIJudPCGnVumRfqxtKSQz9fdERiNjxlFoOyOKQ7PoTcX/PD/F/k2QCZWkyBWbL+qnkmBMpv+TntCcoRxbQpkW9lbChlRThjalog3BW3x5mTQvK95VpfpQLddu8zgKcAwncAYeXEMN7qEODWAQwzO8wpuDzovz7nzMW1ecfOYI/sD5/AGZsZDT</latexit>⇡�i,t

<latexit sha1_base64="vG/HmzssnJDM7PxisKvThi7K374=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRKtaSSFE3QtGNywr2Am0Ik+mkHTq5MDMRSsgbuPFV3LhQxK1bd76NkzSCtv4w8M1/zmHm/E7IqJCG8aUVFhaXlleKq6W19Y3NLX17py2CiGPSwgELeNdBgjDqk5akkpFuyAnyHEY6zvg6rXfuCRc08O/kJCSWh4Y+dSlGUlm2fgj7IbVjWpXHZnI5tGnl555UMzpJ8cjWy0bNyATnwcyhDHI1bf2zPwhw5BFfYoaE6JlGKK0YcUkxI0mpHwkSIjxGQ9JT6COPCCvO9knggXIG0A24Or6Emft7IkaeEBPPUZ0ekiMxW0vN/2q9SLoXVkz9MJLEx9OH3IhBGcA0HDignGDJJgoQ5lT9FeIR4ghLFWFJhWDOrjwP7dOaeVar39bLjas8jiLYA/ugAkxwDhrgBjRBC2DwAJ7AC3jVHrVn7U17n7YWtHxmF/yR9vENLIybgQ==</latexit>

⇡i,t+1 = gi(⇡i,t,⇡�i,t)

What do good algorithms look like?




The simplest algorithms for learning in games  come from economics and rely on best-response oracles

Algorithms for learning in games

Best-Response Dynamics


‣ Each agent chooses an initial action, 

‣ For step t=0,1,2,…

πi,0

<latexit sha1_base64="YJOCDiC+0pY3jMfPdVqJSwkymss=">AAACGnicbVDNS8MwHE3n15xfVY9egkOYoKOVoV6EMS8ep9htsJaSZukWln6QpOIo+zu8+K948aCIN/Hif2O6FdHNFwKP996P5Pe8mFEhDeNLKywsLi2vFFdLa+sbm1v69k5LRAnHxMIRi3jHQ4IwGhJLUslIJ+YEBR4jbW94mfntO8IFjcJbOYqJE6B+SH2KkVSSq5uNm4odUzc9puPDC2gj3rcDdO8qDUJbHculWeDoJ+TqZaNqTADniZmTMsjRdPUPuxfhJCChxAwJ0TWNWDop4pJiRsYlOxEkRniI+qSraIgCIpx0stoYHiilB/2IqxtKOFF/T6QoEGIUeCoZIDkQs14m/ud1E+mfOykN40SSEE8f8hMGZQSznmCPcoIlGymCMKfqrxAPEEdYqjZLqgRzduV50jqpmqfV2nWtXG/kdRTBHtgHFWCCM1AHV6AJLIDBA3gCL+BVe9SetTftfRotaPnMLvgD7fMb8kme9w==</latexit>

BR(⇡�i) = argmax
⇡

Ui(⇡,⇡�i)

<latexit sha1_base64="x0x9IZz7qgUcnVqLCdrv7fZ1Hpc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahopZEiroRSt24rGIf0IYwmU7boZNJmJkIJWTjxl9x40IRt/6DO//GaZqFth4YOPece7lzjxcyKpVlfRu5hcWl5ZX8amFtfWNzy9zeacogEpg0cMAC0faQJIxy0lBUMdIOBUG+x0jLG11P/NYDEZIG/F6NQ+L4aMBpn2KktOSa+xB2Q+rG9EQd28lV7a6Ulqe6To5cs2iVrRRwntgZKYIMddf86vYCHPmEK8yQlB3bCpUTI6EoZiQpdCNJQoRHaEA6mnLkE+nE6RUJPNRKD/YDoR9XMFV/T8TIl3Lse7rTR2ooZ72J+J/XiVT/0okpDyNFOJ4u6kcMqgBOIoE9KghWbKwJwoLqv0I8RAJhpYMr6BDs2ZPnSfOsbJ+XK7eVYrWWxZEHe+AAlIANLkAV3IA6aAAMHsEzeAVvxpPxYrwbH9PWnJHN7II/MD5/AM/eluE=</latexit>

⇡i,t+1 = BR(⇡�i,t)

Does not converge to Nash even in rock-paper-scissors!

(Too greedy)



The simplest algorithms for learning in games  come from economics and rely on best-response oracles

Algorithms for learning in games

<latexit sha1_base64="YJOCDiC+0pY3jMfPdVqJSwkymss=">AAACGnicbVDNS8MwHE3n15xfVY9egkOYoKOVoV6EMS8ep9htsJaSZukWln6QpOIo+zu8+K948aCIN/Hif2O6FdHNFwKP996P5Pe8mFEhDeNLKywsLi2vFFdLa+sbm1v69k5LRAnHxMIRi3jHQ4IwGhJLUslIJ+YEBR4jbW94mfntO8IFjcJbOYqJE6B+SH2KkVSSq5uNm4odUzc9puPDC2gj3rcDdO8qDUJbHculWeDoJ+TqZaNqTADniZmTMsjRdPUPuxfhJCChxAwJ0TWNWDop4pJiRsYlOxEkRniI+qSraIgCIpx0stoYHiilB/2IqxtKOFF/T6QoEGIUeCoZIDkQs14m/ud1E+mfOykN40SSEE8f8hMGZQSznmCPcoIlGymCMKfqrxAPEEdYqjZLqgRzduV50jqpmqfV2nWtXG/kdRTBHtgHFWCCM1AHV6AJLIDBA3gCL+BVe9SetTftfRotaPnMLvgD7fMb8kme9w==</latexit>

BR(⇡�i) = argmax
⇡

Ui(⇡,⇡�i)

Player’s best-respond to 
their opponents’ empirical 

history of play

Fictitious-Play [Brown, 1949]


‣ Each agent initializes their belief over their opponents’   
strategy .

‣ For step t=0,1,2,…

̂π−i

‣ Play
‣ Observe 

<latexit sha1_base64="kFwriRu5BQMFLWppRuT+pbaMM0A=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU1GFGiroRSt24rGIf0BmGTJqxoZkHyR2hDP0LN/6KGxeKuNWdf2P6WGjrgcDJOeeS3OMngiuwrG8jt7C4tLySXy2srW9sbhW3d5oqTiVlDRqLWLZ9opjgEWsAB8HaiWQk9AVr+f2rkd96YFLxOLqDQcLckNxHPOCUgJa8ookx8TJ+DEPsKB5iJ+Hj65E9vKzdlp0egYl2MsocesWSZVpj4HliT0kJTVH3il9ON6ZpyCKggijVsa0E3IxI4FSwYcFJFUsI7ZN71tE0IiFTbjbea4gPtNLFQSz1iQCP1d8TGQmVGoS+ToYEemrWG4n/eZ0Uggs341GSAovo5KEgFRhiPCoJd7lkFMRAE0Il13/FtEckoaCrLOgS7NmV50nz1LTPzMpNpVStTevIoz20j8rIRueoiq5RHTUQRY/oGb2iN+PJeDHejY9JNGdMZ3bRHxifP/kQnfQ=</latexit>

ai,t ⇠ ⇡i,t+1 = BR(⇡̂�i,t)
<latexit sha1_base64="rhi8ObsK7DdMZWStOrOkjFs5Gys=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ40JJIUY9FLx4r2A9IQ9lst+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U391hPXRsTqEccJDyI6UKIvGEUr+YTQbnYhznFCuqWyW3FnIMvEy0kZctS7pa9OL2ZpxBUySY3xPTfBIKMaBZN8UuykhieUjeiA+5YqGnETZLOTJ+TUKj3Sj7UthWSm/p7IaGTMOAptZ0RxaBa9qfif56fYvwkyoZIUuWLzRf1UEozJ9H/SE5ozlGNLKNPC3krYkGrK0KZUtCF4iy8vk+ZlxbuqVB+q5dptHkcBjuEEzsCDa6jBPdShAQxieIZXeHPQeXHenY9564qTzxzBHzifP7ZskD8=</latexit>a�i,t

‣ Update belief
<latexit sha1_base64="Nun0m78I26C0fUa9K6b6oRweXs4=">AAACNnicbVDLSsNAFJ34rPVVdelmsAiV2pJIUTdC0Y0bQcE+oAllMp3YoZMHMzdCCfkqN36Hu25cKOLWT3BSs7DVAwOHc87lzj1uJLgC05wYC4tLyyurhbXi+sbm1nZpZ7etwlhS1qKhCGXXJYoJHrAWcBCsG0lGfFewjju6yvzOI5OKh8E9jCPm+OQh4B6nBLTUL93YQwLYjng/qfFjqFrpxaySVm1PEppYaZK5FVYhuYGPanPRo36pbNbNKfBfYuWkjHLc9ksv9iCksc8CoIIo1bPMCJyESOBUsLRox4pFhI7IA+tpGhCfKSeZnp3iQ60MsBdK/QLAU/X3REJ8pca+q5M+gaGa9zLxP68Xg3fuJDyIYmAB/VnkxQJDiLMO8YBLRkGMNSFUcv1XTIdEtwS66aIuwZo/+S9pn9St03rjrlFuXuZ1FNA+OkAVZKEz1ETX6Ba1EEVPaILe0LvxbLwaH8bnT3TByGf20AyMr2+vIKoW</latexit>

⇡̂�i,t+1 = ⇡̂�i,t +
1

t+ 1
(e(a�i,t)� ⇡̂�i,t)



The simplest algorithms for learning in games  come from economics and rely on best-response oracles

Algorithms for learning in games

Fictitious-Play [Brown, 1949]


‣ Each agent initializes their belief over their opponents’   
strategy .

‣ For step t=0,1,2,…

̂π−i

<latexit sha1_base64="YJOCDiC+0pY3jMfPdVqJSwkymss=">AAACGnicbVDNS8MwHE3n15xfVY9egkOYoKOVoV6EMS8ep9htsJaSZukWln6QpOIo+zu8+K948aCIN/Hif2O6FdHNFwKP996P5Pe8mFEhDeNLKywsLi2vFFdLa+sbm1v69k5LRAnHxMIRi3jHQ4IwGhJLUslIJ+YEBR4jbW94mfntO8IFjcJbOYqJE6B+SH2KkVSSq5uNm4odUzc9puPDC2gj3rcDdO8qDUJbHculWeDoJ+TqZaNqTADniZmTMsjRdPUPuxfhJCChxAwJ0TWNWDop4pJiRsYlOxEkRniI+qSraIgCIpx0stoYHiilB/2IqxtKOFF/T6QoEGIUeCoZIDkQs14m/ud1E+mfOykN40SSEE8f8hMGZQSznmCPcoIlGymCMKfqrxAPEEdYqjZLqgRzduV50jqpmqfV2nWtXG/kdRTBHtgHFWCCM1AHV6AJLIDBA3gCL+BVe9SetTftfRotaPnMLvgD7fMb8kme9w==</latexit>

BR(⇡�i) = argmax
⇡

Ui(⇡,⇡�i)

‣ Play
‣ Observe 

<latexit sha1_base64="kFwriRu5BQMFLWppRuT+pbaMM0A=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU1GFGiroRSt24rGIf0BmGTJqxoZkHyR2hDP0LN/6KGxeKuNWdf2P6WGjrgcDJOeeS3OMngiuwrG8jt7C4tLySXy2srW9sbhW3d5oqTiVlDRqLWLZ9opjgEWsAB8HaiWQk9AVr+f2rkd96YFLxOLqDQcLckNxHPOCUgJa8ookx8TJ+DEPsKB5iJ+Hj65E9vKzdlp0egYl2MsocesWSZVpj4HliT0kJTVH3il9ON6ZpyCKggijVsa0E3IxI4FSwYcFJFUsI7ZN71tE0IiFTbjbea4gPtNLFQSz1iQCP1d8TGQmVGoS+ToYEemrWG4n/eZ0Uggs341GSAovo5KEgFRhiPCoJd7lkFMRAE0Il13/FtEckoaCrLOgS7NmV50nz1LTPzMpNpVStTevIoz20j8rIRueoiq5RHTUQRY/oGb2iN+PJeDHejY9JNGdMZ3bRHxifP/kQnfQ=</latexit>

ai,t ⇠ ⇡i,t+1 = BR(⇡̂�i,t)
<latexit sha1_base64="rhi8ObsK7DdMZWStOrOkjFs5Gys=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ40JJIUY9FLx4r2A9IQ9lst+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U391hPXRsTqEccJDyI6UKIvGEUr+YTQbnYhznFCuqWyW3FnIMvEy0kZctS7pa9OL2ZpxBUySY3xPTfBIKMaBZN8UuykhieUjeiA+5YqGnETZLOTJ+TUKj3Sj7UthWSm/p7IaGTMOAptZ0RxaBa9qfif56fYvwkyoZIUuWLzRf1UEozJ9H/SE5ozlGNLKNPC3krYkGrK0KZUtCF4iy8vk+ZlxbuqVB+q5dptHkcBjuEEzsCDa6jBPdShAQxieIZXeHPQeXHenY9564qTzxzBHzifP7ZskD8=</latexit>a�i,t

‣ Update belief
<latexit sha1_base64="Nun0m78I26C0fUa9K6b6oRweXs4=">AAACNnicbVDLSsNAFJ34rPVVdelmsAiV2pJIUTdC0Y0bQcE+oAllMp3YoZMHMzdCCfkqN36Hu25cKOLWT3BSs7DVAwOHc87lzj1uJLgC05wYC4tLyyurhbXi+sbm1nZpZ7etwlhS1qKhCGXXJYoJHrAWcBCsG0lGfFewjju6yvzOI5OKh8E9jCPm+OQh4B6nBLTUL93YQwLYjng/qfFjqFrpxaySVm1PEppYaZK5FVYhuYGPanPRo36pbNbNKfBfYuWkjHLc9ksv9iCksc8CoIIo1bPMCJyESOBUsLRox4pFhI7IA+tpGhCfKSeZnp3iQ60MsBdK/QLAU/X3REJ8pca+q5M+gaGa9zLxP68Xg3fuJDyIYmAB/VnkxQJDiLMO8YBLRkGMNSFUcv1XTIdEtwS66aIuwZo/+S9pn9St03rjrlFuXuZ1FNA+OkAVZKEz1ETX6Ba1EEVPaILe0LvxbLwaH8bnT3TByGf20AyMr2+vIKoW</latexit>

⇡̂�i,t+1 = ⇡̂�i,t +
1

t+ 1
(e(a�i,t)� ⇡̂�i,t)

Robinson [1951]

Fictitious-Play asymptotically 
converges to Nash eq. in zero-
sum games.



The simplest algorithms for learning in games  come from economics and rely on best-response oracles

Algorithms for learning in games

Fictitious-Play [Brown, 1949]


‣ Each agent initializes their belief over their opponents’   
strategy .

‣ For step t=0,1,2,…

̂π−i

<latexit sha1_base64="YJOCDiC+0pY3jMfPdVqJSwkymss=">AAACGnicbVDNS8MwHE3n15xfVY9egkOYoKOVoV6EMS8ep9htsJaSZukWln6QpOIo+zu8+K948aCIN/Hif2O6FdHNFwKP996P5Pe8mFEhDeNLKywsLi2vFFdLa+sbm1v69k5LRAnHxMIRi3jHQ4IwGhJLUslIJ+YEBR4jbW94mfntO8IFjcJbOYqJE6B+SH2KkVSSq5uNm4odUzc9puPDC2gj3rcDdO8qDUJbHculWeDoJ+TqZaNqTADniZmTMsjRdPUPuxfhJCChxAwJ0TWNWDop4pJiRsYlOxEkRniI+qSraIgCIpx0stoYHiilB/2IqxtKOFF/T6QoEGIUeCoZIDkQs14m/ud1E+mfOykN40SSEE8f8hMGZQSznmCPcoIlGymCMKfqrxAPEEdYqjZLqgRzduV50jqpmqfV2nWtXG/kdRTBHtgHFWCCM1AHV6AJLIDBA3gCL+BVe9SetTftfRotaPnMLvgD7fMb8kme9w==</latexit>

BR(⇡�i) = argmax
⇡

Ui(⇡,⇡�i)

‣ Play
‣ Observe 

<latexit sha1_base64="kFwriRu5BQMFLWppRuT+pbaMM0A=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU1GFGiroRSt24rGIf0BmGTJqxoZkHyR2hDP0LN/6KGxeKuNWdf2P6WGjrgcDJOeeS3OMngiuwrG8jt7C4tLySXy2srW9sbhW3d5oqTiVlDRqLWLZ9opjgEWsAB8HaiWQk9AVr+f2rkd96YFLxOLqDQcLckNxHPOCUgJa8ookx8TJ+DEPsKB5iJ+Hj65E9vKzdlp0egYl2MsocesWSZVpj4HliT0kJTVH3il9ON6ZpyCKggijVsa0E3IxI4FSwYcFJFUsI7ZN71tE0IiFTbjbea4gPtNLFQSz1iQCP1d8TGQmVGoS+ToYEemrWG4n/eZ0Uggs341GSAovo5KEgFRhiPCoJd7lkFMRAE0Il13/FtEckoaCrLOgS7NmV50nz1LTPzMpNpVStTevIoz20j8rIRueoiq5RHTUQRY/oGb2iN+PJeDHejY9JNGdMZ3bRHxifP/kQnfQ=</latexit>

ai,t ⇠ ⇡i,t+1 = BR(⇡̂�i,t)
<latexit sha1_base64="rhi8ObsK7DdMZWStOrOkjFs5Gys=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ40JJIUY9FLx4r2A9IQ9lst+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U391hPXRsTqEccJDyI6UKIvGEUr+YTQbnYhznFCuqWyW3FnIMvEy0kZctS7pa9OL2ZpxBUySY3xPTfBIKMaBZN8UuykhieUjeiA+5YqGnETZLOTJ+TUKj3Sj7UthWSm/p7IaGTMOAptZ0RxaBa9qfif56fYvwkyoZIUuWLzRf1UEozJ9H/SE5ozlGNLKNPC3krYkGrK0KZUtCF4iy8vk+ZlxbuqVB+q5dptHkcBjuEEzsCDa6jBPdShAQxieIZXeHPQeXHenY9564qTzxzBHzifP7ZskD8=</latexit>a�i,t

‣ Update belief
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⇡̂�i,t+1 = ⇡̂�i,t +
1

t+ 1
(e(a�i,t)� ⇡̂�i,t)

Robinson [1951]

Fictitious-Play asymptotically 
converges to Nash eq. in zero-
sum games.
‣ In his proof, convergence to an 

epsilon-approximate Nash equilibrium 
took at most   iterations1/ϵΩ(A)



The simplest algorithms for learning in games  come from economics and rely on best-response oracles

Algorithms for learning in games

Fictitious-Play [Brown, 1949]


‣ Each agent initializes their belief over their opponents’   
strategy .

‣ For step t=0,1,2,…

̂π−i
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BR(⇡�i) = argmax
⇡

Ui(⇡,⇡�i)
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ai,t ⇠ ⇡i,t+1 = BR(⇡̂�i,t)
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‣ Update belief
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⇡̂�i,t+1 = ⇡̂�i,t +
1

t+ 1
(e(a�i,t)� ⇡̂�i,t)

Robinson [1951]

Fictitious-Play asymptotically 
converges to Nash eq. in zero-
sum games.

‣ Karlin [1959] conjectured that it actually converged in   iterationsO(1/ϵ2)
‣ Daskalakis & Pan  [2014] refuted this conjecture under worst case tie-breaking, showing a  rate is 

unavoidable 
1/ϵΩ(A)

‣ In his proof, convergence to an 
epsilon-approximate Nash equilibrium 
took at most   iterations1/ϵΩ(A)



The simplest algorithms for learning in games  come from economics and rely on best-response oracles

Algorithms for learning in games

Fictitious-Play [Brown, 1949]


‣ Each agent initializes their belief over their opponents’   
strategy .

‣ For step t=0,1,2,…

̂π−i
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⇡̂�i,t+1 = ⇡̂�i,t +
1

t+ 1
(e(a�i,t)� ⇡̂�i,t)

However, fictitious-play has no 
convergence guarantees in 
general non-zero-sum games.



What are good algorithms for learning in concave games?

What properties may we want for algorithms in games?


‣ Independent learning  

      agents should not know anything about their opponents utility


‣ Individually Rationalizable

     agents should be “rational” (e.g., take advantage of naive opponents)


‣Convergent 

    convergence to Nash




What are good algorithms for learning in concave games?

What properties may we want for algorithms in games?


‣ Independent learning  

      agents should not know anything about their opponents utility


‣ Individually Rationalizable

     agents should be “rational” (e.g., take advantage of naive opponents)


‣Convergent 

    convergence to Nash


We’ve already seen that this is too much to hope for in general! 

Uncoupled dynamics cannot always converge to Nash [Hart & Mas-Colell 2003]



What are good algorithms for learning in concave games?

What properties may we want for algorithms in games?


‣ Independent learning  

      agents should not know anything about their opponents utility


‣ Individually Rationalizable

     agents should be “rational” (e.g., take advantage of naive opponents)


‣No-regret 

    Algorithm should compete with the best fixed action in hindsight:
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max
⇡02�i
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T

 
TX

t=1

Ui(⇡
0,⇡�i,t)� Ui(⇡i,t,⇡�i,t)

!
 o(1)



What are good algorithms for learning in concave games?

What properties may we want for algorithms in games?


‣ Independent learning  

      agents should not know anything about their opponents utility


‣ Individually Rationalizable

     agents should be “rational” (e.g., take advantage of naive opponents)


‣No-regret 

    Algorithm should compete with the best fixed action in hindsight:


<latexit sha1_base64="AViYKCdwdKG2hWVSTLTS4jZlukg="></latexit>

max
⇡02�i

1

T

 
TX

t=1

Ui(⇡
0,⇡�i,t)� Ui(⇡i,t,⇡�i,t)

!
 o(1)

Many well known algorithms turn out to be no-regret: 


e.g., online gradient-play, multiplicative weights, mirror descent, smoothed fictitious-play


Note: fictitious-play and best-response dynamics are not no-regret




No-Regret and Coarse Correlated Eq.
No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:


Definition: Coarse Correlated Equilibrium [Aumann 1974]

A joint distribution                  is a coarse correlated equilibrium (CCE) if, for all : 
i
<latexit sha1_base64="12bs7qln+JYrQCThbV7C/byordw=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgbBKuxKUMv4KCwjmAdkQ7g7mSRDZmaXmVkhLFva+Cs2ForY+gl2/o2TR6GJBy4czrmXe+8JY8608bxvJ7e0vLK6ll8vbGxube+4u3t1HSWK0BqJeKSaIWjKmaQ1wwynzVhRECGnjXB4PfYbD1RpFsl7M4ppW0Bfsh4jYKzUcQ8DzfoCcMAkDm4oN9BJAwFmQICnl1nWcYteyZsALxJ/RopohmrH/Qq6EUkElYZw0Lrle7Fpp6AMI5xmhSDRNAYyhD5tWSpBUN1OJ49k+NgqXdyLlC1p8ET9PZGC0HokQts5vlHPe2PxP6+VmN5FO2UyTgyVZLqol3BsIjxOBXeZosTwkSVAFLO3YjIABcTY7Ao2BH/+5UVSPy35Z6XyXblYuZrFkUcH6AidIB+dowq6RVVUQwQ9omf0it6cJ+fFeXc+pq05Zzazj/7A+fwBwsaZ1g==</latexit>

� 2 �A
<latexit sha1_base64="PzQHMR4AVEG5uDxBbc5obVvrn48="></latexit>

E⇡⇠�[Ui(⇡)] � E⇡�i⇠�[Ui(⇡
0
i,⇡�i)] 8⇡0

i 2 ⇧i



No-Regret and Coarse Correlated Eq.
No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:


Thm: No-regret algorithms converge to CCE

Suppose all players in a game use no-regret algorithms to choose their policies at each 
time. The the average sequence of play converges to a CCE.




No-Regret and Coarse Correlated Eq.
No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:


Thm: No-regret algorithms converge to CCE

Suppose all players in a game use no-regret algorithms to choose their policies at each 
time. The the average sequence of play converges to a CCE.


Proof: Almost by definition.

Consider the sequence of correlated joint strategies,

<latexit sha1_base64="zuBDM+jmZhK/PB9r6AonTN178FE=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBD0EnYlqBch6MWjQqJCJi6zk04yOLO7zPSKYdk/8eKvePGgiHjzb5zEHHwVNBRV3XR3RamSFn3/w5uanpmdmy8tlBeXlldWK2vrFzbJjICWSFRiriJuQckYWihRwVVqgOtIwWV0czLyL2/BWJnETRym0NG8H8ueFBydFFb2mZV9zcPmEUO4w7zlzMTogino4Q7LWSpDpKwIczwKiusmM7I/wN2wUvVr/hj0LwkmpEomOAsr76ybiExDjEJxa9uBn2In5walUFCUWWYh5eKG96HtaMw12E4+/q+g207pUneXqxjpWP0+kXNt7VBHrlNzHNjf3kj8z2tn2Dvs5DJOM4RYfC3qZYpiQkdh0a40IFANHeHCSHcrFQNuuEAXadmFEPx++S+52KsF+7X6eb3aOJ7EUSKbZIvskIAckAY5JWekRQS5J4/kmbx4D96T9+q9fbVOeZOZDfID3scnSNyjuw==</latexit>

�T = Uniform
�
{⇡t}Tt=1

�

<latexit sha1_base64="DhmQ8ffNgbox9fgqZS0W9smfoco="></latexit>
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!
 o(1)Via no-regret: 
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Suppose all players in a game use no-regret algorithms to choose their policies at each 
time. The the average sequence of play converges to a CCE.


Proof: Almost by definition.

Consider the sequence of correlated joint strategies,
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!
 o(1)Via no-regret: 

Taking limits:
<latexit sha1_base64="Jwum4kA9DGK1ypw/GvarYVLbI2s="></latexit>

max
⇡02�i

E�T [Ui(⇡
0,⇡�i,t)]  E�T [Ui(⇡t)] Definition of CCE!



No-Regret and Coarse Correlated Eq.
No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:


Definition: Coarse Correlated Equilibrium [Aumann 1974]

A joint distribution                  is a coarse correlated equilibrium (CCE) if, for all : 
i
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CCE have several desirable properties:

‣  Always exist (generalization of Nash).

‣  Set of CCE is convex.

‣  CCE can be found in normal-form games via linear programming or no-regret learning.




No-Regret and Coarse Correlated Eq.
No-regret algorithms have convergence guarantees to another form of game theoretic equilibrium:


Definition: Coarse Correlated Equilibrium [Aumann 1974]

A joint distribution                  is a coarse correlated equilibrium (CCE) if, for all : 
i
<latexit sha1_base64="12bs7qln+JYrQCThbV7C/byordw=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgbBKuxKUMv4KCwjmAdkQ7g7mSRDZmaXmVkhLFva+Cs2ForY+gl2/o2TR6GJBy4czrmXe+8JY8608bxvJ7e0vLK6ll8vbGxube+4u3t1HSWK0BqJeKSaIWjKmaQ1wwynzVhRECGnjXB4PfYbD1RpFsl7M4ppW0Bfsh4jYKzUcQ8DzfoCcMAkDm4oN9BJAwFmQICnl1nWcYteyZsALxJ/RopohmrH/Qq6EUkElYZw0Lrle7Fpp6AMI5xmhSDRNAYyhD5tWSpBUN1OJ49k+NgqXdyLlC1p8ET9PZGC0HokQts5vlHPe2PxP6+VmN5FO2UyTgyVZLqol3BsIjxOBXeZosTwkSVAFLO3YjIABcTY7Ao2BH/+5UVSPy35Z6XyXblYuZrFkUcH6AidIB+dowq6RVVUQwQ9omf0it6cJ+fFeXc+pq05Zzazj/7A+fwBwsaZ1g==</latexit>

� 2 �A
<latexit sha1_base64="PzQHMR4AVEG5uDxBbc5obVvrn48="></latexit>

E⇡⇠�[Ui(⇡)] � E⇡�i⇠�[Ui(⇡
0
i,⇡�i)] 8⇡0
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…and some less desirable ones:

‣  Can have support on dominated strategies [Viossat & Zapechelnyuk (2013)] - no rational agent would implement!

‣  Can be no-regret but never converge

‣  Requires coordination to implement.

CCE have several desirable properties:

‣  Always exist (generalization of Nash).

‣  Set of CCE is convex.

‣  CCE can be found in normal-form games via linear programming or no-regret learning.




Dynamics of no-regret algorithms
Consider a very simple instantiation of a no-regret algorithm in rock-paper scissors:


2-players


<latexit sha1_base64="uJv+t3f7V1b90cOEVneDrUfxkI8="></latexit>

R1 = R2 =

2

4
0 1 �1
�1 0 1
1 �1 0

3

5

Players optimize over softmax policies using 
gradient descent:
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Dynamics of no-regret algorithms
Consider a very simple instantiation of a no-regret algorithm in rock-paper scissors:


Players using gradient-play in Rock-
Paper Scissors exhibit chaos2-players
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Players optimize over softmax policies using 
gradient descent:
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Recap: No-regret learning algorithms

General-sum Games

Class of CCE

Can be computed via 

no-regret learning



Recap: No-regret learning algorithms

General-sum Games

Class of correlated equilibria 

(inherit many properties of CCE) 


can be computed via no-swap-regret 
algorithms

Class of CCE

Can be computed via 

no-regret learning



Recap: No-regret learning algorithms

Nash = CE = CCE

General-sum Games Zero-sum games

Class of correlated equilibria 

(inherit many properties of CCE) 


can be computed via no-swap-regret 
algorithms

Class of CCE

Can be computed via 

no-regret learning

“Equilibrium Collapse”

No-regret algorithms find Nash (min-
max) eq. in zero-sum matrix games.

(Similar phenomenon occurs in other 
“strictly” competitive games e.g., 

network zero-sum games)



Recap: No-regret learning algorithms

Designing and analyzing no-regret learning algorithms is still an active research area:

Optimal rates of convergence

[Daskalakis et al. 2021, Cai & Zheng 2023, Farina et al. 2023]


Swap-regret 

[Arunachaleswaran, et al. 2025, Fishelson et al. 2025]


Nash = CE = CCE

General-sum Games Zero-sum games

Characterizing subset CCE that are computed by no-regret algorithms 

[Anagnostides et al. 2022]


Time-varying games, pure exploration, … many different variations of the problem…


https://arxiv.org/search/cs?searchtype=author&query=Arunachaleswaran,+E+R


Equilibrium computation through the lens of optimization

Another approach to the problem of equilibrium computation is through the lens of optimization.




Equilibrium computation through the lens of optimization

Definition: Variational definition of Nash equilibrium of a concave game

A joint policy  is a Nash equilibrium if
π*
<latexit sha1_base64="JXeGvKKvmk3QpXxAVVXSp+b0xDA="></latexit>
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Viewed through this lens, computing/learning a Nash equilibrium is equivalent to solving a 
variational inequality problem.

This is a simple generalization of the max of a concave 
function over a compact set.
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concave f
<latexit sha1_base64="FWWvUr722ZoNdCqgkL1dslG0cdk="></latexit>
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Equilibrium computation through the lens of optimization

Definition: Variational definition of Nash equilibrium of a concave game

A joint policy  is a Nash equilibrium if
π*
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If  has useful structure, e.g., monotonicity, then we can apply tools from the literature on 
solving VIPs to compute/learn Nash. 


F(π)

Viewed through this lens, computing/learning a Nash equilibrium is equivalent to solving a 
variational inequality problem.



Monotone Variational Inequalities

(Projected) Gradient-Play 


‣ Each agent initializes policy at random.

‣ For step t=0,1,2,…

‣ Play
‣ Observe  
‣ Update policy
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riUi(⇡t)
<latexit sha1_base64="OHPaMaFwLBHptUca1uM/+SdyuYk="></latexit>

⇡i,t+1 = P⇧i (⇡i,t + ⌘riUi(⇡t))
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⇡t+1 = P⇧ (⇡t + ⌘F (⇡t))

Equivalently, analyze joint dynamics:

Joint dynamics are not gradient descent 
on a function!



Monotone Variational Inequalities

<latexit sha1_base64="xuuvpvnqG3N4s95UcO4ihzsLJyA="></latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t))

Joint dynamics of gradient-play

If  is e.g., strongly monotone:
F(π)

Then                    under projected gradient-play.
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Convergence to Nash in a last iterate sense. 

Thm:
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Monotone Variational Inequalities
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⇡t+1 = P⇧ (⇡t + ⌘F (⇡t))

Joint dynamics of gradient-play

If  is e.g., strongly monotone:
F(π)

Then                    under projected gradient-play.
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Thm:
If  is e.g., monotone:
F(π)

and  is convex and compact, then                    
under projected gradient-play:

Π

Thm:
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Convergence to Nash in an ergodic sense 



Convergence in Monotone Variational Inequalities
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Thm:
If  is e.g., monotone:
F(π)

and  is convex and compact, then                    
under projected gradient-play:

Π

Thm:
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 is monotone in all zero-sum normal form and convex-concave games. 
Monotone  is a restriction on concave games.

F
F



Convergence in Monotone Variational Inequalities
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hF (⇡)� F (⇡0),⇡ � ⇡0i  0 8⇡,⇡0

<latexit sha1_base64="ZuTe2/Qub00Gn92MSl3A8NgXXjQ="></latexit>

hF (⇡)� F (⇡0),⇡ � ⇡0i  �↵k⇡ � ⇡0k2 8⇡,⇡0
<latexit sha1_base64="s9fTrEID1KuAOgQHUO0O68DjIiA=">AAACGHicbVDJSgNBEO2JW4zbqEcvjUEQD3FGgnoRgl48RsgGmWTo6fQkTXoWumuUMMxnePFXvHhQxGtu/o2d5aCJDwoe71VRVc+LBVdgWd9GbmV1bX0jv1nY2t7Z3TP3DxoqSiRldRqJSLY8opjgIasDB8FasWQk8ARresO7id98ZFLxKKzBKGadgPRD7nNKQEuuee74ktDUztJa5qgkcFO4sbJuDTsxdwE7kvcHQKSMniZK98w1i1bJmgIvE3tOimiOqmuOnV5Ek4CFQAVRqm1bMXRSIoFTwbKCkygWEzokfdbWNCQBU510+liGT7TSw34kdYWAp+rviZQESo0CT3cGBAZq0ZuI/3ntBPzrTsrDOAEW0tkiPxEYIjxJCfe4ZBTESBNCJde3YjogOinQWRZ0CPbiy8ukcVGyL0vlh3KxcjuPI4+O0DE6RTa6QhV0j6qojih6Rq/oHX0YL8ab8Wl8zVpzxnzmEP2BMf4B/tOgXA==</latexit>

1

T

TX

t=0

⇡t ! ⇡⇤

 is monotone in all zero-sum normal form and convex-concave gamesF
<latexit sha1_base64="6UplLbLzQ+mZhUaVq7bgUoN2mKQ=">AAACHnicbVC7TsMwFHV4lvIKMLJYVEhMVVKVx1jBwlhQX1ITIsd1W6u2E9kOoor6JSz8CgsDCCExwd/gphmg5UiWzj3nXvneE8aMKu0439bS8srq2npho7i5tb2za+/tt1SUSEyaOGKR7IRIEUYFaWqqGenEkiAeMtIOR1dTv31PpKKRaOhxTHyOBoL2KUbaSIF96nEqgtSLaeBOoMfRw6yomALCTL5rwNuMVaBHuVmKqMAuOWUnA1wkbk5KIEc9sD+9XoQTToTGDCnVdZ1Y+ymSmmJGJkUvUSRGeIQGpGuoQJwoP83Om8Bjo/RgP5LmCQ0z9fdEirhSYx6aTo70UM17U/E/r5vo/oWfUhEnmgg8+6ifMKgjOM0K9qgkWLOxIQhLanaFeIgkwtokWjQhuPMnL5JWpeyelas31VLtMo+jAA7BETgBLjgHNXAN6qAJMHgEz+AVvFlP1ov1bn3MWpesfOYA/IH19QNSzKFb</latexit>

min
⇡1

max
⇡2

⇡T
1 R⇡2 =)

<latexit sha1_base64="bjPTfjI6BUp8uTucp1vga+jBB30="></latexit>

F (⇡) = A⇡ where: A =


0 R

�RT 0

�
= �AT



Convergence in Monotone Variational Inequalities

<latexit sha1_base64="xuuvpvnqG3N4s95UcO4ihzsLJyA="></latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t))

Joint dynamics of gradient-play

If  is e.g., strongly monotone:
F(π)

Then                    under projected gradient-play.
<latexit sha1_base64="hHyFHQg2lB0KvzgjpmpnxerDG0w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIC5KIkVdFt24rGAf0MQwmU7aoZNMmLlRSujGX3HjQhG3foY7/8bpY6GtBy4czrmXe+8JU8E1OM63VVhaXlldK66XNja3tnfs3b2mlpmirEGlkKodEs0ET1gDOAjWThUjcShYKxxcj/3WA1Oay+QOhinzY9JLeMQpASMF9oGX8gCwp3ivD0Qp+YiNcn8a2GWn4kyAF4k7I2U0Qz2wv7yupFnMEqCCaN1xnRT8nCjgVLBRycs0SwkdkB7rGJqQmGk/nzwwwsdG6eJIKlMJ4In6eyInsdbDODSdMYG+nvfG4n9eJ4Po0s95kmbAEjpdFGUCg8TjNHCXK0ZBDA0hVHFzK6Z9oggFk1nJhODOv7xImmcV97xSva2Wa1ezOIroEB2hE+SiC1RDN6iOGoiiEXpGr+jNerJerHfrY9pasGYz++gPrM8fXaSWRA==</latexit>

⇡t ! ⇡⇤

Thm:
If  is e.g., monotone:
F(π)

and  is convex and compact, then                    
under projected gradient-play:

Π

Thm:

<latexit sha1_base64="zKBzQfJblrSHK4Z/IFqHxHDA8nA="></latexit>

hF (⇡)� F (⇡0),⇡ � ⇡0i  0 8⇡,⇡0

<latexit sha1_base64="ZuTe2/Qub00Gn92MSl3A8NgXXjQ="></latexit>

hF (⇡)� F (⇡0),⇡ � ⇡0i  �↵k⇡ � ⇡0k2 8⇡,⇡0
<latexit sha1_base64="s9fTrEID1KuAOgQHUO0O68DjIiA=">AAACGHicbVDJSgNBEO2JW4zbqEcvjUEQD3FGgnoRgl48RsgGmWTo6fQkTXoWumuUMMxnePFXvHhQxGtu/o2d5aCJDwoe71VRVc+LBVdgWd9GbmV1bX0jv1nY2t7Z3TP3DxoqSiRldRqJSLY8opjgIasDB8FasWQk8ARresO7id98ZFLxKKzBKGadgPRD7nNKQEuuee74ktDUztJa5qgkcFO4sbJuDTsxdwE7kvcHQKSMniZK98w1i1bJmgIvE3tOimiOqmuOnV5Ek4CFQAVRqm1bMXRSIoFTwbKCkygWEzokfdbWNCQBU510+liGT7TSw34kdYWAp+rviZQESo0CT3cGBAZq0ZuI/3ntBPzrTsrDOAEW0tkiPxEYIjxJCfe4ZBTESBNCJde3YjogOinQWRZ0CPbiy8ukcVGyL0vlh3KxcjuPI4+O0DE6RTa6QhV0j6qojih6Rq/oHX0YL8ab8Wl8zVpzxnzmEP2BMf4B/tOgXA==</latexit>

1

T

TX

t=0

⇡t ! ⇡⇤

 is monotone in all zero-sum normal form and convex-concave gamesF

<latexit sha1_base64="VxkCYnKca+dIwbiNSI0zuuxFQuw="></latexit>

=) hF (⇡)� F (⇡0),⇡ � ⇡0i = 0 8⇡,⇡0

<latexit sha1_base64="6UplLbLzQ+mZhUaVq7bgUoN2mKQ=">AAACHnicbVC7TsMwFHV4lvIKMLJYVEhMVVKVx1jBwlhQX1ITIsd1W6u2E9kOoor6JSz8CgsDCCExwd/gphmg5UiWzj3nXvneE8aMKu0439bS8srq2npho7i5tb2za+/tt1SUSEyaOGKR7IRIEUYFaWqqGenEkiAeMtIOR1dTv31PpKKRaOhxTHyOBoL2KUbaSIF96nEqgtSLaeBOoMfRw6yomALCTL5rwNuMVaBHuVmKqMAuOWUnA1wkbk5KIEc9sD+9XoQTToTGDCnVdZ1Y+ymSmmJGJkUvUSRGeIQGpGuoQJwoP83Om8Bjo/RgP5LmCQ0z9fdEirhSYx6aTo70UM17U/E/r5vo/oWfUhEnmgg8+6ifMKgjOM0K9qgkWLOxIQhLanaFeIgkwtokWjQhuPMnL5JWpeyelas31VLtMo+jAA7BETgBLjgHNXAN6qAJMHgEz+AVvFlP1ov1bn3MWpesfOYA/IH19QNSzKFb</latexit>

min
⇡1

max
⇡2

⇡T
1 R⇡2 =)

<latexit sha1_base64="bjPTfjI6BUp8uTucp1vga+jBB30="></latexit>

F (⇡) = A⇡ where: A =


0 R

�RT 0

�
= �AT



<latexit sha1_base64="xuuvpvnqG3N4s95UcO4ihzsLJyA="></latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t))

Joint dynamics of gradient-play

If  is e.g., strongly monotone:
F(π)

Then                    under projected gradient-play.
<latexit sha1_base64="hHyFHQg2lB0KvzgjpmpnxerDG0w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIC5KIkVdFt24rGAf0MQwmU7aoZNMmLlRSujGX3HjQhG3foY7/8bpY6GtBy4czrmXe+8JU8E1OM63VVhaXlldK66XNja3tnfs3b2mlpmirEGlkKodEs0ET1gDOAjWThUjcShYKxxcj/3WA1Oay+QOhinzY9JLeMQpASMF9oGX8gCwp3ivD0Qp+YiNcn8a2GWn4kyAF4k7I2U0Qz2wv7yupFnMEqCCaN1xnRT8nCjgVLBRycs0SwkdkB7rGJqQmGk/nzwwwsdG6eJIKlMJ4In6eyInsdbDODSdMYG+nvfG4n9eJ4Po0s95kmbAEjpdFGUCg8TjNHCXK0ZBDA0hVHFzK6Z9oggFk1nJhODOv7xImmcV97xSva2Wa1ezOIroEB2hE+SiC1RDN6iOGoiiEXpGr+jNerJerHfrY9pasGYz++gPrM8fXaSWRA==</latexit>

⇡t ! ⇡⇤

Thm:
If  is e.g., monotone:
F(π)

and  is convex and compact, then                    
under projected gradient-play:

Π

Thm:

<latexit sha1_base64="zKBzQfJblrSHK4Z/IFqHxHDA8nA="></latexit>

hF (⇡)� F (⇡0),⇡ � ⇡0i  0 8⇡,⇡0

<latexit sha1_base64="ZuTe2/Qub00Gn92MSl3A8NgXXjQ="></latexit>

hF (⇡)� F (⇡0),⇡ � ⇡0i  �↵k⇡ � ⇡0k2 8⇡,⇡0
<latexit sha1_base64="s9fTrEID1KuAOgQHUO0O68DjIiA=">AAACGHicbVDJSgNBEO2JW4zbqEcvjUEQD3FGgnoRgl48RsgGmWTo6fQkTXoWumuUMMxnePFXvHhQxGtu/o2d5aCJDwoe71VRVc+LBVdgWd9GbmV1bX0jv1nY2t7Z3TP3DxoqSiRldRqJSLY8opjgIasDB8FasWQk8ARresO7id98ZFLxKKzBKGadgPRD7nNKQEuuee74ktDUztJa5qgkcFO4sbJuDTsxdwE7kvcHQKSMniZK98w1i1bJmgIvE3tOimiOqmuOnV5Ek4CFQAVRqm1bMXRSIoFTwbKCkygWEzokfdbWNCQBU510+liGT7TSw34kdYWAp+rviZQESo0CT3cGBAZq0ZuI/3ntBPzrTsrDOAEW0tkiPxEYIjxJCfe4ZBTESBNCJde3YjogOinQWRZ0CPbiy8ukcVGyL0vlh3KxcjuPI4+O0DE6RTa6QhV0j6qojih6Rq/oHX0YL8ab8Wl8zVpzxnzmEP2BMf4B/tOgXA==</latexit>

1

T

TX

t=0

⇡t ! ⇡⇤

Simple decentralized gradient ascent-descent computes Nash in these games!

Convergence in Monotone Variational Inequalities

 is monotone in all zero-sum normal form and convex-concave gamesF



<latexit sha1_base64="xuuvpvnqG3N4s95UcO4ihzsLJyA="></latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t))

Joint dynamics of gradient-play

If  is e.g., strongly monotone:
F(π)

Then                    under projected gradient-play.
<latexit sha1_base64="hHyFHQg2lB0KvzgjpmpnxerDG0w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIC5KIkVdFt24rGAf0MQwmU7aoZNMmLlRSujGX3HjQhG3foY7/8bpY6GtBy4czrmXe+8JU8E1OM63VVhaXlldK66XNja3tnfs3b2mlpmirEGlkKodEs0ET1gDOAjWThUjcShYKxxcj/3WA1Oay+QOhinzY9JLeMQpASMF9oGX8gCwp3ivD0Qp+YiNcn8a2GWn4kyAF4k7I2U0Qz2wv7yupFnMEqCCaN1xnRT8nCjgVLBRycs0SwkdkB7rGJqQmGk/nzwwwsdG6eJIKlMJ4In6eyInsdbDODSdMYG+nvfG4n9eJ4Po0s95kmbAEjpdFGUCg8TjNHCXK0ZBDA0hVHFzK6Z9oggFk1nJhODOv7xImmcV97xSva2Wa1ezOIroEB2hE+SiC1RDN6iOGoiiEXpGr+jNerJerHfrY9pasGYz++gPrM8fXaSWRA==</latexit>

⇡t ! ⇡⇤

Thm:
If  is e.g., monotone:
F(π)

and  is convex and compact, then                    
under projected gradient-play:

Π

Thm:

<latexit sha1_base64="zKBzQfJblrSHK4Z/IFqHxHDA8nA="></latexit>

hF (⇡)� F (⇡0),⇡ � ⇡0i  0 8⇡,⇡0

<latexit sha1_base64="ZuTe2/Qub00Gn92MSl3A8NgXXjQ="></latexit>

hF (⇡)� F (⇡0),⇡ � ⇡0i  �↵k⇡ � ⇡0k2 8⇡,⇡0
<latexit sha1_base64="s9fTrEID1KuAOgQHUO0O68DjIiA=">AAACGHicbVDJSgNBEO2JW4zbqEcvjUEQD3FGgnoRgl48RsgGmWTo6fQkTXoWumuUMMxnePFXvHhQxGtu/o2d5aCJDwoe71VRVc+LBVdgWd9GbmV1bX0jv1nY2t7Z3TP3DxoqSiRldRqJSLY8opjgIasDB8FasWQk8ARresO7id98ZFLxKKzBKGadgPRD7nNKQEuuee74ktDUztJa5qgkcFO4sbJuDTsxdwE7kvcHQKSMniZK98w1i1bJmgIvE3tOimiOqmuOnV5Ek4CFQAVRqm1bMXRSIoFTwbKCkygWEzokfdbWNCQBU510+liGT7TSw34kdYWAp+rviZQESo0CT3cGBAZq0ZuI/3ntBPzrTsrDOAEW0tkiPxEYIjxJCfe4ZBTESBNCJde3YjogOinQWRZ0CPbiy8ukcVGyL0vlh3KxcjuPI4+O0DE6RTa6QhV0j6qojih6Rq/oHX0YL8ab8Wl8zVpzxnzmEP2BMf4B/tOgXA==</latexit>

1

T

TX

t=0

⇡t ! ⇡⇤

Simple decentralized gradient ascent-descent computes Nash in these games!

Convergence in Monotone Variational Inequalities

 is monotone in all zero-sum normal form and convex-concave gamesF

But we can do even better!



Gradient-play in Monotone Variational Inequalities
Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

<latexit sha1_base64="qpVHl2THC/3V3q02Aw00zXPYBGk=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgB8OuiIogJAriMUJiAtkYZiedZMjsw5leNSz5Bi/+ihcPinj15M2/cRJz8FXQdFHVzUyXF0mh0bY/rNTE5NT0THo2Mze/sLiUXV650GGsOFR4KENV85gGKQKooEAJtUgB8z0JVa93MvSr16C0CIMy9iNo+KwTiLbgDI3UzG6dbrqR2DqiRWo6da9i1qIuwi0mN11QcEgHtHi0XbwsN7M5O2+PQP8SZ0xyZIxSM/vutkIe+xAgl0zrumNH2EiYQsElDDJurCFivMc6UDc0YD7oRjI6aUA3jNKi7VCZCpCO1O8bCfO17vuemfQZdvVvbyj+59VjbB80EhFEMULAvx5qx5JiSIf50JZQwFH2DWFcCfNXyrtMMY4mxYwJwfl98l9ysZN39vK757u5wvE4jjRZI+tkkzhknxTIGSmRCuHkjjyQJ/Js3VuP1ov1+jWassY7q+QHrLdPsFKboA==</latexit>

F (⇡) = A⇡ where: A = �AT

<latexit sha1_base64="ZNvovNTfMqzfHNMufQS5q/ddSwQ=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZKepGKArisoJ9QDuUTJppQzOZIckoZeynuHGhiFu/xJ1/Y9rOQlsPhBzOuffm5vgxZ0o7zreVW1ldW9/Ibxa2tnd29+ziflNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66rceqFQsEvd6HFMvxAPBAkawNlLPLnb7kUbdmKFLdFM290nPLjkVZwa0TNyMlCBDvWd/mRkkCanQhGOlOq4Tay/FUjPC6aTQTRSNMRnhAe0YKnBIlZfOVp+gY6P0URBJc4RGM/V3R4pDpcahbypDrIdq0ZuK/3mdRAcXXspEnGgqyPyhIOFIR2iaA+ozSYnmY0MwkczsisgQS0y0SatgQnAXv7xMmqcV96xSvauWaldZHHk4hCMogwvnUINbqEMDCDzCM7zCm/VkvVjv1se8NGdlPQfwB9bnDx5wkp8=</latexit>

⇡̇ = F (⇡)



Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

Gradient-play is the forward Euler discretization 
of the limiting continuous-time dynamics

<latexit sha1_base64="qpVHl2THC/3V3q02Aw00zXPYBGk=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgB8OuiIogJAriMUJiAtkYZiedZMjsw5leNSz5Bi/+ihcPinj15M2/cRJz8FXQdFHVzUyXF0mh0bY/rNTE5NT0THo2Mze/sLiUXV650GGsOFR4KENV85gGKQKooEAJtUgB8z0JVa93MvSr16C0CIMy9iNo+KwTiLbgDI3UzG6dbrqR2DqiRWo6da9i1qIuwi0mN11QcEgHtHi0XbwsN7M5O2+PQP8SZ0xyZIxSM/vutkIe+xAgl0zrumNH2EiYQsElDDJurCFivMc6UDc0YD7oRjI6aUA3jNKi7VCZCpCO1O8bCfO17vuemfQZdvVvbyj+59VjbB80EhFEMULAvx5qx5JiSIf50JZQwFH2DWFcCfNXyrtMMY4mxYwJwfl98l9ysZN39vK757u5wvE4jjRZI+tkkzhknxTIGSmRCuHkjjyQJ/Js3VuP1ov1+jWassY7q+QHrLdPsFKboA==</latexit>

F (⇡) = A⇡ where: A = �AT

<latexit sha1_base64="xuuvpvnqG3N4s95UcO4ihzsLJyA="></latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t))
<latexit sha1_base64="ZNvovNTfMqzfHNMufQS5q/ddSwQ=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZKepGKArisoJ9QDuUTJppQzOZIckoZeynuHGhiFu/xJ1/Y9rOQlsPhBzOuffm5vgxZ0o7zreVW1ldW9/Ibxa2tnd29+ziflNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66rceqFQsEvd6HFMvxAPBAkawNlLPLnb7kUbdmKFLdFM290nPLjkVZwa0TNyMlCBDvWd/mRkkCanQhGOlOq4Tay/FUjPC6aTQTRSNMRnhAe0YKnBIlZfOVp+gY6P0URBJc4RGM/V3R4pDpcahbypDrIdq0ZuK/3mdRAcXXspEnGgqyPyhIOFIR2iaA+ozSYnmY0MwkczsisgQS0y0SatgQnAXv7xMmqcV96xSvauWaldZHHk4hCMogwvnUINbqEMDCDzCM7zCm/VkvVjv1se8NGdlPQfwB9bnDx5wkp8=</latexit>

⇡̇ = F (⇡)

Gradient-play

Gradient-play in Monotone Variational Inequalities



Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

Bad discretization causes divergence! 

(compact convex set allows for ergodic convergence)

<latexit sha1_base64="xuuvpvnqG3N4s95UcO4ihzsLJyA="></latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t))
<latexit sha1_base64="ZNvovNTfMqzfHNMufQS5q/ddSwQ=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZKepGKArisoJ9QDuUTJppQzOZIckoZeynuHGhiFu/xJ1/Y9rOQlsPhBzOuffm5vgxZ0o7zreVW1ldW9/Ibxa2tnd29+ziflNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66rceqFQsEvd6HFMvxAPBAkawNlLPLnb7kUbdmKFLdFM290nPLjkVZwa0TNyMlCBDvWd/mRkkCanQhGOlOq4Tay/FUjPC6aTQTRSNMRnhAe0YKnBIlZfOVp+gY6P0URBJc4RGM/V3R4pDpcahbypDrIdq0ZuK/3mdRAcXXspEnGgqyPyhIOFIR2iaA+ozSYnmY0MwkczsisgQS0y0SatgQnAXv7xMmqcV96xSvauWaldZHHk4hCMogwvnUINbqEMDCDzCM7zCm/VkvVjv1se8NGdlPQfwB9bnDx5wkp8=</latexit>

⇡̇ = F (⇡)

Gradient-play

<latexit sha1_base64="qpVHl2THC/3V3q02Aw00zXPYBGk=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgB8OuiIogJAriMUJiAtkYZiedZMjsw5leNSz5Bi/+ihcPinj15M2/cRJz8FXQdFHVzUyXF0mh0bY/rNTE5NT0THo2Mze/sLiUXV650GGsOFR4KENV85gGKQKooEAJtUgB8z0JVa93MvSr16C0CIMy9iNo+KwTiLbgDI3UzG6dbrqR2DqiRWo6da9i1qIuwi0mN11QcEgHtHi0XbwsN7M5O2+PQP8SZ0xyZIxSM/vutkIe+xAgl0zrumNH2EiYQsElDDJurCFivMc6UDc0YD7oRjI6aUA3jNKi7VCZCpCO1O8bCfO17vuemfQZdvVvbyj+59VjbB80EhFEMULAvx5qx5JiSIf50JZQwFH2DWFcCfNXyrtMMY4mxYwJwfl98l9ysZN39vK757u5wvE4jjRZI+tkkzhknxTIGSmRCuHkjjyQJ/Js3VuP1ov1+jWassY7q+QHrLdPsFKboA==</latexit>

F (⇡) = A⇡ where: A = �AT

Gradient-play in Monotone Variational Inequalities



Consider the continuous-time dynamics of gradient play in zero-sum Matrix games

Can fix this behavior by doing an implicit 
discretization!

<latexit sha1_base64="xuuvpvnqG3N4s95UcO4ihzsLJyA="></latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t))
<latexit sha1_base64="ZNvovNTfMqzfHNMufQS5q/ddSwQ=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZKepGKArisoJ9QDuUTJppQzOZIckoZeynuHGhiFu/xJ1/Y9rOQlsPhBzOuffm5vgxZ0o7zreVW1ldW9/Ibxa2tnd29+ziflNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66rceqFQsEvd6HFMvxAPBAkawNlLPLnb7kUbdmKFLdFM290nPLjkVZwa0TNyMlCBDvWd/mRkkCanQhGOlOq4Tay/FUjPC6aTQTRSNMRnhAe0YKnBIlZfOVp+gY6P0URBJc4RGM/V3R4pDpcahbypDrIdq0ZuK/3mdRAcXXspEnGgqyPyhIOFIR2iaA+ozSYnmY0MwkczsisgQS0y0SatgQnAXv7xMmqcV96xSvauWaldZHHk4hCMogwvnUINbqEMDCDzCM7zCm/VkvVjv1se8NGdlPQfwB9bnDx5wkp8=</latexit>

⇡̇ = F (⇡)

Gradient-play

<latexit sha1_base64="qpVHl2THC/3V3q02Aw00zXPYBGk=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgB8OuiIogJAriMUJiAtkYZiedZMjsw5leNSz5Bi/+ihcPinj15M2/cRJz8FXQdFHVzUyXF0mh0bY/rNTE5NT0THo2Mze/sLiUXV650GGsOFR4KENV85gGKQKooEAJtUgB8z0JVa93MvSr16C0CIMy9iNo+KwTiLbgDI3UzG6dbrqR2DqiRWo6da9i1qIuwi0mN11QcEgHtHi0XbwsN7M5O2+PQP8SZ0xyZIxSM/vutkIe+xAgl0zrumNH2EiYQsElDDJurCFivMc6UDc0YD7oRjI6aUA3jNKi7VCZCpCO1O8bCfO17vuemfQZdvVvbyj+59VjbB80EhFEMULAvx5qx5JiSIf50JZQwFH2DWFcCfNXyrtMMY4mxYwJwfl98l9ysZN39vK757u5wvE4jjRZI+tkkzhknxTIGSmRCuHkjjyQJ/Js3VuP1ov1+jWassY7q+QHrLdPsFKboA==</latexit>

F (⇡) = A⇡ where: A = �AT

Gradient-play in Monotone Variational Inequalities



Consider the continuous-time dynamics of gradient play in zero-sum Matrix games
<latexit sha1_base64="qpVHl2THC/3V3q02Aw00zXPYBGk=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgB8OuiIogJAriMUJiAtkYZiedZMjsw5leNSz5Bi/+ihcPinj15M2/cRJz8FXQdFHVzUyXF0mh0bY/rNTE5NT0THo2Mze/sLiUXV650GGsOFR4KENV85gGKQKooEAJtUgB8z0JVa93MvSr16C0CIMy9iNo+KwTiLbgDI3UzG6dbrqR2DqiRWo6da9i1qIuwi0mN11QcEgHtHi0XbwsN7M5O2+PQP8SZ0xyZIxSM/vutkIe+xAgl0zrumNH2EiYQsElDDJurCFivMc6UDc0YD7oRjI6aUA3jNKi7VCZCpCO1O8bCfO17vuemfQZdvVvbyj+59VjbB80EhFEMULAvx5qx5JiSIf50JZQwFH2DWFcCfNXyrtMMY4mxYwJwfl98l9ysZN39vK757u5wvE4jjRZI+tkkzhknxTIGSmRCuHkjjyQJ/Js3VuP1ov1+jWassY7q+QHrLdPsFKboA==</latexit>

F (⇡) = A⇡ where: A = �AT

<latexit sha1_base64="ZNvovNTfMqzfHNMufQS5q/ddSwQ=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZKepGKArisoJ9QDuUTJppQzOZIckoZeynuHGhiFu/xJ1/Y9rOQlsPhBzOuffm5vgxZ0o7zreVW1ldW9/Ibxa2tnd29+ziflNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66rceqFQsEvd6HFMvxAPBAkawNlLPLnb7kUbdmKFLdFM290nPLjkVZwa0TNyMlCBDvWd/mRkkCanQhGOlOq4Tay/FUjPC6aTQTRSNMRnhAe0YKnBIlZfOVp+gY6P0URBJc4RGM/V3R4pDpcahbypDrIdq0ZuK/3mdRAcXXspEnGgqyPyhIOFIR2iaA+ozSYnmY0MwkczsisgQS0y0SatgQnAXv7xMmqcV96xSvauWaldZHHk4hCMogwvnUINbqEMDCDzCM7zCm/VkvVjv1se8NGdlPQfwB9bnDx5wkp8=</latexit>

⇡̇ = F (⇡)

Proximal-Point Algorithm 

[Martinet 1970], [Rockefellar 1976] 

<latexit sha1_base64="7m0sJOt4ObWzqkda5fmQ/lEJ46U=">AAACKnicbVDJSgNBFOyJe9yiHr00BiEhEGZE1IvgAuIxglEhE4aezpuksWeh+40QhvkeL/6KlxyU4NUPsbMgGi1oKKrq8fqVn0ih0baHVmFufmFxaXmluLq2vrFZ2tq+03GqODR5LGP14DMNUkTQRIESHhIFLPQl3PuPlyP//gmUFnF0i/0E2iHrRiIQnKGRvNK5mwgvw5qTn7ohwx5nMmvkXuY2RO5KCLAyCeQ1F5DRq8p3vuoq0e1h1SuV7bo9Bv1LnCkpkykaXmngdmKehhAhl0zrlmMn2M6YQsEl5EU31ZAw/si60DI0YiHodjY+Naf7RunQIFbmRUjH6s+JjIVa90PfJEfn6FlvJP7ntVIMTtqZiJIUIeKTRUEqKcZ01BvtCAUcZd8QxpUwf6W8xxTjaNotmhKc2ZP/kruDunNUP7w5LJ9dTOtYJrtkj1SIQ47JGbkmDdIknDyTV/JG3q0Xa2ANrY9JtGBNZ3bIL1ifX7Gcp2c=</latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t+1))

Implicit 

definition

Last-iterate convergence via the Proximal Point Algorithm



Consider the continuous-time dynamics of gradient play in zero-sum Matrix games
<latexit sha1_base64="qpVHl2THC/3V3q02Aw00zXPYBGk=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgB8OuiIogJAriMUJiAtkYZiedZMjsw5leNSz5Bi/+ihcPinj15M2/cRJz8FXQdFHVzUyXF0mh0bY/rNTE5NT0THo2Mze/sLiUXV650GGsOFR4KENV85gGKQKooEAJtUgB8z0JVa93MvSr16C0CIMy9iNo+KwTiLbgDI3UzG6dbrqR2DqiRWo6da9i1qIuwi0mN11QcEgHtHi0XbwsN7M5O2+PQP8SZ0xyZIxSM/vutkIe+xAgl0zrumNH2EiYQsElDDJurCFivMc6UDc0YD7oRjI6aUA3jNKi7VCZCpCO1O8bCfO17vuemfQZdvVvbyj+59VjbB80EhFEMULAvx5qx5JiSIf50JZQwFH2DWFcCfNXyrtMMY4mxYwJwfl98l9ysZN39vK757u5wvE4jjRZI+tkkzhknxTIGSmRCuHkjjyQJ/Js3VuP1ov1+jWassY7q+QHrLdPsFKboA==</latexit>

F (⇡) = A⇡ where: A = �AT

Proximal-Point Algorithm 

[Martinet 1970], [Rockefellar 1976] 

<latexit sha1_base64="7m0sJOt4ObWzqkda5fmQ/lEJ46U=">AAACKnicbVDJSgNBFOyJe9yiHr00BiEhEGZE1IvgAuIxglEhE4aezpuksWeh+40QhvkeL/6KlxyU4NUPsbMgGi1oKKrq8fqVn0ih0baHVmFufmFxaXmluLq2vrFZ2tq+03GqODR5LGP14DMNUkTQRIESHhIFLPQl3PuPlyP//gmUFnF0i/0E2iHrRiIQnKGRvNK5mwgvw5qTn7ohwx5nMmvkXuY2RO5KCLAyCeQ1F5DRq8p3vuoq0e1h1SuV7bo9Bv1LnCkpkykaXmngdmKehhAhl0zrlmMn2M6YQsEl5EU31ZAw/si60DI0YiHodjY+Naf7RunQIFbmRUjH6s+JjIVa90PfJEfn6FlvJP7ntVIMTtqZiJIUIeKTRUEqKcZ01BvtCAUcZd8QxpUwf6W8xxTjaNotmhKc2ZP/kruDunNUP7w5LJ9dTOtYJrtkj1SIQ47JGbkmDdIknDyTV/JG3q0Xa2ANrY9JtGBNZ3bIL1ifX7Gcp2c=</latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t+1))

Implicit 

definition

If  is e.g., monotone:
F(π)

and  is convex and compact, then the proximal 
point algorithm guarantees:

Π

Thm:

<latexit sha1_base64="zKBzQfJblrSHK4Z/IFqHxHDA8nA="></latexit>

hF (⇡)� F (⇡0),⇡ � ⇡0i  0 8⇡,⇡0

<latexit sha1_base64="hHyFHQg2lB0KvzgjpmpnxerDG0w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIC5KIkVdFt24rGAf0MQwmU7aoZNMmLlRSujGX3HjQhG3foY7/8bpY6GtBy4czrmXe+8JU8E1OM63VVhaXlldK66XNja3tnfs3b2mlpmirEGlkKodEs0ET1gDOAjWThUjcShYKxxcj/3WA1Oay+QOhinzY9JLeMQpASMF9oGX8gCwp3ivD0Qp+YiNcn8a2GWn4kyAF4k7I2U0Qz2wv7yupFnMEqCCaN1xnRT8nCjgVLBRycs0SwkdkB7rGJqQmGk/nzwwwsdG6eJIKlMJ4In6eyInsdbDODSdMYG+nvfG4n9eJ4Po0s95kmbAEjpdFGUCg8TjNHCXK0ZBDA0hVHFzK6Z9oggFk1nJhODOv7xImmcV97xSva2Wa1ezOIroEB2hE+SiC1RDN6iOGoiiEXpGr+jNerJerHfrY9pasGYz++gPrM8fXaSWRA==</latexit>

⇡t ! ⇡⇤

<latexit sha1_base64="z68nfgvZ6zR3VNzQ0cDtTqJ0lc0="></latexit>

max
⇡1

U(⇡1,⇡2,t)�min
⇡2

U(⇡1,t,⇡2) = O

✓
1p
t

◆
In convex-concave zero-sum games:

Convergence to Nash in an last-iterate sense!

Last-iterate convergence via the Proximal Point Algorithm

(This is the “Nash-Gap”, a measure of distance from Nash)



Consider the continuous-time dynamics of gradient play in zero-sum Matrix games
<latexit sha1_base64="qpVHl2THC/3V3q02Aw00zXPYBGk=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgB8OuiIogJAriMUJiAtkYZiedZMjsw5leNSz5Bi/+ihcPinj15M2/cRJz8FXQdFHVzUyXF0mh0bY/rNTE5NT0THo2Mze/sLiUXV650GGsOFR4KENV85gGKQKooEAJtUgB8z0JVa93MvSr16C0CIMy9iNo+KwTiLbgDI3UzG6dbrqR2DqiRWo6da9i1qIuwi0mN11QcEgHtHi0XbwsN7M5O2+PQP8SZ0xyZIxSM/vutkIe+xAgl0zrumNH2EiYQsElDDJurCFivMc6UDc0YD7oRjI6aUA3jNKi7VCZCpCO1O8bCfO17vuemfQZdvVvbyj+59VjbB80EhFEMULAvx5qx5JiSIf50JZQwFH2DWFcCfNXyrtMMY4mxYwJwfl98l9ysZN39vK757u5wvE4jjRZI+tkkzhknxTIGSmRCuHkjjyQJ/Js3VuP1ov1+jWassY7q+QHrLdPsFKboA==</latexit>

F (⇡) = A⇡ where: A = �AT

Proximal-Point Algorithm 

[Martinet 1970], [Rockefellar 1976] 

<latexit sha1_base64="7m0sJOt4ObWzqkda5fmQ/lEJ46U=">AAACKnicbVDJSgNBFOyJe9yiHr00BiEhEGZE1IvgAuIxglEhE4aezpuksWeh+40QhvkeL/6KlxyU4NUPsbMgGi1oKKrq8fqVn0ih0baHVmFufmFxaXmluLq2vrFZ2tq+03GqODR5LGP14DMNUkTQRIESHhIFLPQl3PuPlyP//gmUFnF0i/0E2iHrRiIQnKGRvNK5mwgvw5qTn7ohwx5nMmvkXuY2RO5KCLAyCeQ1F5DRq8p3vuoq0e1h1SuV7bo9Bv1LnCkpkykaXmngdmKehhAhl0zrlmMn2M6YQsEl5EU31ZAw/si60DI0YiHodjY+Naf7RunQIFbmRUjH6s+JjIVa90PfJEfn6FlvJP7ntVIMTtqZiJIUIeKTRUEqKcZ01BvtCAUcZd8QxpUwf6W8xxTjaNotmhKc2ZP/kruDunNUP7w5LJ9dTOtYJrtkj1SIQ47JGbkmDdIknDyTV/JG3q0Xa2ANrY9JtGBNZ3bIL1ifX7Gcp2c=</latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t+1))

Implicit 

definition

If  is e.g., monotone:
F(π)

and  is convex and compact, then the proximal 
point algorithm guarantees:

Π

Thm:

<latexit sha1_base64="zKBzQfJblrSHK4Z/IFqHxHDA8nA="></latexit>

hF (⇡)� F (⇡0),⇡ � ⇡0i  0 8⇡,⇡0

<latexit sha1_base64="hHyFHQg2lB0KvzgjpmpnxerDG0w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIC5KIkVdFt24rGAf0MQwmU7aoZNMmLlRSujGX3HjQhG3foY7/8bpY6GtBy4czrmXe+8JU8E1OM63VVhaXlldK66XNja3tnfs3b2mlpmirEGlkKodEs0ET1gDOAjWThUjcShYKxxcj/3WA1Oay+QOhinzY9JLeMQpASMF9oGX8gCwp3ivD0Qp+YiNcn8a2GWn4kyAF4k7I2U0Qz2wv7yupFnMEqCCaN1xnRT8nCjgVLBRycs0SwkdkB7rGJqQmGk/nzwwwsdG6eJIKlMJ4In6eyInsdbDODSdMYG+nvfG4n9eJ4Po0s95kmbAEjpdFGUCg8TjNHCXK0ZBDA0hVHFzK6Z9oggFk1nJhODOv7xImmcV97xSva2Wa1ezOIroEB2hE+SiC1RDN6iOGoiiEXpGr+jNerJerHfrY9pasGYz++gPrM8fXaSWRA==</latexit>

⇡t ! ⇡⇤

<latexit sha1_base64="z68nfgvZ6zR3VNzQ0cDtTqJ0lc0="></latexit>

max
⇡1

U(⇡1,⇡2,t)�min
⇡2

U(⇡1,t,⇡2) = O

✓
1p
t

◆
In convex-concave zero-sum games:

Not an implementable algorithm!

Last-iterate convergence via the Proximal Point Algorithm



Implementable Algorithms for Last-Iterate Convergence

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games
<latexit sha1_base64="qpVHl2THC/3V3q02Aw00zXPYBGk=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgB8OuiIogJAriMUJiAtkYZiedZMjsw5leNSz5Bi/+ihcPinj15M2/cRJz8FXQdFHVzUyXF0mh0bY/rNTE5NT0THo2Mze/sLiUXV650GGsOFR4KENV85gGKQKooEAJtUgB8z0JVa93MvSr16C0CIMy9iNo+KwTiLbgDI3UzG6dbrqR2DqiRWo6da9i1qIuwi0mN11QcEgHtHi0XbwsN7M5O2+PQP8SZ0xyZIxSM/vutkIe+xAgl0zrumNH2EiYQsElDDJurCFivMc6UDc0YD7oRjI6aUA3jNKi7VCZCpCO1O8bCfO17vuemfQZdvVvbyj+59VjbB80EhFEMULAvx5qx5JiSIf50JZQwFH2DWFcCfNXyrtMMY4mxYwJwfl98l9ysZN39vK757u5wvE4jjRZI+tkkzhknxTIGSmRCuHkjjyQJ/Js3VuP1ov1+jWassY7q+QHrLdPsFKboA==</latexit>

F (⇡) = A⇡ where: A = �AT

Extra-gradient 

[Korpelevich 1976] 

Optimistic Gradient 

[Popov 1980] 

<latexit sha1_base64="WsSpexztc56jONuFM5Of1ZaozQg="></latexit>

⌫t+1 = P⇧ (⇡t + ⌘F (⌫t))

⇡t+1 = P⇧ (⇡t + ⌘F (⌫t+1))

<latexit sha1_base64="twt1/KIYa8uFuxGhcYgEvLKCKws="></latexit>

⌫t+1 = P⇧ (⇡t + ⌘F (⇡t))

⇡t+1 = P⇧ (⇡t + ⌘F (⌫t+1))



Implementable Algorithms for Last-Iterate Convergence

Consider the continuous-time dynamics of gradient play in zero-sum Matrix games
<latexit sha1_base64="qpVHl2THC/3V3q02Aw00zXPYBGk=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgB8OuiIogJAriMUJiAtkYZiedZMjsw5leNSz5Bi/+ihcPinj15M2/cRJz8FXQdFHVzUyXF0mh0bY/rNTE5NT0THo2Mze/sLiUXV650GGsOFR4KENV85gGKQKooEAJtUgB8z0JVa93MvSr16C0CIMy9iNo+KwTiLbgDI3UzG6dbrqR2DqiRWo6da9i1qIuwi0mN11QcEgHtHi0XbwsN7M5O2+PQP8SZ0xyZIxSM/vutkIe+xAgl0zrumNH2EiYQsElDDJurCFivMc6UDc0YD7oRjI6aUA3jNKi7VCZCpCO1O8bCfO17vuemfQZdvVvbyj+59VjbB80EhFEMULAvx5qx5JiSIf50JZQwFH2DWFcCfNXyrtMMY4mxYwJwfl98l9ysZN39vK757u5wvE4jjRZI+tkkzhknxTIGSmRCuHkjjyQJ/Js3VuP1ov1+jWassY7q+QHrLdPsFKboA==</latexit>

F (⇡) = A⇡ where: A = �AT

Extra-gradient 

[Korpelevich 1976] 

Optimistic Gradient 

[Popov 1980] 

<latexit sha1_base64="WsSpexztc56jONuFM5Of1ZaozQg="></latexit>

⌫t+1 = P⇧ (⇡t + ⌘F (⌫t))

⇡t+1 = P⇧ (⇡t + ⌘F (⌫t+1))

<latexit sha1_base64="twt1/KIYa8uFuxGhcYgEvLKCKws="></latexit>

⌫t+1 = P⇧ (⇡t + ⌘F (⇡t))

⇡t+1 = P⇧ (⇡t + ⌘F (⌫t+1))

Both of these algorithms can be viewed as 
approximations to the proximal point method 

[Mokhtari et al. 2019]

Both algorithms are examples of 
independent learning: 


‣players do not need any 
information about their 
opponents’ objective to 
implement.



Consider the continuous-time dynamics of gradient play in zero-sum Matrix games
<latexit sha1_base64="qpVHl2THC/3V3q02Aw00zXPYBGk=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgB8OuiIogJAriMUJiAtkYZiedZMjsw5leNSz5Bi/+ihcPinj15M2/cRJz8FXQdFHVzUyXF0mh0bY/rNTE5NT0THo2Mze/sLiUXV650GGsOFR4KENV85gGKQKooEAJtUgB8z0JVa93MvSr16C0CIMy9iNo+KwTiLbgDI3UzG6dbrqR2DqiRWo6da9i1qIuwi0mN11QcEgHtHi0XbwsN7M5O2+PQP8SZ0xyZIxSM/vutkIe+xAgl0zrumNH2EiYQsElDDJurCFivMc6UDc0YD7oRjI6aUA3jNKi7VCZCpCO1O8bCfO17vuemfQZdvVvbyj+59VjbB80EhFEMULAvx5qx5JiSIf50JZQwFH2DWFcCfNXyrtMMY4mxYwJwfl98l9ysZN39vK757u5wvE4jjRZI+tkkzhknxTIGSmRCuHkjjyQJ/Js3VuP1ov1+jWassY7q+QHrLdPsFKboA==</latexit>

F (⇡) = A⇡ where: A = �AT

Extra-gradient 

[Korpelevich 1976] 

Optimistic Gradient 

[Popov 1980] 

<latexit sha1_base64="WsSpexztc56jONuFM5Of1ZaozQg="></latexit>

⌫t+1 = P⇧ (⇡t + ⌘F (⌫t))

⇡t+1 = P⇧ (⇡t + ⌘F (⌫t+1))

<latexit sha1_base64="twt1/KIYa8uFuxGhcYgEvLKCKws="></latexit>

⌫t+1 = P⇧ (⇡t + ⌘F (⇡t))

⇡t+1 = P⇧ (⇡t + ⌘F (⌫t+1))

If  is e.g., monotone:
F(π)

and  is convex and compact, then the 
optimistic gradient and extra-gradient algorithms 
guarantee that:

Π

Thm [Gorbonuv et al. 2022, Cai et al 2022]:

<latexit sha1_base64="zKBzQfJblrSHK4Z/IFqHxHDA8nA="></latexit>

hF (⇡)� F (⇡0),⇡ � ⇡0i  0 8⇡,⇡0

<latexit sha1_base64="hHyFHQg2lB0KvzgjpmpnxerDG0w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIC5KIkVdFt24rGAf0MQwmU7aoZNMmLlRSujGX3HjQhG3foY7/8bpY6GtBy4czrmXe+8JU8E1OM63VVhaXlldK66XNja3tnfs3b2mlpmirEGlkKodEs0ET1gDOAjWThUjcShYKxxcj/3WA1Oay+QOhinzY9JLeMQpASMF9oGX8gCwp3ivD0Qp+YiNcn8a2GWn4kyAF4k7I2U0Qz2wv7yupFnMEqCCaN1xnRT8nCjgVLBRycs0SwkdkB7rGJqQmGk/nzwwwsdG6eJIKlMJ4In6eyInsdbDODSdMYG+nvfG4n9eJ4Po0s95kmbAEjpdFGUCg8TjNHCXK0ZBDA0hVHFzK6Z9oggFk1nJhODOv7xImmcV97xSva2Wa1ezOIroEB2hE+SiC1RDN6iOGoiiEXpGr+jNerJerHfrY9pasGYz++gPrM8fXaSWRA==</latexit>

⇡t ! ⇡⇤

<latexit sha1_base64="z68nfgvZ6zR3VNzQ0cDtTqJ0lc0="></latexit>
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◆In convex-concave zero-sum games:

Implementable Algorithms for Last-Iterate Convergence



Consider the continuous-time dynamics of gradient play in zero-sum Matrix games
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F (⇡) = A⇡ where: A = �AT

Extra-gradient 

[Korpelevich 1976] 

Optimistic Gradient 

[Popov 1980] 
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If  is e.g., monotone:
F(π)

and  is convex and compact, then the 
optimistic gradient and extra-gradient algorithms 
guarantee that:

Π

Thm [Gorbonuv et al. 2022, Cai et al 2022]:
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◆In convex-concave zero-sum games:

Implementable Algorithms for Last-Iterate Convergence

Interestingly, the optimistic gradient algorithm is no-regret but the extra-gradient algorithm is not!



Recap: Equilibrium Computation as Optimization
Equilibrium computation can be cast as solving variational inequality problems.

‣ In sub-classes of games (e.g., zero-sum games, potential games) this viewpoint allows 
us to leverage new classes of algorithms with strong guarantees of convergence

Extra-gradient and Optimistic gradient methods are:


1.  independent learning algorithms 

2. Have last-iterate convergence to Nash in monotone variational inequalities 




Recap: Equilibrium Computation as Optimization
Equilibrium computation can be cast as solving variational inequality problems.

‣ In sub-classes of games (e.g., zero-sum games, potential games) this viewpoint allows 
us to leverage new classes of algorithms with strong guarantees of convergence

Extra-gradient and Optimistic gradient methods are:


1.  independent learning algorithms 

2. Have last-iterate convergence to Nash in monotone variational inequalities 


‣ This is a very active area of research:

‣ Beyond monotone variational inequalities 

    [Cai et al 2022], [Gorbonov et al. 2023], [Alacaoglu et al. 2025],…

‣ Accelerated convergence

    [Huang et al. 2021], [Cai et al. 2022],…

‣ Convergence in stochastic-gradient regime

    [Gorbonov et al. 2022], [Beznosikov et al. 2023], [Chen & Mazumdar et al. 2024], [Zhang et al. 2025],…

https://arxiv.org/search/math?searchtype=author&query=Beznosikov,+A


1. Normal-form & concave games: equilibrium computation and learning in games 

     


A Road Map 

Takeaway: Equilibrium computation (even in normal-form games) is hard. 

‣ Coupling between agents gives rise to non-stationarity and complex dynamics. 

‣ No-regret learning and variational inequality perspectives can help for algorithm design with convergence to 

game theoretically meaningful solutions e.g., CCE.

2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions


i. The role of function approximation

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts




A Road Map 
1. Normal-form & concave games: equilibrium computation and learning in games 

     


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions


i.  The role of function approximation

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts




‣ Action Spaces: 

‣ State Spaces: 

‣ Dynamics:

‣ Reward functions: 

‣ Horizon:

‣ Initial state distribution:  
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P (s0 | s, a1, ..., an)
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Recall: Markov Games Setup



From Normal-Form to Markov Games

Can we use algorithms that we have seen for normal-form games for 
multi-agent reinforcement learning?

1.   Individual Policy Gradient Algorithms in Markov Games

     (Including optimistic gradient methods)


‣ We’ll look at two classes of algorithms:



From Normal-Form to Markov Games

Can we use algorithms that we have seen for normal-form games for 
multi-agent reinforcement learning?

2.   No-regret Learning in Markov Games
1.   Individual Policy Gradient Algorithms in Markov Games

     (Including optimistic gradient methods)


‣ We’ll look at two classes of algorithms:
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Multi-agent DDPG

(Deep Deterministic Policy Gradient)

Multi-agent PPO

(Proximal Policy Optimization)

Multi-agent Actor-Critic

Multi-agent Actor-Critic
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Multi-agent DDPG

(Deep Deterministic Policy Gradient)

Multi-agent PPO

(Proximal Policy Optimization)

Multi-agent Actor-Critic

Multi-agent Actor-Critic

All of these are constructing 
estimates of the “policy gradient”



Policy Gradients in Markov Games
Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:
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Policy Gradients in Markov Games
Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption: All players optimize over stationary Markov policies


‣Optimization problem reduces to single-agent RL problem for fixed  with dynamics:π−i
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Not true without Assumption!



Policy Gradients in Markov Games
Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption 1: All players optimize over stationary Markov policies
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Discounted state visitation distribution Marginalized Q value for agent i

‣Agent i’s policy gradient is simply their policy gradient in this single-agent problem. Treat opponents as part of env.



Policy Gradients in Markov Games
Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption 1: All players optimize over stationary Markov policies
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Many tricks for estimating this via samples: 
Rollout policy + construct estimate

‣Agent i’s policy gradient is simply their policy gradient in this single-agent problem. Treat opponents as part of env.



Policy Gradients in Markov Games
Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption 1: All players optimize over stationary Markov policies


‣Agent i’s policy gradient is simply their policy gradient in this single-agent problem. Treat opponents as part of env.
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r⇡(s)Ui(⇡i,⇡�i) = Es⇠d⇡ [Q⇡
i (s, ·)]

Many tricks for estimating this via samples: 
Rollout policy + construct estimate

Gaurav will go into much more detail on policy gradient algorithms 
for single agent RL tomorrow!



Policy Gradients in Markov Games
Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption 1: All players optimize over stationary Markov policies
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Independent-Policy Gradients


‣ Each agent initializes policy at random.

‣ For step t=0,1,2,…

‣ Fix policy,  collect rollouts, estimate   

‣ Update policy
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‣Agent i’s policy gradient is simply their policy gradient in this single-agent problem. Treat opponents as part of env.

For now assume full 
information/perfect 

estimation



Policy Gradients in Markov Games
Let’s look at full information Policy Gradient Algorithms in Infinite horizon Markov games:

Assumption 1: All players optimize over stationary Markov policies
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r⇡(s)Ui(⇡i,⇡�i) = Es⇠d⇡ [Q⇡
i (s, ·)]

Independent-Policy Gradients


‣ Each agent initializes policy at random.

‣ For step t=0,1,2,…

‣ Observe  

‣ Update policy
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What can we say about the convergence of this algorithm from the lens of optimization?

‣Agent i’s policy gradient is simply their policy gradient in this single-agent problem. Treat opponents as part of env.



Policy Gradients in Markov Games
Independent-Policy Gradients:

‣
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A stationary Markov Nash equilibrium , must satisfy: 

‣

π*
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hF (⇡⇤),⇡⇤ � ⇡i � 0 8⇡ 2
nY

i=1

⇧i

Definition: Variational definition of Nash equilibrium of a Markov game

 Immediate conclusions:

‣ Since reinforcement learning is non-convex,  is non-monotone. 
F(π)

Previous results on the convergence of gradient-play, proximal 
point, optimistic gradients do not apply!
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Policy Gradients in Markov Games
Independent-Policy Gradients:

‣
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F (⇡) =
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r1U1(⇡1,⇡�1)
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rnUn(⇡n,⇡�n)
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A stationary Markov Nash equilibrium , must satisfy: 

‣

π*
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hF (⇡⇤),⇡⇤ � ⇡i � 0 8⇡ 2
nY

i=1

⇧i

Definition: Variational definition of Nash equilibrium of a Markov game

 Immediate conclusions:

‣ Since reinforcement learning is non-convex,  is non-monotone.

‣ All stationary points of the joint policy gradient dynamics are Nash.


F(π)

No spurious fixed points! 

If policy gradients converge, they converge to Nash

<latexit sha1_base64="xuuvpvnqG3N4s95UcO4ihzsLJyA="></latexit>

⇡t+1 = P⇧ (⇡t + ⌘F (⇡t))



Policy Gradients in Markov Games
Independent-Policy Gradients:

‣
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A stationary Markov Nash equilibrium , must satisfy: 

‣

π*
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Definition: Variational definition of Nash equilibrium of a Markov game

 Immediate conclusions:

‣ Since reinforcement learning is non-convex,  is non-monotone.

‣ All stationary points of the joint policy gradient dynamics are Nash.


F(π)

 Impossible to give global convergence in general…
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Non-convergence of Policy Gradients in Markov Games

Independent-Policy Gradients:

‣
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Proposition [Mazumdar et al. 2020]: 


Policy Gradients have no —even local— guarantees of convergence in general-sum games.


Nash equilibria in general-sum Markov games can be strictly unstable for the continuous-time dynamics.


‣ Policy gradient algorithms would almost surely avoid the Nash under a random initialization.



Non-convergence of Policy Gradients in Markov Games

Independent-Policy Gradients:

‣
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Proposition [Mazumdar et al. 2020]: 


Policy Gradients have no —even local— guarantees of convergence in general-sum games.


Nash equilibria in general-sum Markov games can be strictly unstable for the continuous-time dynamics.


‣ Policy gradient algorithms would almost surely avoid the Nash under a random initialization.

 Proof Sketch: 

 We consider the continuous-time dynamics in a neighborhood of an interior Nash equilibrium and look at the   

  linearization
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Note: these are the limiting dynamics of proximal point, extra 
gradient, and optimistic gradient algorithms




Non-convergence of Policy Gradients in Markov Games

Independent-Policy Gradients:

‣
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Proposition [Mazumdar et al. 2020]: 


Policy Gradients have no —even local— guarantees of convergence in general-sum games.


Nash equilibria in general-sum Markov games can be strictly unstable for the continuous-time dynamics.


‣ Policy gradient algorithms would almost surely avoid the Nash under a random initialization.

Players diverge from 
Nash and converge 
to limit cycles




Non-convergence of Policy Gradients in Markov Games

Independent-Policy Gradients:

‣
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Proposition [Mazumdar et al. 2020]: 


Policy Gradients have no —even local— guarantees of convergence in general-sum games.


Nash equilibria in general-sum Markov games can be strictly unstable for the continuous-time dynamics.


‣ Policy gradient algorithms would almost surely avoid the Nash under a random initialization.

Players diverge from 
Nash and converge 
to limit cycles


Average sequence of 
play does not 
converge to Nash




Policy gradient in Zero-sum Markov Games
Independent-Policy Gradients:

‣
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In zero-sum Markov games we can give a more positive result:

‣



Policy gradient in Zero-sum Markov Games
Independent-Policy Gradients:

‣
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Proposition [Mazumdar et al. 2020]: 


All Nash equilibria are locally stable in zero-sum games


‣ Proximal point and similar algorithms would always converge Nash when initialized close enough.

In zero-sum Markov games we can give a more positive result:

‣

Local stability means only `bad’ discretization can cause divergence.




Policy gradient in Zero-sum Markov Games
Independent-Policy Gradients:

‣
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Proposition [Mazumdar et al. 2020]: 


All Nash equilibria are locally stable in zero-sum games


‣ Proximal point and similar algorithms would always converge Nash when initialized close enough.

In zero-sum Markov games we can give a more positive result:

‣

 Proof Sketch: 

 Analyze limiting continuous-time dynamics: 


 We show the local linearization around Nash in zero-sum games is alway negative (semi)-definite, which implies 

 local stability.
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Policy gradient in Zero-sum Markov Games
More recently: 

‣

[Daskalakis et al., 2020] 

Thm: Time-scale separated independent policy gradients converge in zero-sum Markov games.

‣
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Consider the independent policy gradient algorithm with :η2 < < η1



Policy gradient in Zero-sum Markov Games
More recently: 

‣

[Daskalakis et al., 2020] 

Thm: Time-scale separated independent policy gradients converge in zero-sum Markov games.

‣

<latexit sha1_base64="QLq1YLfpkHztjKrFseGYuxvPVL0="></latexit>

⇡1,t+1 = P⇧1 (⇡1,t + ⌘1r1U(⇡1,t,⇡2,t))
<latexit sha1_base64="A06tiqzFMGNy67Ty4CNPDXtJOMk="></latexit>

⇡2,t+1 = P⇧2 (⇡2,t � ⌘2r2U(⇡1,t,⇡2,t))

Consider the independent policy gradient algorithm with :η2 < < η1

Then:
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Paper has a polynomial rate of convergence of  
O (T−1/10.5)



Policy gradient in Zero-sum Markov Games

[Daskalakis et al., 2020] 

Thm: Time-scale separated independent policy gradients converge in zero-sum Markov games.

‣
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Consider the independent policy gradient algorithm with :η2 < < η1

Then:
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 Proof Sketch: 

 Relies on recent work on non-convex-non-concave min-max optimization. 


 Timescale separation allows one to overcome the non-monotonicity of the gradient mapping.


‣ Fast timescale guarantees that: 


‣ Convergence of fast timescale + Danskin’s theorem guarantees that: 

π1,t → BR(π2,t)
∇g(π2) = ∇maxπ1

U(π1, π2) = ∇2U(π1, π2) |π1=BR(π2)

More recently: 

‣



Policy gradient in Zero-sum Markov Games

[Daskalakis et al., 2020] 

Thm: Time-scale separated independent policy gradients converge in zero-sum Markov games.

‣
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⇡2,t+1 = P⇧2 (⇡2,t � ⌘2r2U(⇡1,t,⇡2,t))

Consider the independent policy gradient algorithm with :η2 < < η1

Then:
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‣“Independent” policy gradients but not symmetric: requires timescale separation 

More recently: 

‣



Policy gradient in Zero-sum Markov Games

[Daskalakis et al., 2020] 

Thm: Time-scale separated independent policy gradients converge in zero-sum Markov games.

‣
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Then:
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 [Zeng et al. 2022] 


 Follow-up work has made the rates faster (  by using decaying entropy regularization, though staying   


 with the two-timescale structure.

 

O (T−1/3)

More recently: 

‣



From Normal-Form to Markov Games

Can we use algorithms that we have seen for normal-form games for 
multi-agent reinforcement learning?

2.   No-regret Learning in Markov Games


‣ We’ll look at two classes of algorithms:

1.   Individual Policy Gradient Algorithms in Markov Games
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Can we use algorithms that we have seen for normal-form games for 
multi-agent reinforcement learning?

2.   No-regret Learning in Markov Games
1.   Individual Policy Gradient Algorithms in Markov Games


‣ We’ll look at two classes of algorithms:

‣ No strong convergence guarantees in general 
‣ Fast algorithms for zero-sum games by exploiting 

timescale separation.



From Normal-Form to Markov Games

Can we use algorithms that we have seen for normal-form games for 
multi-agent reinforcement learning?

2.   No-regret Learning in Markov Games
1.   Individual Policy Gradient Algorithms in Markov Games


‣ We’ll look at two classes of algorithms:

‣ No strong convergence guarantees in general 
‣ Fast algorithms for zero-sum games by exploiting 

timescale separation.



No-regret Learning in Markov Games

In finite horizon games: 
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Markov Games do not allow efficient no-regret learning: Two hardness results

1. Computational hardness of No-Regret [Radanovic et al., 2019,  Bai et al., 2020]


No-regret learning in finite horizon Markov Games would imply a polynomial time algorithm for solving parity 
with noise (which is conjectured to be hard).
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Markov Games do not allow efficient no-regret learning: Two hardness results

2.   Statistical hardness of No-Regret [Liu et al., 2020]
No-regret learning in Markov Games is at least as hard as learning the best Markov policy in partially-
observable MDPs.

1. Computational hardness of No-Regret [Radanovic et al., 2019,  Bai et al., 2020]


No-regret learning in finite horizon Markov Games would imply a polynomial time algorithm for solving parity 
with noise (which is conjectured to be hard).



No-regret Learning in Markov Games

In finite horizon games: 
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However, as we will see, we can still efficiently learn and compute non-stationary Markov CCE.

Markov Games do not allow efficient no-regret learning: Two hardness results

2.   Statistical hardness of No-Regret [Liu et al., 2020]
No-regret learning in Markov Games is at least as hard as learning the best Markov policy in partially-
observable MDPs.

1. Computational hardness of No-Regret [Radanovic et al., 2019,  Bai et al., 2020]


No-regret learning in finite horizon Markov Games would imply a polynomial time algorithm for solving parity 
with noise (which is conjectured to be hard).



No-regret Learning in Markov Games

In infinite horizon games: 
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No-regret Learning in Markov Games

In infinite horizon games: 

Computing stationary CCE in Infinite Horizon Markov Games is hard

1. Computing a stationary CCE is PPAD-hard  [Daskalakis et al., 2022]


The problem of computing a stationary CCE in infinite-horizon Markov games is as hard as computing a Nash! 
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General-sum finite-horizon Markov games

Recap: No-regret Learning in Markov Games
General-sum Normal-form games

Can be computed in polynomial time via 
no-regret/no-swap-regret learning

Can be computed in polynomial time but not 
via no-regret/no-swap-regret learning


*Possible in extensive-form games by lifting*

General-sum infinite-horizon Markov games

PPAD-hard



‣ No strong convergence guarantees in general 

From Normal-Form to Markov Games

Can we use algorithms that we have seen for normal-form games for 
multi-agent reinforcement learning?

2.   No-regret Learning in Markov Games
1.   Individual Policy Gradient Algorithms in Markov Games

‣ We’ll look at two classes of algorithms:

‣ Impossible in general, still should be able to   
compute non-stationary CCE though.‣ Fast algorithms for zero-sum games by exploiting 

timescale separation.
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