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PT -Symmetric Systems

I Conventional Quantum Mechanics (QM)

Hermitian operators with real eigenvalues: H = H†

I In PT -symmetric QM: Complex generalization of conventional QM

For x → −x , i → −i =⇒ PT -symmetric Hamiltonian

I Example of PT -symmetric Hamiltonian:

H = p2 + x2(ix)ε

For ε ≥ 0 −→ Real eigenvalues

ε < 0 −→ Complex eigenvalue

ε = 0 −→ Hermitian
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PT -Symmetric Systems

Figure 1: C. M. Bender and S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
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PT -Symmetric Systems: Experimental Applications
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Supersymmetric Quantum Mechanics

Supersymmetric quantum mechanics (SUSY QM) interrelates the spectra
of two different Hamiltonians, H±,

H± = − ∂2

∂x2
+ V±(x)

with V± = W 2 ± ∂2W (x)
∂x2

H± can be obtain from H− = K †K and H+ = KK † where,

K † = − ∂
∂x + W (x), K = ∂

∂x + W (x)

W (x) : Superpotential in SUSY QM

Superpotential W (x) = −1
ψ0(x)

∂ψ0(x)
∂x

ψ0(x) being ground-state eigenfunction of H−
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Supersymmetric Quantum Mechanics
Shape Invariance

If two isospectral potentials satisfy the relation1

V+(x ; a0) = V−(x ; a1) + R(a1)

where a0 is a set of parameters V±, a1 = f (a0), and R(a1) constant
then,

Hs = −
∂2

∂x2
+ V−(x ; as) +

s∑
k=1

R(ak )

= −
∂2

∂x2
+ V+(x ; as−1) +

s−1∑
k=1

R(ak )

with ground state energy: E0 =
∑s

k=1 R(ak)

Identifying H1 = H+ and H0 = H−, spectrum for H−

En =
∑n

k=1 R(ak) V± : Shape Invariant (SI) Potentials

1L. Gendenshtein, Pis’ma Zh. Eksp. Teor. Fiz. 38 (1983) 299;

JETP Lett. 38 (1983) 356
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PT -Symmetric Systems: Optical Connection

The propagation equation for transverse electric waves

d2E
dx2

+ (k2
0 ε(x)− k2

y )E = 0 (Helmholtz equation)

Dielectric distribution ε(x) = εb + α(x), as |x | → ∞ ε(x) = εb

Propagation vector ky = k0
√
εbsinθ

I The Helmholtz equation =⇒ Schrödinger equation

with E = k2
0 εbcos2θ, V (x) = k2

0 εb − k2
0 ε(x)

P. K. Panigrahi IISER Kolkata 8 / 31



PT -Symmetric Systems: Optical Connection

I For reflectionless potential, Schrödinger-Helmholtz connection maps
the quantum potential to corresponding dielectric profile

The refractive index n2(x) = n2
b −

V (x)
k2

0

In PT -symmetric farmework: n(x) = n∗(−x)

I We start with Complex Scarf II potential profile2

V (x) = V1sech
2(αx)− iV2sech(αx) tanh(αx)

V1,V2: Real constant

Vanishes asymptotically

Possible to regulate the permittivity and refractive index

2Z. Ahmed, Phys. Lett. A, 282 (2001) 343
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PT -Symmetric Framework

The complex superpotentials,

W±PT =
(
A± iCPT

)
tanh(αx) +

(
± CPT + iB

)
sech(αx), (1)

both real and complex spectra.

I Under certain parametrization, the superpotentials leading to real
eigenvalues and corresponding wavefunctions

I For a different parametrization, two different superpotentials yield
the same potential, leading to complex conjugate eigenvalues

The energy spectra are separated by a bifurcation.

Parametric condition for phase-transition from real to complex
conjugate spectrum

Spontaneous Breaking of PT -Symmetry!
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PT -Symmetric Framework

Using SUSY quantum mechanics, lead to potential

V (x) = −
[
(A± iCPT )(A± iCPT + α)− (±CPT

+ iB)2]sech2(αx)− i(±iCPT − B)
[
2(A± iCPT )

+ α)
]
sech(αx)tanh(αx),

(2)

I To be PT -symmetric, the coefficient of the first term must be real
and that of the second term must be purely imaginary

I PT -symmetric condition gives a unique relationship3

CPT
[
2(A− B) + α

]
= 0

3K. Abhinav and P. K. Panigrahi, Annals of Phys., 325 (2010) 1198
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PT -Symmetric Phase

I For CPT = 0 Case

PT -symmetric potential

VPT (x) = −
[
A(A + α) + B2

]
sech2(αx)

+ iB(2A + α)sech(αx)tanh(αx),
(3)

has superpotential,

W1(x) = A tanh(αx) + iB sech(αx). (4)

I Parametric freedom: A↔ B − α
2 leads to

W2(x) = (B − α

2
)tanh(αx) + i(A +

α

2
)sech(αx). (5)

Corresponding real energy eigenvalues,

E 1
n = −(A− nα)2, E 2

n = −(B − α/2− nα)2
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PT -Symmetric Phase

Domain I (A < 0, B > α/2)

Shape Invariance: A→ −A,B → −B and A→ A−α, B → B

E 1
n,I = −(A + nα)2 E 2

n,I : Unchanged

−3α/ 2 −α −α/ 2 0 α/ 2 α 3α/ 2
−α

−α/ 2

0

α/ 2

α

3α/ 2

2α

SUSY unbrokenDomain I

Domain IIDomain III

A

B

Figure 2: The shaded regions I, II and III are broken SUSY areas in the
parameter space
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PT -Symmetric Phase

Domain II (A > 0, B < α/2)

SI: B − α/2→ −(B − α/2), A + α/2→ −(A− α/2)

B − α/2→ B − α/2− α A− α/2→ A− α/2,

E 2
n,II = −(B − α/2 + nα)2 E1

n,II : Unchanged

Domain III (A < 0, B < α/2)

Using both the above SIs

E 1
n,III = −(A + nα)2 E 2

n,III = −(B − α/2 + nα)2
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PT -Broken Phase

I For CPT 6= 0 Case A = B − α/2

W±PT =
(
A±iCPT

)
tanh(αx)+

(
±CPT +i(A+α/2)

)
sech(αx) (6)

V C
PT (x) = −

[
2A(A + α)− 2CPT 2 +

α2

4

]
sech2(αx)

+ i
[
2A(A + α) + 2CPT 2 +

α2

2

]
sech(αx)tanh(αx),

(7)

which satisfy the condition4 |V2| > V1 + 1
4

V1,V2 : coefficients of real and imaginary part of V C
PT

I The superpotentials lead to the same PT-symmetric complex
potential with energy spectra,

E±n = −(nα− A± iCPT )2,

4Z. Ahmed, Phys. Lett. A 282 (2001) 343,

K. Abhinav and P. K. Panigrahi, Annals of Phys., 325 (2010) 1198
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PT -Broken Phase

Corresponding eigenfunctions

ψ±n (x) ∝
(
sech(αx)

) 1
α (A+α

2 ±iC
PT )

exp
[
− i

α
(A +

α

2
∓ iCPT )

tan−1(sinh(αx))
]
P
∓ 2iCPT

α ,− 2A
α −1

n [i sinh(αx)].

P
∓ 2iCPT

α , 2A
α +1

n [i sinh(αx)]: nth order Jacobi polynomial

P. K. Panigrahi IISER Kolkata 16 / 31



Scattering by PT -Symmetric Potential

For PT -symmetric potential, the continuity equation is

−i~
2m

∂

∂x

[
ψ(x , t)

∂

∂x
ψ?(−x , t)−ψ?(−x , t)

∂

∂x
ψ(x , t)

]
=

∂

∂x

(
ψ?(−x , t)ψ(x , t)

)
New definition for Flux Conservation

I The scalar emerging from above equation correlation function
between two parity-opposite spatial points

I Correlation function is a conserved scalar of the PT -symmetric
system5

5K. Abhinav, A. Jayannavar and P.K. Panigrahi, Annals of Phys. 331, (2013) 110
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Scattering by PT -Symmetric Potential

PT -symmetric scalar product of φ(x , t) and ψ(x , t) is∫ ∞
−∞

φ(x , t)PT ψ(x , t)dx =

∫ ∞
−∞

φ(x , t)ψ?(−x , t)dx

=

∫ ∞
−∞

ψ?(x , t)φ(−x , t)dx

=

∫ ∞
−∞

ψ?(x , t)Pφ(x , t)dx

last expression is Dirac–von Neumann scalar product6

6C.M. Bender, D.C. Brody and S.F. Jones Phys. Rev. Lett., 89 (2002) 270401;

Amer. J. Phys., 71 (2003), 1095
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Scattering by PT -Symmetric Potential

-10 -5 0 5 10
-0.5

0

0.5

1
C

PT
=3,  =1

Re( (x) *(-x))

Im( (x) *(-x))

-10 -5 0 5 10
-0.5

0

0.5

1
C

PT
=1,  =3

Re( (x) *(-x))

Im( (x) *(-x))

Figure 3: Ground state correlation function for ψ±n,SS(x)
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Scattering by PT -Symmetric Potential

Asymptotic analysis leads to the transmission and reflection coefficients7,

T
(
κ,

A

α
,
iB

α

)
=

Γ[− A
α
− iκ

α
]Γ[1 + A

α
− iκ

α
] Γ[ 1

2
− B
α
− iκ

α
]Γ[ 1

2
+ B
α
− iκ

α
]

Γ[− ik
α

] Γ[1 + ik
α

] Γ2[ 1
2
− ik

α
]

,

R
(
κ,

A

α
,
iB

α

)
= i T

(
κ,

A

α
,
iB

α

)[ cos(πA
α

) sin(πB
α

)

cosh πκ
α

−
sinh(πA

α
) cosh(πB

α
)

sinh πκ
α

]
,

where κ = α
i (n − A/α)

Dirac–von-Neumann scalar product

|R|2 + |T |2 = 1 +
[ cos2(πA/α)sin2(πB/α)sinh2(πk/α) + sin(2πA/α)sin(2πB/α)sinh(2πk/α)

sinh2(πk/α)sin2(πA/α)cos2(πB/α))cosh2(πk/α) − cos2(πA/α)sin2(πB/α)sinh2(πk/α)

]

Flux is NOT conserved, due to imaginariy part, causing absorption
and emmision8

The deviation term is Non-Zero whereas it vanishes for B → ±iB
7K. Abhinav, A. Jayannavar and P. K. Panigrahi, Annals of Phys., 331 (2013) 110
8A. Mostafazadeh, Pramana,73 (2009) 269
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Zero Width Resonance

I For A = n α: Abrupt transition from low amplitude constant
function to high amplitude oscillations9

No net gain or loss =⇒ Zero Width Resonance!

I Coefficients V1,V2 satisfy the Zero Width Resonance Condition10

V1 + |V2| = 4n2 + 4n + 3/4 (n = 0, 1, 2, ...)

I Energy Eigenvalue ESS = CPT
2
: Real and Positive

And corresponding eigenfunctions

ψ±n,SS(x) ∝
(
sech(αx)

)n+ 1
2
±i C
PT
α

exp
[
(−i(n +

1

2
)∓ CPT

α
)

tan−1(sinh(αx)
]
P
∓ 2iCPT

α
,−2n−1

n [i sinh(αx)].

(8)

9A. Pal, S. Modak and P. K. Panigrahi, arXiv:1803.06476v2 [quant-ph]
10Z. Ahmed, J. Phys. a: Math. Theor. 42 (2009) 472005
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Zero Width Resonance: Parameter Dependence
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Figure 4: Competing effects between A and CPT . When A > CPT localization
at x = 0.
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Zero Width Resonance
Wigner Function

The Wigner function in phase space is

W (x , p) =

∫ ∞
−∞

dy
[
e−ipy ψ±?n,SS

(
x − y

2

)
ψ±n,SS

(
x +

y

2

)]

For ground state

W (x , p) =

∫ ∞
−∞

dy e−ipy
[(

sechα(x − y/2)
)n+ 1

2∓i
CPT
α

exp
[
(i(n +

1

2
)∓ CPT

α
)tan−1(sinhα(x − y/2)

]
[(

sechα(x + y/2)
)n+ 1

2±i
CPT
α

exp
[
(−i(n +

1

2
)∓ CPT

α
)

tan−1(sinhα(x + y/2)
]
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Zero Width Resonance
Wigner Function

Figure 5: Ground state Wigner function for ψ±n,SS(x)
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Isospectral Deformation and Connection with KdV

Isospectral deformation =⇒ The two different superpotentials leading
to same potential superpotentials

W̃ (x) = W (x) + v(x), (9)

W̃ (x) and W (x) will provide the Same V−(x) when

dv(x)

dx
− 2W (x)v(x)− v2(x) = 0 [Bernoulli equation] (10)

The deformed potentials satisfy the KdV equation and the
corresponding superpotentials obey the mKdV equation
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Isospectral Deformation and Connection with KdV

For PT −symmetric potential

VPT (x) = −
[
A(A + α) + B2

]
sech2(αx)

+ iB(2A + α)sech(αx)tanh(αx),

The difference between the superpotentials

v(x) = −2A tanh(αx) + i 2A sech(αx). (11)

which satisfies the mKdV equation

I Two distinct mKdV equations whose solutions are related through
v → iv , where v is the mKdV variable.

I The Miura transformation for the solution of KdV, u = v2 ± vx ,
then implies that, u = −v2 ± ivx , is also a solution11

11S. Modak, A. P. Singh and Panigrahi, P. K. Panigrahi

Eur. Phys. J. B , 89 (v) 149
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Hysteresis Approach

To get the correct ground state, we apply hysteresis approach which gives
hyperbola in the parameter space A and B

A2

K 2
− (B − α/2)2

K 2
= 1,

I Ground state energy is −A2 with Superpotential given in Eqn. (4)

(B − α/2)2

K 2
1

− A2

K 2
1

= 1

I −(B − α/2)2 Ground state energy and Superpotential is in Eqn. (5)
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Hysteresis Approach

Region I Ground state −A2 with superpotential W1

Region II −(B − α
2 )2 is ground state with superpotential W2

(a) correspond to A = B − α/2 asymptotic condition for zero width
resonance

(b) is the asymptote A = −B + α/2 for region of real energy
eigenvalues and it relates the superpotentials in Eq. (4) and Eq. (5)
as isospectrally deformed counterparts.

For co-ordinates (α/2, 0) and (−α/2, α) isospectral deformation and
its associated potential satisfy the mKdV equation and KdV
equation respectively.
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Hysteresis Approach
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Figure 6: Regions I and II correspond to the specific ground states based on the
parameters involved (a) corresponds to the condition for exceptional point and
zero width resonance while that with negative slope (b) corresponds to
isospectral deformation
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Summary and Conclusions

I The formation of exceptional point as well as existence of both
bound and zero-width resonance states in the broken PT scenario
have been demonstrated.

I Breaking of SUSY and PT -symmetry are found to exist in mutually
exclusive domains with the PT -symmetry boundaries showing
hysteresis.

I The unusual nature of eigenfunctions at zero width resonances give
rise to wave packet localization for higher modes.

I This is interesting in the sense that it can be utilized to build novel
devices to store electric field energy, without loss.
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