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Summary of the talk

Difficulties with an approach to turbulence using only first principles

Richardson and the self similarity

Kolmogorov and scaling laws

Anomalous scaling and multifractals

Prediction of statistical features from the multifractal approach
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From Richardson to Anomalous Scaling in Multifractals

On the shoulders of giants

L.F. RICHARDSON & A.N. KOLMOGOROV

And the collaboration of friends and coworkers

Giovanni Paladin, Giorgio Parisi, Roberto Benzi
+ (in alphabetic order):
E. Aurell, L. Biferale, G. Boffetta, T. Bohr,
A. Celani, M. Cencini, A. Crisanti, M.H. Jensen,
A. Mazzino, P. Muratore-Ginanneschi,
S. Musacchio, M. Vergassola, D. Vergni
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Leonardo da Vinci (1452 - 1519)
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The first description of turbulence
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Lewis Fry Richardson (1881 - 1953)
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Andrei Nikolaevich Kolmogorov (1903 - 1987)
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Benoit Mandelbrot (1924 - 2010)
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Leo Kadanoff (1937 - 2015)
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Uriel Frisch
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Roberto Benzi & Giorgio Parisi
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AV & Giovanni Paladin (1958 - 1996)
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Why it is difficult to understand fully developed turbulence

Fully developed turbulence indicates the phenomena
at very high Reynolds number

One has the following unpleasant properties:

• Many degrees of freedom

• Strong nonlinearities

• Non Hamiltonian

• Non equilibrium

• Non Gaussian

• Difficulties in the direct numerical simulations
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The troubles in the building a theory from the first principle

The Navier-Stokes equations

∂tu + (u · ∇)u = −1

ρ
∇p + ν∆u + F , ∇ · u = 0

the limit ν → 0, has no relation at all with the Euler equation

∂tu + (u · ∇)u = −1

ρ
∇p , ∇ · u = 0

The limit ν → 0 , F→ 0 in NS equation is different from the Euler
equations, we are in presence of a singular limit and the statistical features
are completely different.
For inviscid fluid, once an ultraviolet cutoff is introduced in the Fourier
series of the velocity field, it is possibile to build in a simple way a
statistical theory: it is enough to use the Liouville theorem and the energy
conservation and follow the usual approach used for the standard
statistical mechanics of Hamiltonian system.
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Fluid in a box L3 with periodic boundary conditions and a cutoff

u(x, t) =
1

L3/2

∑

|k|<KM

û(k, t)e ik·x

using the independent variables {Xn} one has

dXn

dt
= −νk2

nXn +
∑

j ,l

MnjlXjXl + fn , n = 1, 2, ....,N ∼ K 3
M

• Euler equation ν = fn = 0 one has
∑

n
∂
∂Xn

dXn
dt = 0 and

1
2

∑
n X

2
n = E = constant.

Following the same reasoning used for the statistical mechanics of

Hamiltonian system one has P({Xn}) = C δ
(

1
2

∑
n X

2
n − E

)
and

equipartition 〈X 2
n 〉 = 2E/N, in the limit of large N one has a gaussian

distirubution

P({Xn}) ∼ exp−β
2

∑

n

X 2
n
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But the Euler equation is not the limit Re →∞...

For Re →∞ one has ε = ν
2

∑
i ,j〈(∂jui + ∂iuj)

2〉 = O(1)
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Non Gaussian statistics

Turbulence (top) and financial market (bottom)
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Intermittent behaviour
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It’s now rather clear that an analytical approach is very difficult
(impossible?)

Because of the nonlinear character of the system in order to compute 〈X 2
n 〉

one has to deal with 〈XnXjXk〉, then for these correlation one need
〈XnXjXkXm〉,and so on, this is the well know problem of the hierarchy.
It is necessary to close the infinite set of the equations.

The situation is similar to the BGGKY hierarchy in kinetic theory for dilute
gases, but here a simple approach, e.g. assuming that
〈XnXjXkXm〉 = 〈XnXj〉〈XkXl〉+ 〈XnXk〉〈XjXl〉+ 〈XnXl〉〈XkXm〉
gives inconsistent results.
Therefore for the closure path one is forced to use some phenomenological
ideas (e,g. Heisenberg 1948, Eddy Damped Quasi Normal Markovian
approximation, etc)
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Fleas and self-similarity
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Richardson and self-similarity

Richardson seriously asked himself the (apparently crazy) question
Does the wind have a speed?
Starting from just a few empirical data, he guessed the self-similar
structure of turbulence; here is how he summarised his insight in a verse
(inspired by a satirical one by Swift):
Big whirls have little whirls
that feed on their velocity,
and little whirls have lesser whirls
and so on to viscosity
in the molecular sense.

Now we know that such a kind of behaviours is rather common and it
appears in many natural phenomena; for instance, in turbulence,
cosmology, geophysics.
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A cartoon of the cascade

dissipative range inertial range forcing range

energy injection

L

L/2
L/4
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energy cascade
energy  

dissipation

non universalUniversal Statistics: homogeneous and isotropic
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A simple self-similar function (by Weierstrass)

f(x) =
∞∑

n=1

A−n cos(2πBn−1x) , 0 ≤ x ≤ 1

B is integer and A < B, f (x) is not differentiable in any point.

One has f (x + ∆x)− f (x) ∼ ∆xh where h = 2− DF = lnA/ lnB < 1,
this is the simplest case on self-similarity with a single exponent.
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A short turbulent journey from Richardson to modern times

Kolmogorov realized that it is not necessary (impossible?) to insist for a
theory from the first principles.

When Kolmogorov was close to eighty I asked him about the history of his
discoveries of the scaling laws. He gave me a very astonishing answer by
saying that for half a year he studied the results of concrete measurements.
... Kolmogorov was never seriously interested in the problem of existence
and uniqueness of solutions of the Navier-Stokes system. He also
considered his theory of turbulence as purely phenomenological and never
believed that it would eventually have a mathematical framework.

(Ya.G.Sinai in The Kolmogorov Legacy in Physics page V,
R.Livi and AV Ed.s 2003)
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• Kolmogorov devised (in part, following Richardsons’s ideas about the
turbulent cascade) the first modern theory of turbulence (K41).
From some physical argument as well as exact result from the
Navier-Stokes equation, and the (experimental) remark that the energy
dissipation ε ∼ ν|∇u|2 is O(1) in the limit Re →∞

δv(`) ∼ `h , h =
1

3

in the inertial range η � `� L, where L and U are the typical length and

velocity respectively, η = LR
− 3

4
e is the Kolmogorov length, Re = UL

ν is the
Reynolds number and δv(`) is the (longitudinal) velocity difference
between two points at distance `.

• Landau’s remark: since the K41 is a ”sort of mean field” it cannot be
exact, it is necessary to take into account the fluctuations.
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Experimental results: the 5/3 spectrum

The K41 h = 1/3 corresponds to E (k) ∼ k−5/3

Universalità à la Kolmogorov (K41)

Fluttuazioni del campo di velocità in turbolenza
statisticamente stazionaria, omogenea e isotropa

input di energia medio
costanti universali

Legge dei
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• Experimental data about intermittency support Landau’s criticism:
one exponent is not enough

〈|δv(`)|p〉 ∼ `ζp , ζp 6=
p

3

• Again Kolmogorov K62, a lognormal approach

ζp =
p

3
+

µ

18
p(3− p)

where µ is a measure of the fluctuations; K62 is surely better than K41
(two parameters 1/3 and µ) but there are still some troubles.

• Multifractal model 1983-1984 (Benzi, Frisch, Paladin, Parisi, AV)
Something less than a theory, but it allows for the possibility to do precise
previsions in terms of a unique ”ingredient” which can be obtained from
experimental data, e.g. the existence of an intermediate dissipation range
(Frisch and Vergassola ), the PdF for the gradient of the velocity (Benzi et
al) and of the acceleration of particle advected by a turbulent field
(Biferale et al).
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Our first paper on multifractals

J. Phys. A: Math. Gen. 17 (1984) 3521-3531. Printed in Great Britain 

On the multifractal nature of fully developed turbulence and 
chaotic systems 

Roberto Benzit, Giovanni Paladin$, Giorgio Parisis and 
Angelo Vulpiani$ 

t Centro scientific0 IBM di Roma, via Giorgione 129, 00100, Roma, Italy 
# Universiti di Roma ‘La Sapienza’, Dipartimento di Fisica, and GNSM-CNR unita di 
Roma, P.le Aldo Moro 2, 00100, Roma, Italy 
0 Universita di Roma 11, ‘Tor Vergata’, Dipartimento di Fisica, 00173, Roma and Laboratori 
Nazionali INFN, Frascati, Italy 

Received 1 June 1984 

Abstract. It is generally argued that the energy dissipation of three-dimensional turbulent 
flow is concentrated on a set with non-integer Hausdorff dimension. Recently, in order to 
explain experimental data, it has been proposed that this set does not possess a global 
dilatation invariance: it can be considered to be a multifractal set. In this paper we review 
the concept of multifractal sets in both turbulent flows and dynamical systems using a 
generalisation of the P-model. 

1. Introduction 

One of the most tested hypotheses in the theory of fully developed turbulence is that 
the small-scale statistics of turbulent flows obeys universal scaling properties. This is 
the celebrated Kolmogorov theory (1941, hereafter K41) which is still the only predic- 
tion made on the statistical properties of turbulence. The K41 theory is based upon 
the concept of self-similarity of the inertial range and upon the dependence of the 
probability distribution on the energy dissipation. Deviations of the K41 theory are 
commonly argued to be given by intermittency in the flow as first pointed out by 
Landau (Landau and Lifshitz 1971). Since Landau’s remark there has been a great 
effort in generalising the K41 theory to include the intermittency correction, however 
no definite theoretical framework has been found to deal with the problem of intermit- 
tency. It has been argued that intermittency is due to the singularity of the Navier- 
Stokes equations in the small viscosity limit. It has been proposed by Mandelbrot 
(1974) that singularities are concentrated on a set A c R 3  with non-integer Hausdorff 
dimension. In § 2 we shall see how this is related to the scale invariance of the 
Navier-Stokes equations. 

It is important to understand how the dynamical properties of nonlinear energy 
transfer among the various scales of motions determine the geometrical properties of 
the set A. Frisch et a1 (1978, hereafter FNS) have clarified this point introducing the 
well known P-model, also reviewed in § 2. The fundamental ingredients of these 
models is that there is a detailed balance of energy transfer in the inertial range. For 
detailed balance of energy transfer we mean that there is an exact balance in any shell 
k, k + d k  ( k  = wavenumber) between input/output energy. If we relax this constraint, 

0305-4470/84/ 183521 + 11S02.25 @ 1984 The Institute of Physics 3521 

Angelo VULPIANI (2021) Multifractal approach to fully developed turbulenceCelebrating the science of Giorgio Parisi, 15-17 December, 2021 28 / 51



The multifractal model in a nutshell

The Navier-Stokes equations

∂tu + (u · ∇)u = −1

ρ
∇p + ν∆u + F , ∇ · u = 0

are invariant under the scaling transformation

x→ λx , u→ λhu , t → λ1−ht , ν → λ1+hν

The exponent h cannot be determined with only symmetry considerations,
following a dimensional argument of the K41 and an exact result (the
so-called ”4/5 law”) the natural candidate is h = 1/3.

The K41 theory corresponds to a global invariance with h = 1/3 and
ζp = p/3, in disagreement with several experimental investigations.
This phenomenon, which goes under the name of intermittency is a
consequence of the breakdown of self- similarity and implies that the
scaling exponents cannot be determined on a simple dimensional basis.
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The multifractal model of turbulence assumes that the velocity has a local
scale-invariance, i.e. there is continuous spectrum of exponents h , each of
which belonging to a given fractal set.
• The assumption is that in the inertial range one has δv(`, x) ∼ `h if
x ∈ Sh where Sh is a fractal set with dimension D(h) and h ∈ (hm, hM)
• Noting that probability to have a given scaling exponent h at the scale `
is

P(`, h) ∼ `3−D(h)

with simple steepest descent estimation one has

ζp = inf
h

(
hp + 3− D(h)

)

• For each value p one has a dominant singularity h̃ determined by the
equation

p =
dD

dh

∣∣∣
h̃
→ ζp =

(
ph̃ + 3− D(h̃)

)
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• From a technical point of view the idea of the multifractal is basically
contained in the large deviation theory, however, the introduction of the
multifractal description in 1980s had an important role in statistical
physics, chaos and disordered systems. In particular, to clarify in a neat
way that the usual idea, coming from critical phenomena, that just few
scaling exponents are relevant, is wrong, and an infinite set of exponents is
necessary for a complete characterization of the scaling features.

• Of course the computation of D(h) from the NSE is not at present an
attainable goal. A first step is a phenomenological approach using
multiplicative processes which generalize the K62 lognormal model,
corresponding to a parabolic D(h).

• It is not so astonishing to find a model to fit the experimental data, e.g.
our multiplicative random β-model gives:

D(h) = 3 + (3h − 1)
[
1 + ln2

(1− 3h

1− x

)]
+ 3h ln2

( x

3h

)
, x =

7

8
.
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Rome band (JPA 1984) ←→ Chicago band (PRE 1985)

• The f (α) vs α formalism (Halsey et al PRE 1985)

Given a singular measure µ(x) → partition with cells of size `

Pi (`) =

∫

Λi (`)
dµ(x) →

∑

i

Pi (`)
q ∼ `(q−1)dq

Denoting f (α) ithe fractal dimension of the regions such that Pi (`) ∼ `α,
one has the Renyi dimensions

dq =
1

q − 1
inf
α

(αq − f (α))

• For each value q one has a dominant singularity α̃ determined by the
equation

q =
df

dα

∣∣∣
α̃
→ dq =

1

q − 1

(
α̃q − f (α̃)

)
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There is a rather close relation between the two approaches, i.e. f (α) vs α
and D(h) vs h, it is enough to remind the K62 theory.

Formulating the K62 approach in term of multifractals one has
δv(`, x) ∼ (ε`(x)`)1/3 where ε`(x) is the energy dissipation on the cell of
size ` and center in x.
Since the energy dissipation is non negative one can introduce a measure

µ(x) = Const. ε(x)

Simply manipulations show ζq = q
3 +

(
q
3 − 1

)
(d q

3
− 3)

h←→ α− 2

3
, D(h)←→ f (α) , f (α) ≤ α←→ D(h) ≤ 3h + 2

∃α∗ : α∗ = f (α∗) = d1 ←→ ∃h∗ : 3h∗ + 3− D(h∗) = ζ3 = 1
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A multiplicative process: random β model

Energy is injected at scale L; at the n-th step of the cascade a mother
eddy of size `n = L2−n splits into daughter eddies of size `n+1 and the
daughter eddies cover a fraction βj ∈ (0, 1) of the mother volume.
Since the energy transfer is constant throughout the cascade one has for

the velocity difference vn on the scale `n is vn = v0`
1/3
n
∏n

j=1 βj where βj
are independent, identically distributed random variables.

ζq =
q

3
− ln2〈β1−q/3〉

Phenomenological arguments suggest βj = 1 with probability x and
βj = 1/2 with probability 1− x . The scaling exponents are

ζq =
q

3
− ln2

(
x + (1− x)2

q
3
−1
)

The two limit cases are x = 1 (the K41), and x = 0 which is the fractal β
-model. Using x = 7/8 one has a good fit for the ζq of the experimental
data at high Reynolds numbers.
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(a) Schematic view of the β -model
(b) Schematic view of the random β-model.
The shaded areas are the zones active during the fragmentation process.
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A more artistic sketch
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Scaling exponents ζp vs p, of the structure functions
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〈|δv(`)|p〉 ∼ `ζp Circles and triangles are the experimental data (Anselmet
et al.) The solid line corresponds to K41 scaling p/3; the dashed line is
the random β-model prediction of Benzi et al, the dotted line is the
She-Leveque model.
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A non unique Kolmogorov length...

In the K41, since one has a unique scaling exponent δv(`) ∼ `1/3, then
there is just a unique Kolmogorov length η:

δv(η)η

ν
∼ 1 → η ∼

( ν
U

) 3
4

In the multifractal model one has δv(`) ∼ `h, therefore for each valure of
h there is Kolmogorov length η(h):

δv(η)η

ν
∼ 1 → η ∼

( ν
U

) 1
1+h

As consequence of many Kolmogorov lengths one can
• determine the Pdf of the velocity gradient, of the acceleration etc
• show the existence of a new kind of scaling for the intermediate
dissipative range (Frisch and Vergassola 1991, Jensen et al 1991)
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D(h) → the PdF of the velocity gradient s

p(s) ∼
∫

dh
( ν
|s|
)2− h+D(h)

2
exp
(
− ν1−h|s|1+h

2U2

)

Points represent experimental data, solid line is the multifractal prediction
with the random β- model, dotted and dashed lines represent the K41 and
β-model results, respectively.
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The PdF of the acceleration
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Relative diffusion in turbulence: beyond Gaussian processes

The problem is the behavior of the distance R between two particles
advected by a turbulent field.

Richardson (1926) in order to take into account the turbulent velocity
field, proposed a diffusion equation in which the diffusion coefficient
depends on the distance.

∂

∂t
P(R, t) =

1

Rd−1

∂

∂R

(
Rd−1D(R)

∂

∂R
P(R, t)

)

where d is the spatial dimension, and the diffusion coefficient D(R)
depends on the distance between the two particles. From (few) data LFR
had been able to guess a scaling law: for d = 3, D(R) ∼ R4/3, obtaining
the non standard diffusion

< R2(t) >∼ t3 .
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Now we know that this approach basically follow from K41; what about
the intermittency?
One has an anomalous scaling

< Rp(t) >∼ tα(p)

with α(p) 6= 3
2p.

From the multifractal model one has a prediction for α(p) in terms of
D(h) (Boffetta et al):

α(p) = inf
h

[p + 3− D(h)

1− h

]
.

It is remarkable that, even in presence of intermittency, the Richardson
scaling α(2) = 3 is exact; the multifractal prediction has been checked in
synthetic turbulence, where the velocity field is a random process with the
proper statio-temporal statistics (Boffetta et al) as well as in direct
numerical simulations of the NS equations (Boffetta and Sokolov).
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Intemediate dissipative range

• Standard scaling:

E (k) = F (k/kD) , kD =
1

η
∼ R

3/4
e

F (z) ∼ z−5/3 for z � 1, F (z) ∼ e−cz for z � 1

• Generalized scaling (consequence of the multifractality)

lnE (k)

lnRe
= G

( ln k

lnRe

)

the shape of G (z) depends on the D(h) for z < z∗ one has the usual
scaling shape with the minor change that 5/3 is replaced by 1 + ζ2, while
for larger value of z the shape of D(h) plays a role.
• The Generalized scaling, in particular in the intermediate dissipative
range had been observed in the experimental data (Gagne and Castaing
1991), and for lagrangian turbulence (Arnéodo et al 2008).
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An example of generalized scaling in dynamical systems

The invariant set at the accumulation point of period- doubling
bifurcations of xt+1 = λ(1− 2x2

t ) , λ = 0.837005134...., with a cutoff
MH Jensen et Multiscaling in Multifractals PRL 1991

VO1UMV 67, NUMam 2 PH YSICAL REVIEW LETTERS 8 JU1V 1991
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I I FIG. 3. Fq(0) =lnC2/lne vs 0=In(l/10)/lne for the period-

doubling repeller. The data for C2(l, e) are obtained at
e =0.0015 (squares), e=0.003 (crosses), and e=0.006 (crossed
circles). The lines are the same as in Fig. 2, with r (2) =0.495.
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FIG. 2. (a) Multiscaling transformation for the data of Fig.
I: Fv(0) =InCv/Ine vs O=lnl/lne, with q =2. The straight
dash-dotted line is r(q)0, with r(2) =0.595. . . , asp=r'(2)
=0.578. . . . The multiscaling regime is expected in the interval
0* = I/asp =1.728. . . up to 0,, =1/a;„=2.150. . . . The
dashed parabolic line is the curve q —Of(1/0) using the explicit
form of the f(a) spectrum for the two-scale Cantor set. The
solid lines are the leading correction (7), corresponding to
t. =10, 10, and 10 ". They are practically indistinguish-
able. (b) For the same Cantor set, F~ (0) = lnC~/In e vs
O=lnl/lne, with q = —2. The data are obtained for e =10
(crossed circles), e=10 (crosses), and e=10 " (squares).
The lines correspond to those of 2(a) where now r (—2)
=—2.002. . . , asp =r'( —2) =0.7204. . . , and 0* = I/asp
=1.387. . . .

is known to high precision [2]. We generate 10 points,
partition the set into boxes of size 1, and estimate C2(l, e)
for various values of e. Figure 3 shows InCq/Ine vs
In(l/lo)/Ine, where lo is a parameter such that C2(l)
=(I/lo)' in the linear part of the scaling. We have
used e values which are rather large with respect to the
case of Fig. 2. However, the agreement with the theoreti-

cal prediction (7) is quite good.
In dynamical systems there is only one adjustable pa-

rameter, i.e., lp which in the two-scale Cantor set is equal
to unity by construction. In general physical phenomena,
one, of course, has to consider fitting parameters [5,6,8]
Co, eo, lo, defining the multiscaling as ln[C~(l)/Cp]/
ln(e/eo) vs ln(I/lo)/ln(e/eo), but for normalized probabil-
1tles Cp = 1. The formalism is at present being applied to
the energy spectrum of turbulence [9] in a shell model
[11]. The initial results are encouraging and will, togeth-
er with details on the period-doubling investigation and
other results, appear in a forthcoming publication.
In conclusion, we have related the multiscaling ob-

served in multifractals to variations in a physical cutoA
parameter. Our main results are condensed in Eqs. (4)
and (7) which indicate that the correlations for various
values of the cutoff e are well approximated (although in
no limit exactly) by a scaling curve, determined by a por-
tion of the f(a) spectrum. Finally, it seems to us an open
and very promising problem whether one can determine
the underlying multifractal structure (if any) when multi-
scaling is empirically observed in a physical system, as in
Refs. [5], [6], and [12]. However, it is not clear whether
multiscaling must be always related to multifractality or
is a much more general phenomenon.
We are grateful to T. Halsey, L. KadanoA, L.

Pietronero, I. Procaccia, and M. Vergassola for interest-
ing discussions. Also thanks to P. Cvitanovic for stimu-
lating remarks and a careful reading of the manuscript.

[Il U. Frisch and G. Parisi, in Turbulence and Predictability
in Geophysical Fluid Dynamics and Climate Dynamics,
Proceedings of the International School of Physics "Enri-
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A very accurate test of the intermediate dissipative range

For the (rescaled) Lagrangian structure function

〈(vi (t + τ)− vi (t))4〉
〈(vi (t + τ)− vi (t))2〉 ∼ τ

ζ(4,τ)

 !"v!h" # V0
"
TL

!"
"
TL

#
#
$
""$
TL

#
#
$!2h% 1"=#!1% h"

; (4)

# being a free parameter controlling the crossover around
" & "$, and V0 the root mean square velocity. In order to
get a prediction for the behavior of the LVSF, given by

 h!!"v"pi &
Z
dhPh!"; "$"'!"v!h"(p; (5)

we have to consider, in (4), the intermittent fluctuations of
the dissipative scale [14,28,30], "$!h"=TL & R2!h% 1"=!1$ h"

% .

The last necessary ingredient is to specify the probability
of observing fluctuations of h. This is done in analogy to
Eq. (4):

 Ph!"; "$" # Z% 1!""
!"

"
TL

#
#
$
""$
TL

#
#
$'3% D!h"(=#!1% h"

;

(6)

where Z is a normalizing function [30] and D!h" is the

TABLE II. Direct numerical simulations. By columns: 1: nu-
merical simulation label; 2: Taylor Reynolds number R%; 3: num-
ber of collocation points N3; 4: total number of Lagrangian
tracers Np; 5: characteristic of dissipation—normal viscous
terms (N), weakly compressible code (C); 6: interpolation tech-
nique for Lagrangian integration—linear interpolation (L), tri-
cubic interpolation (T), cubic splines (CS); 7: reference where
information on the way the corresponding data set was obtained
can be found.

DNS R% N3 Ntr Diss. Tech. Ref.

1 140 2563 5 ) 105 N T [11]
2 320 10243 5 ) 106 N T [13]
3 400 20483 3 ) 105 N L [10]
4 600 18563 1:6 ) 107 C L [18]
5 650 20483 4 ) 105 N CS [12]

TABLE I. Experiments. By columns: 1: experiment label;
2: Taylor Reynolds number; 3: Kolmogorov time scale "$;
4: measurement volume in unit of the Kolmogorov length scale
$; 5: Ntr total number of Lagrangian trajectories measured;
6: measurement technique—particle tracking velocimetry
(PTV) and acoustic Doppler (AD); 7: reference where informa-
tion on the way the corresponding data set was obtained can be
found.

EXP R% "$ (s) Meas. vol. ($3) Ntr Tech. Ref.

1 124 8:5 ) 10% 2 3403 1:6 ) 106 PTV [8]
2 690 9 ) 10% 4 17003 6:0 ) 106 PTV [7]
3 740 2 ) 10% 4 66003 9:5 ) 103 AD [6]

1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

2.1

2.2

10-1 100 101 102

ζ(
4,

τ)

τ/τη

EXP1 Re λ=124
EXP2 Re λ=690
EXP3 Re λ=740

DNS1 Re λ=140
DNS2 Re λ=320
DNS3 Re λ=400

DNS4 Re λ=600
DNS5 Re λ=650

FIG. 1 (color online). Log-lin plot of the fourth order local exponent &!4; "" averaged over velocity components, as a function of the
normalized time lag "="$. Data sets come from three experiments (EXP) (see Table I) and five direct numerical simulations (DNS)
(see Table II). Error bars are estimated from the spread between the three components, except in EXP3 where only two components
were measured. Each data set is plotted only in the time range where recognized experimental or numerical limitations are not
affecting the results. In particular, for each data set, the largest time lag always satisfies "< TL. The minimal time lag is set by the
highest fully resolved frequency. The shaded area displays the prediction obtained by the MF model by using Dlo!h" or Dtr!h", with
# # 4, for a range of R% 2 '150:800(, comparable with the range of R% in the data. Notice that the MF predictions have been obtained
by fixing equal to 7 the multiplicative constant in the definition of "$. The straight dashed line corresponds to the dimensional
nonintermittent value &!4; "" # 2, achieved at small time lags where structure functions do become differentiable. Notice that two
among the DNS are sufficiently resolved to get the mentioned dimensional scaling in the high frequency limit.

PRL 100, 254504 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
27 JUNE 2008

254504-3
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Again on Lagrangian properties: for the scaling of p = v · a
〈pq〉 ∼ εqReα(q)

λ

(M. Cencini et al PHYS. REV. FLUIDS 2, 104604 (2017) )

TIME IRREVERSIBILITY AND MULTIFRACTALITY OF . . .
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α(
q)
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10-1

100

102 103

-S

-S~

Reλ

FIG. 3. Scaling exponents of Lagrangian power moments α(q) from DNS data, obtained by fitting Sq (blue
circles) and −Aq (orange squares) as power of Reλ. Error bars have been obtained by varying the fitting region;
when they are not visible it is because they are of the order of or smaller than the symbol size. Notice that Aq is
positive for q < 1, zero for q = 1 (by stationarity), and negative for q > 1. We only show exponents for q ! 2
because for 1 < q < 2 insufficient statistics leads to a poor scaling behavior. Solid and dashed curves correspond
to the MF (8) and Kolmogorov [α(q) = q/2] dimensional prediction, respectively. respectively. Black diamonds
show the exponents found in [11]. The inset shows the nondimensional measure of the asymmetry in terms
of the skewness S = ⟨p3⟩/⟨p2⟩3/2 (yellow circles) and of the statistically homogeneous asymmetry ratio
S̃ = ⟨p3⟩/⟨|p|3⟩ (red squares). The solid line shows the slope α(3) − (3/2)α(2) ≃ 0.35 predicted by the MF
(see the text). Open and closed symbols are as in Fig. 2.

on a discrete set of scales rn = k−1
n = L2−n (n = 0, . . . ,N), which allow us to reach high Reynolds

numbers. For each scale rn, the velocity fluctuation is represented by a single complex variable un,
which evolves according to the differential equation [28]

u̇n = ikn

(
un+2u

∗
n+1 − 1

4un+1u
∗
n−1 + 1

8un−1un−2
)
− νk2

nun + fn, (10)

whose structure is a cartoon of the 3D NSE in Fourier space but for the nonlinear term that restricts
the interactions to neighboring shells, as justified by the idea localness of the energy cascade [6].
Energy is injected with rate ϵ = ⟨

∑
n Re{fnu

∗
n}⟩. See the Appendix for details on forcing and

simulations. As shown in [28], this model displays anomalous scaling for the velocity structure
functions ⟨|un|q⟩ ∼ k

−ζq

n , with exponents remarkably close to those observed in turbulence and in
very good agreement with the MF prediction (1).

Following [21], we model the Lagrangian velocity along a fluid particle as the sum of the real part
of velocity fluctuations at all shells v(t) ≡

∑N
n=1 Re{un}. Analogously, we define the Lagrangian

acceleration a ≡
∑N

n=1 Re{u̇n} and power p(t) = v(t)a(t). In Figs. 4(a) and 4(b) we show the
moments Sq and Aq for q = 2,3 obtained from the shell model. The symmetric ones Sq perfectly
agree with the multifractal prediction obtained using the same D(h), i.e., (2) for β = 0.6, which
fits the Eulerian statistics. The asymmetry-sensitive moments Aq are negative (for q > 1), as in
Navier-Stokes turbulence, and display a power-law dependence on Reλ with a different scaling
respect to their symmetric analogs. In particular, as summarized in Fig. 4(c), we observe smaller
exponents with respect to the MF up to q = 4. Rephrased in terms of the skewness, these findings
mean that the time asymmetry becomes weaker and weaker with increasing Reynolds numbers if
measured in terms of S̃ [Fig. 4(c) inset], as distinct from what was observed for the NSE (Fig. 3
inset). The standard skewness S, on the other hand, is still an increasing function of Reλ, though with

104604-5
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No conclusion (for now)

After ∼ 40 years of nice and amusing research, we’ll try to go on...

A Master of  Disorder and Stochasticity  

P. Greco

From Microscopic to Planetary 
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