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No-Go Theorems

• No-cloning
• No-deleting
• No-signaling (no-communication)
• Entanglement invariance under local unitary

transformation
• No entanglement increasing under local

operations
• ...
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A Quick Observation

|ψ〉 = 1√
2
(|↑↓〉 − |↓↑〉)

1 2
|↑〉1 |↓〉2: 50%

|↓〉1 |↑〉2: 50%

1 2
|↓〉2: 50%|↑〉1
|↑〉2: 50%|↓〉1

1

2

|ψ〉 = 0.8 |↑↓〉 + 0.6 |↓↑〉

|↑〉1 |↓〉2: 64%

|↓〉1 |↑〉2: 36%

|↓〉2: 64%|↑〉1
|↑〉2: 36%|↓〉1

No differences!
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Non-Hermitian Systems?

A Schrödinger equation,

i∂t |ψ〉 = H |ψ〉 ,

with

H = H†

can be physical.
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Violation of No-Signaling?
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No-Go Theorems
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The Geometry Matters
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“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2

= UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)

= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)

= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)

= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)

= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)

= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)

= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)

= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)
= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)
= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)
= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)
= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



“Non-Euclidean” Space

Euclidean plane:

~u · ~v = u1v1 + u2v2 = UTV,

where U ≡
(
u1
u2

)
and V ≡

(
v1
v2

)
.

→ “(Non-)Euclidean” space:

〈~u,~v〉 = g11u1v1 + g12u2v1 + g21u1v2 + g22u2v2

=
(
u1 u2

)(g11 g12
g21 g22

)(
v1
v2

)
= UTGV.

(Fiber)-metric

(
1 0
0 1

)
= UTV.

10/20



The Hilbert Space Metric

“Euclidean” → “(Non-)Euclidean” Hilbert space:

〈ψ1|ψ2〉 → 〈〈ψ1 |ψ2〉〉 ≡ 〈ψ1|G |ψ2〉 ,
where 〈ψ1| ≡ (|ψ1〉)† .

Hilbert space properties:
I) 〈〈ψ1 |ψ2〉〉 = 〈〈ψ2 |ψ1〉〉
II) 〈〈ψ |ψ〉〉 ≥ 0

⇔
Hilbert space conditions:
i) G = G†.
ii) G is positive-definite.

C.-Y. Ju, A. Miranowicz, G.Y. Chen, F. Nori, Phys. Rev. A 100, 062118 (2019).
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Parallel Transport
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Parallel Transport

V =

(
vθ
vφ

)

Parallel transport:

∇θV = 0,

where ∇θV ≡ ∂θV + ΓθV .

Parallel transport:

∇φV = 0,

where ∇φV ≡ ∂φV + ΓφV .

Covariant derivative
(Connection)
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The Metric Operator Field Equation

∇t |ψ〉 ≡ (∂t + iH) |ψ〉

= 0.
parallel transport

connection/covariant derivative

“Connection-compatible-metric” ⇔ 0 = ∇t 〈〈ψ1 |ψ2〉〉
= ∇t 〈ψ1|G |ψ2〉

⇒ ∂tG = i
(
GH −H†G

)
.

C.-Y. Ju, A. Miranowicz, G.Y. Chen, F. Nori, Phys. Rev. A 100, 062118 (2019).
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