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Organization of the talk

O Part 1, F.B., J.Phys. A, 2021: su(1,1)-type Lie algebra...
@ ...its ladder operators...
© ...and the eigenvectors of the number-like operators.

Q Part 2 (maybe...), F.B., J.Phys.: Conference Series, 2021: eigenvectors and
bi-coherent states outside £L?(R)...

@ ...when their products are in L1(R)...

@ ...and when they are not: weak bicoherent states.



Two words of history

The beginning of Susy QM: H factorizable, H = BA = HT, has a SUSY partner
Hsysy = AB=H + [B, A].

There exists a well known relation between the eigenstates of H and Hgysy: let ¢ be
such that
Hyp = Eyp,

for E € R, its eigenvalue. Then, if o4 := Ay # 0, then
Hsysypa = Epy.

The eigenvectors of Hysy can be deduced out of those of H... (which, by the way,
have to be found! And this could be not so easy!!)

If H# HT, then the adjoint map, t, produce a second pair of operators, HT and
H;rusy, whose eigenvectors are again somehow related to those of H.

The best is when we can find, with a general strategy, the eigenvalues and the
eigenvectors of H. Then those of HT, Hsysy and ngsy can be obtained in an
automatic way.

This is what we will show in this part of the talk.



Two more words of (recent) history

In 2018 Williams and coauthors introduced the notion of coupled SUSY (CSusy).
Roughly speaking, CSusy arises out of two operators a and b, acting on an Hilbert
space H, and two real non-zero numbers ~y, §, with § > ~, satisfying the following:

ata = bbT 4+ ~1, aa’ = bTb+ 811.

Of course, we need to impose R(a) C D(a') and viceversa, and the same for b..
These equalities are really different. One can be satisfied while the other does not hold:

L(d, pe L (4, ) e
a=—(—+z), b=—(—+2z)e".
V2 \dz V2 \dz

Trivial example: bosons. Let ¢ be an operator on H satisfying (in the sense on
unbounded operators) the canonical commutation relation [c, cf] = 1, then the
equations above are satisfied takinga=b=c¢, 6§ =1, v = —1.

The operators

1 1 1
Ky = avf, k- = ba, Kop= —— (aTa - 1) ,
6—7 6—7 §—n 2
satisfy the following commutation rules,
(Ko, Kx] = £K4, K+, K-] = —2Ko,

which are those of the su(1,1) Lie algebra. Hence, K4 act as ladder operators, while
ICo is some sort of Hamiltonian. Notice that g = IC;;, and ICTi =Kx.



Two words of history

Main question:— how much of the ladder structure described by Williams does survive
when loosing self-adjointness?

Technical question:— Is there any algebraic approach which takes care of the domain
issues automatically also in presence of unbounded operators?

In other words:— is it possible to define a x-algebra containing also unbounded
operators? ...



Two words of history

Main question:— how much of the ladder structure described by Williams does survive
when loosing self-adjointness?

Technical question:— Is there any algebraic approach which takes care of the domain
issues automatically also in presence of unbounded operators?

In other words:— is it possible to define a x-algebra containing also unbounded
operators? ...... yes!



The algebraic settings

In this talk we will use a particular unbounded operator algebra, the O*-algebra
L1(D). Other possibilities exist.

Definition:

Let H be a separable Hilbert space and Ny an unbounded, densely defined, self-adjoint
operator. Let D(N(’f) be the domain of the operator N(’f, k > 0, and D the domain of
all the powers of Ny, that is,
D= () D(NG).
k>0

This set is dense in H. We call LT (D) the *-algebra of all closable operators defined on

D which, together with their adjoints, map D into itself. Here the adjoint of X € ct (D),

X1, is the restriction of the adjoint of X in H (which we also indicate with XT) to D.
”

In D the topology is defined by the following Np-depending seminorms:
© €D = [lolln = [INg'ell,
where n > 0, while the topology 79 in CT(D) is introduced by the seminorms
X € £1(D) = XI5 = max {|L£(No) X NI, INEX F(No)I }

where k > 0 and f € C, the set of all the positive, bounded and continuous functions
on Ry, which are decreasing faster than any inverse power of z: LT (D)[ro] is a
complete *-algebra.



The algebraic settings

Hence,
Voz,y € LI(D), = ',y 2y yz,(z,y] € LT(D).

Also, powers of 2 and y all belong to £T (D), which therefore is a good candidate to
work with, also in presence of unbounded operators.

A first example:— if Ng = cfe, where ¢ = % (x + %) then D = S(R) and we can
prove that ¢, cf € LT(D). Hence Ny € LT (D) as well.

A second example:— let now a and b be two operators on H, with domains D(a) and
D(b) respectively, at and b their adjoint, and let D be a dense subspace of H such

that afD C D and 4D C D, where z is z or zt. Of course, D C D(aﬁ) and
D C D(b%).

Definition:

The operators (a,b) are D-pseudo-bosonic if, for all f € D, we have

abf—baf=/f.
Hence a number-like operator N = ba can be defined, N # NT, with NT sharing with
N all its eigenvalues, n = 0,1,2,3,.... If a and b are similar to ¢ and cf, via some

(unbounded) operator leaving D stable together with its inverse, then a,b and their
powers and combinations belong to £T (D).



ECSusy

Definition:

Let d, ¢, 7 and s be four elements of LT (D), for some suitable D dense in H, and let
v,9 be two real numbers with § > v. We say that (d,c,, s;0,7) define an extended
coupled Susy (ECSusy), if the following equalities are satisfied:

dc=rs+~1, cd = sr+ 1.

Let us define the following operators, still in £T(D):

1 1 1 y
ky = d. k_ = ko= ——(dc— =1 1
+ R s, 5_77’(:, 0 6_W(c 5 ), (1)

and their superpartners

1 1 1 1)
Iy = sd, - = cr, lp= —— (sr + - ]1) . (2)
d—7 6—ry d—7 2
They obey the following commutation relations:
[ko, k+] = £kx, [kq, k-] = —2ko, (3)
[lO’l:‘:] = :l:lﬂh [l+’l—} = —2lp. (4)

These look like the commutators for K, before, but with a big difference: k4 and I
are not the adjoint of k_ and [_, and ko and Iy are not self-adjoint.



ECSusy

This gives us the possibility to introduce two other families of operators, po and qa,
a=0,=+:

po=kj,  px=FkL; g =1 ax=1I.
They satisfy the same commutators in (3) and (4):
[p0$pi] = *p+, [p+7p*] = —2po; [q07qﬂ:] = +q+, [q+aq*] = —2qo.

Hence we conclude that an ECSusy produces four (in general) different triples of
operators obeying the same commutators of an su(1,1) Lie algebra, but with different
relations under the adjoint operation.

In the next two slides we will deduce some consequences of these commutation rules.



An interlude on deformed su(1, 1)

Let z4,20 € LT (D), such that
[zo,2+] = x4, [y, 2] = =20,

but with xi # x_ and zg # xo. We put, with a slight abuse of notation,
2 o 1 2 2
¢ =x5 — 5(a:+z_+m_z+):z0+aco—x_x+ =T —TO — TH+T—.

Notice that 22 is not really the square of an operator z (to be identified) and,

moreover, =2 is not even positive. We keep this notation since it is somehow standard.

We have
[¢2, 2] =0, a=0,=.

We can then look for common eigenstates of, say, 2 and xo. Using again the same
notation adopted for ordinary su(1,1), we assume the following: there exists a non
zero vector ®; ., € D satisfying the following eigenvalue equations:

{ xzq)j,qo =70+ 1)Pjq0s (5)
z20%j,q0 = 90%j,q0>

for some 7 and qg. Of course, there is no reason a priori to assume here that j and qo
are real or positive.



An interlude on deformed su(1, 1)

The relevant point for us of these operators is the ladder nature of z+. This is easily

deduced: 5 .
{ 22 (2 £ Pjq0) = (1 + 1)(@+ Py q0); (6)
z0(2+£Pj,q0) = (g0 £ 1)(2+ Py q0 ),

at least if ®; 4, ¢ ker(z+). This means that z is a raising while z_ is a lowering
operator. Using the same standard arguments for su(1,1), we can also deduce that

{ z+q>j7110 = (qo _.7:)(I)j,q0+17 (7)
T-®j 40 = (g0 +5)Pj,q0—1,

which are in agreement with the fact that, as it is easy to check,

o, z—2xy] = [xo,z42_] = 0.

More results on deformed su(1,1) in my paper.



Back to ECSusy

We start with the operators ko, & = 0,%. As in (5), we assume a non zero vector
©vj.q € D exists, j,q € C, such that

K@i =30 +Deja  kovjq = aviq ®
Here k2 = k2 + ko — k—k. The operators k+ act on ¢; 4 as ladder operators:
k+@jq = (@ =0¢jat1,  k—9jq = (4+7)Pjq-1, )
for all ;4 & ker(k+).

Let I; be the set of all the ¢’s for which ¢; 4 is not annihilated by at least one between
ky and k_: if g € I;, then @; 4 & ker(ky) or @j 4 ¢ ker(k_), or both. We put

Fo(3) =A{vj.q Va € I;},

Ej =1l.s{pjq, q € I;}, and H; the closure of £;, with respect to the norm of H. Of
course, H; C H, for each fixed j. By construction, F,(j) is a basis for H;, with an
unique biorthonormal basis Fy (j) := {%j,q, V¢ € I;}. Then

(‘Pj,q7¢j,r> = dq,rs (10)

for all g,r € I, and l.s.{1); 4, ¢ € I;} is dense in H;.



Back to ECSusy

The vectors 1); , satisfy the following eigenvalue and ladder equalities:

P*¥jq =350 + Djq, Povj,q = Wj,q

{ P-H/’j,q = (q +1+4+ j)wj,(H-lv (11)

P—jq = (@ —1—5)¥jq-1,
at least if ¢ ¢ ¢ ker(p+).

Remark:— These equations are different from those deduced in (7). This is because
the vectors {1 4} are introduced here as the only biorhonormal family to {¢; 4}. The
other possibility would be to introduce, in analogy to what we have done in (8), a
family of eigenstate of p? and po, {14}, which, however, turns out to be
biorthogonal, but not biorthonormal, to {cpj,q}: the difference we have with these
different procedures is in the normalization of the states: ), , and 1/~)qu are
proportional to each other.

Summarizing, to construct the eigenvectors of p? and pg we can:—
Choice 1:— follow biorthonormality, or...
Choice 2:— ...use the commutation rules.

My choice is mixed: | use commutation rules for ko, and biorthonormality for the
other operators.



Back to ECSusy

Many intertwining relations can be deduced. These are those for the ladder operators:

Sk+ = l+S, k+d = dl+
ck— =l_c, k_r=rl_
ripy = qurf, picl =clgy
dip_ =q_df, p-st =stq_,

while these are for the 0-operators (the non self-adjoint Hamiltonians)

los:s(ko—l-%]l), qort =t (po—i-%ll)
lopc=c (k:o — 5]1) s qodt = df (po — 5]1) (12)
rlo = (ko + %]1) T, stqo = (po + 1) st
dlp = (ko—ill) d, chO: (po—ill) ct.

These equalities show that the eigenvalues of [y differ from those of kg by half
integers, as those of go from those of pg. Indeed we have, considering a vector ¢; 4

with s@j 4 # 0 and cpj q # 0, kowj.q = q¢j,q, and

1 1 1
to(sesa) = (Ko + 31 ) o= (043 ) Gra)s toepna) = (4= 3 ) (eoia).

In other words, sp; 4 and cp; 4 are both eigenstates of Iy, with different eigenvalues.
Hence they must be connected by the ladder operators .



A detailed example: D-pseudo bosons

Let a and b be two operators on H, a't and bt their adjoint, and let D, dense in H, be
such that a#D C D and b!D C D, (z* = =z, zT). In general D C D(a¥) and
D C D(b%).

Definition 1:

The operators (a,b) are D-pseudo bosonic (D-pb) if, for all f € D, we have
abf—baf=/f. (13)

([a,b] = 1, for simplicity). [If b= a' then we recover the CCR].
We now assume that
Assumption D-pb 1.— there exists a non-zero ¢g € D such that apg = 0,

Assumption D-pb 2.— there exists a non-zero ¥g € D such that b7 Ty = 0.

Remark:— If a = ﬁ and b = x these assumptions are not satisfied in £2(R).

Now, if (a,b) satisfy Definition 1, then g € D (b) and W € D> (a’). Hence...



A detailed example: D-pseudo bosons

- L — L T
Pon = ﬁ b" o, W, = ﬁ a' "Wy, (14)
n > 0, can be defined and they all belong to D. We introduce Fg = {¥,, n > 0}
and F, = {¢n, n > 0}. Of course, both ¢, and ¥,, belong to the domains of al, bt
and N*¥ (here N = ba).

The following lowering and raising relations hold:

bon =vn+1lont1, n >0,
apo =0, apn=+Npn_1, n=>1, (15)
o’ U, = v 10,41, n>0,

biwg =0, b0, =nv, i, n>1,
as well as the following eigenvalue equations:
Nen =nen, NI, =n¥,, n>o0.
A consequence: if (po, ¥o) = 1, then
(@n, ¥m) = 6n,m, (16)

for all n,m > 0.

Assumption D-pb 3.— F,, is a basis for . (iff Fg is a basis for 7). Or...



A detailed example: D-pseudo bosons

Assumption D-pbw 3.— F, and Fy are G-quasi bases for H, for some G dense in ‘H
(G =D, in some cases).

This means that, V f,g € G,

D> fen) (Tnyg) =D (fi¥n) (o, 9) = (f,9) -

And now, we take c=r =a, d =s =10, § = —y = 1. Hence {ka,la,Pa,qa} become

1 1 1 1
k+:u:§$, k,:L:Eﬁ, m:m:E(N+§@, (17)

where N = ba, and

1 .2 1 42 1 1
pr=qr=-a", p =g =2-b", po=qo=§<NT+5ﬂ>~ (18)

2 2
It is clear that the four original families collapse to two. Moreover:

3
K =p?=-—1, (19)

which, of course, commute with all the other operators, as expected. Notice that k2
and p2 are not positive operators.



A detailed example: D-pseudo bosons

Formula (5) is based on the assumption that an eigenstate of z2 and zg exists: this is
the vacuum of a, ¢g. In fact, we have

3 1
k*po = ——wo,  kopo = ~po.

$o 16900 00 4900
Hence, comparing these with (5), we have qo = i and j(j+1) = —%, that is
j= —i orj = —%. Formula (9) and k_¢o = 0, imply that j = —i. Hence we call

= 2
$_11:= o, (20)
so that the spectrum of kg is bounded below (¢ _ 1 1 € ker(k_)). Actingon ¢_1 1
4’4 474
with (k4+)™ we get
_/(2m)!

P dmid = Gm - n ™ 2
where @2, are the eigenstates of N = ba, O!! = (—1)!! =1 and
@2m-1"=1-3----(2m —1). We find

1
kop 1 i1 = (m+ Z) P 1lmyls (22)
k = L k = 2
Hotmet T (MF )ty FPmy SOty ()

In particular, this last equality is true only if m > 1. If m = 0 we have

k—¢_1 1 =k_po =0, as already noticed.
4’4



A detailed example: D-pseudo bosons

We can now define the set of linearly independent vectors

(e (L) _ B
7o <4) _{“"—i,m+ivM—0,1,2,3,...},

and the Hilbert space ’H(e) , constructed by taking the closure of the linear span of its

i

vectors. Here the suffix e stands for even, since only the vectors 2., belong to

.Fée) (%) On the other hand, since H 3 pomt1 ¢ H(e)l , we have H(e)l C H. Hence,
—z —z

the set ]-'é,e) (%) cannot be complete in H, and, therefore, a basis for . Nevertheless,

by construction, ’H(e)l is an Hilbert space by itself, and f;e) (i) is a basis for it. Then

an unique biorthonormal basis ]—',L(;) (%) = d’—%,m-»—%’ m=0,1,2,3,.. } exists:
<(p—%,m+%7¢—%,l+%> = 5m,l7 (24)

where the scalar product is the one in #, and, for each f € ’H(e) ,
-1

oo

(RS RIS YR U > (RS RS ) LSS G
0 m=0

ol

m



A detailed example: D-pseudo bosons

From (21) and (15) it is clear that the vectors of this biorthonormal basis are the

following:
2m — 1!
= . 2
wfi,eri (Qm)' ham (25)
Formulas (11) can now be explicitly checked, and we get
2 =3y " = (m+1)y (26)
PV gt} = TigV-kmah PVopmay = (M4 Vo
together with
v — (m+1)w v = (m-)v
Prooymet =MDV g migs PV g = (Mg ) ooy
(27)

We stress again that the difference between these ladder equations and those in (23)

arises because, while the ¢ 1 ., 1's are introduced using directly the deformed

Mty

su(1,1) algebra, the ¢_ 1 mal 's are just the unique basis which is biorthonormal to
47 4

.7-'(5,6) (%) However, these vectors are still eigenstates of p? and pp, and obey
interesting ladder equations with respect to p+, even if slightly different from those in

(7).



A detailed example: D-pseudo bosons

More explicitly:— if we repeat for the operators po what we have done for the k., we
get a different (but related) set of vectors. In fact:

in analogy with (20), we put ©)_ 1 1 = %y, since bigyg = 0. Then, using the first
4’4

equation in (7) (rather than the second in (11)), p+1bj,q = (g — §)%j,q+1, we deduce
that
-~ _(2m -1 _ (2m)!

Yottt T et T (@ Y- dm
which shows the difference in the normalizations between the 1}37% mal and the
~ ’ 4
w—i’_m'*‘i' Now, while w‘i’m‘*i satisfies the analogous of formulas (7), w—%,m-k%
satisfies (27), which is slightly different. On the other hand, while this last vector
satisfies (24), ¥_ 1 ma 1 does not.
4> 4

In conclusion, we prefer to keep biorthonormality of the sets we work with, rather than
using (7) several times.



The odd sector

But...what about the odd indexes?



The odd sector

But...what about the odd indexes? These are connected with the SUSY partner of ko
which essentially differs from ko for an addictive constant.
Let

RN ACLDLS _ Vem+ D!

Y2m—1, bo_ 1yl

W—fm+i (2m 71)" bt T T PAmrn

(28)
with the agreement that ¢ _1 = 0. Let us now define
v (@2m+1)!
= b == 2
‘p*i’erZ Lpfz,er% (2m — )N P2m+1, (29)
for all m > 0. The reason for calling this vector in this way is because ¢_ 1 ma 3 is an
47 4

eigenstate of ko with eigenvalue m + %:

3
ko 1 48 = (m+ Z) CEE RS (30)



The odd sector

These vectors satisfy the following raising and lowering relations:

2m + 1
M om—1f—im-1

1
e gned = (P4 3) et Boogneg -

4>

with the agreement that ¢ _ 1 _ 1
171

=0.

An useful comment:— It is clear that, in the same way in which a and b map

Y101 into some ¢_ 1 143 they also map these last vectors into the first ones
4’ 4 . 4> 4

(see the figure, in a moment...).



The odd sector

In analogy with what we have done before, we put

() (1Y _ _
7§ (Z)_ ¢7%7m+%,m—0,1,2,3,...},

where o stands for odd, and the related Hilbert space H(O) (6)1 n H(D)l =0, and
1 T

Fo (Z) = ]-'f,e) (Z) U}'s,o (Z) is complete in H, at Ieast if the set F, is complete.
This is true, e.g., if the D-PBs are regular, since F, and ]-'1/, are b.o. Riesz bases.

Now, since .7-1(;) (1) is a basis for #H(®) | we can introduce an unique b.o. basis
-1

]-'(0) ( ) ={¢Y_1 m43> M= 0,1,2,3,...}, whose vectors can be easily identified
I
using (29) and (15). We have

(2m — 1)

1
=0 =~ af . 2
Vet T w2 T a1t bk (32)
In fact, with this choice,
(o1 mig ¥ 1,48)=0mi, (33)

where the scalar product is the one in #H, and, for each f € ’H(O)

M

(CE W B DR NSRS D oW1 3 PP 1 s

m=0 m=0



The odd sector

Repeating then what we have done for H(€), we can define the set
]-'(o) ( ) = {1{)_7 3y = 0,1,2,3,...}, and observe that

Fy (Z) = f;) (Z) U]—'é}o) (Z) is complete in H, or it is even a Riesz basis for #,
depending on the nature of the D-PBs we are considering. More in detail, if we now
introduce the families Fp = {®y, k > 0} and F¢ = {{, k > 0}, where

$_1 1, |fk:2]7 zp_, 1, Ifk:QJ:
Or = ot fh=2j+1, 2 &= T k=241
¢_Z’]+%7 ! = 4] ) _Z’]+%7 ! =4) )

k > 0, we can check that
(Pr,&1) = Ok 15

and that, Vf,g € D,

Zf,fbk (€k>9) = Zf,wk Wk 9), D (k) ( Pk g) Zf,wk Pk, 9)-
k=0 k=0 k=0 k=0

These equalities imply that Fg and F¢ are b.o., and that they are D-quasi bases if
and only if F, and F,, are D-quasi bases.



Some formulas

(@m)! @mt1)!
Pttt = Gronn¥em Potmis =D 101 = GaThm Pem i
_ @mo gt _ @m-1
Vet =y Vi Yobmit = FartVbmed = Jatmn
,/ 2m)! - \/(2m+1
AP _Lmyl = V2 Ulor—y ll%02m 1= %W—%,m—% AP _1myd = V2 (2m - P2m = (2m + l)ﬁo—i,wﬁ%
1V @m+1)! V/(@m+2)!
DOt it = Gromyr Pame1 = P13 bp_tmrs = “gmonr Poemiz = 2m 41 L ps
£/ (2m+1)! 2m—1)!!
QY may = i Vam = Qm o DUy | @y g = VIR 2 S = e ) g
bl o, ao=Cm = @m =D 1, 1 | by, s = G
—amtn T Gy 2 —ime Tt T Jemy 2T Y ohmg

Figure: Formulas involving ladder operators




Some more formulas

R tmit = (M4 3) 0tmet | Feptmit = (M4 2) eogmay | Fpgmet =Moot
POVt st = (M A )Vt s [PV g = (M4 DU Pt =(m=3) U1,
koo tmes = M+ O tmes | ke gmes = (Mt 3)ormr | kvt =minH e 1,
Pt s = (M )Y s | ptit s = (A D) 30 1 e pta = (M= g) a1

Figure: Formulas involving number operators




Deforming the deformed!

Let a and b be D-pseudo-bosonic operators in LT (D), for some suitable D. Let now
S,T € LT(D) be two invertible operators, with =1, 7—1 ¢ LT (D). In the following

we will assume that =17 = 71" and =17 = §t =" Conditions for these to be
satisfied are discussed in literature. They are trivially true for bounded operators. If we
define now

c=SaT™ 1, s = SbT 1, d=TbS™1, r="TaS™1,

then these operators, which are all in £t (D), satisfy an ECSUSY with § = —y = 1.

Moreover

fo = ThoT™',  In=5kaS™!,  fa=T""paTt,  Go=5"11past
where o = 0, £ and where the un-tilted operators k. and po are those in (17) and
(18).
Since (p_%,m+%,’([)_;,m+%,<p_%7m+%,¢_%ym+% €D, forallm=0,1,2,3,..., it

follows that the following vectors are in D as well:

> — . _ 1t .
Pogmtd T dmids Vopmed ST

and +
~ _ . ~ _ —1
Xomed =50 tmigi Agmig =8 W fmig



Deforming the deformed!

They are eigenstates respectively of ko and g, with eigenvalue m + i, and of Iy and
do, with eigenvalue m + %. Moreover, they satisfy the following ladder equations:

Erftmit = (M4 3) Py mig Efotmi} =P g3
P+Y 1t =(m+Dd_ 1,5, Pt 1 g1 =(m—3)¥_1,, 3,
Xt mps = (M4 3) X1y 1o [X 1 ys =mamEa 1,1,
@1 ys = (A1) R0 1 1 @1 s = (M= 3) 1, 1

for every m for which the lowering operators do not destroy the state. Also, they are

biorthonormal in pairs, meaning that

aﬁ_%7l+%> = ém,lv (34)

<¢—%,m+%’w—%,l+%> = ()2_%,”14_

e

for all m,l € Ng, while, if S and T are not chosen in some special way, we get, for

instance, <w—i’m+i’n—%’l+%> #0.
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Deforming the deformed!



Is £2? the only "good” space for Quantum Mechanics?

....and | am not speaking of changing the metric!!
More exactly:— are all physical systems described only in Hilbert (or Krein) spaces?

This is relevant mainly when dealing with unbounded operators. Otherwise Hilbert
spaces work well (in my knowledge)!

Some results exist having rigged Hilbert spaces as their essential structure: R. De La
Madrid, C. Trapani, J.-P. Antoine, A. Bohm, M. Gadella, M. del Olmo,...

Other results exist in a pure distributional domain: the axiomatic (Wightman)
approach to quantum field theory, Calcada et al,....

Recently, | introduced the concept of weak pseudo-bosons for dealing with the position
and the momentum operators, and for analysing the damped quantum harmonic
oscillator:

#and D = % obey [D,#] = 1 and they act as ladder operators between
distributions, and not functions. In particular, the vacuum of Z is o (z) = §(x), and
acting on this with powers of D produces other distributions, 5(")(z), which are
biorthogonal (in a distributional sense), with respect to the family z™ = ()" Wq(z),
where DWq(z) = 0. Similar results can be deduced for the DQHO.



A concrete example

Let H = Ez(R), with the usual scalar product, and let

d d
A= —4was(z), B=—-——+4wg(z). (35)

dx dx
Here wa(z),wp(z) € O, and wa(x) # wp(z). Then BT # A. We call these
functions superpotentials: they produce two supersymmetric Hamiltonians Hy = BA
and Hy = AB, whose eigenvectors are related as in usual SUSY QM. The fact that
H; and Hz are SUSY partners is discussed in [Part 1]. Here this aspect is not
relevant, since with our constraint on the superpotentials (see below), we have
Ho = Hy + 1. Now, since

d? d d?

d
Hy=BA=— d2+g1( )%-i-%(%)7 Hy = AB = — d2+Q1(w)f+V2()

where
01(@) = wp () — wa(a), Vi(@) = wa(@wp (@) — w) (@), Va(2) = wa(@)wp (@) + wh (@),
we find that

[A,B] = Hy — Hy = Va(a) — Vi(2) = w)s (2) + wly (@). (36)

Hence, to have [A, B] = 1, we must have w4 (z) + wp(x) = z + k, for a generic k
which we fix in R. In this case wa(z) and wp(x) are called pseudo-bosonic
superpotentials: PBSs.



A concrete example

The vacua of A and BT are the following:

wo(z) = Ny exp{—sa(x)}, Yo(xz) = Ny exp {733(1‘)} R

where
sa@) = [wa@ids,  sp(@) = [wa()ds,
and N, and Ny are two normalization constants to be computed.
We are not assuming here ¢ (), ¥o(z) € £2(R). Still, they are both C* functions,
so that
() = =B"p0(@),  ¥n(@) = —=AT"o()
Pn = \/7? ©o B n = \/m 0 5

n=1,2,3,.... are C* functions, too, for all choices of C°° PBSs and Vn > 0.



A concrete example

For any choice of C>° PBSs we have
on(@) _ ¥n(a)
wo(z)  to(z)

for all n > 0, where py(x,k) is independent of w4 (z) and wp(x) and is defined
recursively as follows:

= pn(z, k)’

pO(xv k) =1, pn(xv k) = % (pn—1($,k)(a7 + k) _p{n—l(x7 k)) ,m > 1.

More explicitly, we get

Furthermore pn(x) U (z) € LI(R) and (Usn, ) = On,m, for all n,m >0, and

Nopp(z) = npn(x), N, (z) = nW, (z),

where N = BA and Nt = At Bf.




A concrete example

In principle, without extra assumptions on the PBSs, we don't know if the functions of
Fo ={pn(z)} and Fg = {¥,(x)} are square-integrable or not. Hence, it makes no
sense to check if they are biorthogonal bases, or if they are complete, in £L2(R), in
general. However, some info on this side can also be deduced....

We can rewrite pp(x) and ¥, (z) as follows:

pn(z) = cn(@)pa(z),  Vn(z) = cn(z)pp(2), (37)
where
1 x+k . 1 _2?
cn(x) = Si/a en ( 7 ) , with  en(z) = WHH(I) e" "z, (38)

is the well known n-th eigenstate of the harmonic oscillator, and

xz+k 2

x4k 2 _
pa@) = Np@m) e (V3) emsa@ | () = Ny (2m) /13 (VF) @),

which are independent of n. Notice that pa(x) and pp(z) satisfy

pa(z) pp(z) =1, (39)



Is £2 the only "good” space for bi-coherent states?

First of all: let's work in H:—

Let us consider two biorthogonal G -quasi bases, F3 = {¢n € H, n > 0} and
Fg ={¥n € H, n > 0}, G some dense subset of 7. Consider an increasing sequence
of real numbers v, satisfying the inequalities 0 = ap < a1 < ag < ..., and let

a = supanp.
n

Consider two operators, A and Bf, acting as lowering operators on Fz and Fy in the

following way: ~ _
A@n =anpn-1, B ¥, =ap¥n_i, (40)

for all n > 1, with A@g = Bt =0. Then, putting
apl =1, ol =oag oy, k21,

the following theorem holds:



Is £2 the only "good” space for coherent states?

Theorem, pt 1:

Assume that four strictly positive constants Ay, Ag, r, and g exist, together with
two strictly positive sequences My, () and M, (), for which

i Mn(p)
m ———F———
n—oo Myt1(p)

= M(p), Jim i1 (9) = M(¥), (41)

where M () and M (¥) could be infinity, and such that, for all n > 0,
16nll < Ap 1EMa(e), 1 Wnll < A 1 Mn(¥). (42)

Then the following series:

SHECATS
N(|z|>=<z (ak!)2> , (43)

k=0
ok ok _
P = N(D S pne U() = N(2) S 2 (44)
k=0 (6723 k=0 (o772

are all convergent inside the circle C\,(0) in C centered in the origin of the complex
M(p) M(‘I’))
To | Ty .

plane and of radius p = @ min (1,




Is £2 the only "good” space for coherent states?

Theorem, pt 2:

Moreover, for all z € C,(0),
Ap(z) = zp(2), BIW(z) = 20(z). (45)

Suppose further that a measure dA(r) does exist such that

vy

/ ’ anry o2 = () (46)
T 2
for all k > 0. Then, putting z = re®® and calling dv(z,z) = N(r)~2d\(r)df, we have
/ (£, ¥(2)) (p(2), 9) dv(2,Z) =/ (£, #(2)) (¥(2), 9) dv(2,Z) = ([, 9),
Cp(0)

Cp(0)
(47)
for all f,g€g.




Is £2 the only "good” space for coherent states?

£2(R) is enough: case 1:—
Going back to ours PBSs, we see that if p4(z), pp(z) € L>(R), then
lonll = llen pall < llpalloollenll = llpalloo,  I1¥nll = llen pall < llpBlloo,

for all n > 0. Moreover, since a, = /1, @ = co. Hence the theorem above holds
with the following choice:

Ap = pallos, Av = |lpBlloc, T¢ =718 = Mn(p) = Mn(¥) =1,

Vn > 0. Then p = oo, and the series in (43) and (44) converge in all the complex
plane. For instance, let us take

22 kx

x2
sa@) =T+ S+ 0@),  spl@)= T+ o - ),

5
where ®(z) is any real C* function bounded from below and from above, i.e. when
there exist m, M such that —oco < m < ®(z) < M < o0, a.e. in R. In fact, we get

2 2
lpallss = Nep(2m)/4e¥ /4™ lpp|lso = Ny (2m)'/ 4k /4TM,

while the PBSs are wa(z) = § + k + ®'(z) and wp(z) = § +k — ®'(2).



Is £2 the only "good” space for coherent states?

£2(R) is enough: case 2:—

Let us take s4(z) = %2 and sp(z) = % + kz. In this case

Ny T+ k .- Ny z+k 24
on(z) 2n n! < V2 ) ¢ ' (@) 27 n! ( V2 ) c ’

which are both square-integrable, but with diverging norms:

[Ny | 342/ elklvn
(2|k|)1/4 n1/8 ’

[Nl —k2/4€|k|\/ﬁ

aw e

llpnll ~

where ~ stands for except for corrections O(n~1/2). Still we can use our Theorem,
taking (for k # 0, the only relevant case)

[Nl —k2/4 [Nl 3k2 /4
Ay = ——— ,
CEIRE

T CA

1
ro=re=ell, Ma(p) = Ma(¥) = —7.



Is £2 the only "good” space for coherent states?

Hence M(p) = M(¥) =1, p = oo, and the bi-coherent states are well defined in all
the complex plane, belong to £2(R), and satisfies the usual eigenvalue equations and
the weak resolution of the identity (47). In fact, taking

1
d\(r) = ;e_’"2rdr, (48)
condition (1) is satisfied:
e k!
/ dA(r)r?k = .
0 21

Then (2) follows from the fact that (F,, Fy) are £-quasi bases for all possible choices
of PBSs. Here

& = {h(z) € L2R) : h(z)pj(z) € L2(R), j = A, B},

which is dense in £2(R), since it contains D(R).



Working outside £2(R)

L£2(R) is not enough

From our previous analysis it is easy to understand that we can somehow force the
system to live in L2(R), .....



Working outside £2(R)

L2(R) is not enough

From our previous analysis it is easy to understand that we can somehow force the
system to live in L2(R), ......... but not so much!

We could introduce a metric in £2(R) which makes some non square-integrable
function, square-integrable (by, of course, changing its meaning!), but then the
functions in its original biorthogonal set are no longer biorthogonal, or o.n. Moreover,
the adjoint maps changes, and this change depends on which metric we adopt: we
gain on one side, but we lose on the other!

We use an alternative approach, learning from our PBSs.

Let F. = {cn(z), n > 0} be an o.n. basis in £2(R), and let ps(z) and pg(z) be two
Lebesgue-measurable functions such that, calling

fn(fc) = Cn(T) Pf(fc)a .‘]n(w) = cn(z) Pg(z)a (49)

we have fr(z) gm(z) € L1(R), for all n,m > 0.



Working outside £2(R)

This implies that, despite of fn(x) or gn(x) being square-integrable or not, the form
(fn,gm) is always well defined. With a slight abuse of language, we still call (fr, gm)

the scalar product between fy () and gm (). If we take py(x) = pg(x) 71, then
Fr =A{fn(z)} and Fy = {gn(x)} are biorthonormal:

(frnsgm) = 6n,m. (50)
We next define
V= {v(=) € L2(R) : v(x)p;(x) € L2(R), j = 1.9} (51)

If ps(z) and pg(x) are C*° functions, then D(R) C V, which is therefore dense in
L2(R). In our condition (Fy,Fy) are V-quasi bases,

(v,w) = (0, fn)(gn, w) = D (v, gn)(fn, w), (52)
n>0 n>0

for all v(z),w(z) € V, so that they are both complete in V.

But, what about bi-coherent states?



Working outside £2(R)

It is clear that the assumption on || fx || and [|gnll, [[Pn]] < Ay 7t My (p) and
0. < Ay 74 My (¥), make no sense now. This is because we can easily have

[lfnll = oo or [lgn|l = oo.
However, if we take v € V, and consider the following series

S =Y Tl Spe@ =Y e, (59

n>0 4 n>0 A’

then, both these series converge, for all v € V, inside Cz(0). Hence we can introduce

F(2)[] = (f(2),0) = N(l2]) D

n>0

%(fnv 'U>:
G = {90, 0) = N(2) X2 2 dgn,0),

n>0 n
which can be used to define f(z) and g(z) in a weak sense (like in distribution theory).
We need a topology on V: we say that a sequence {vy, ()} in V is T,-convergent to a
certain v(z) € L2(R) if {vn(z)} converges to v(z) in the norm ||.||, and if

{pj(x)vn(x)}, 5 = f, g, are Cauchy sequences in ||.|| and converges to p;(z)v(z).
Then v(z) € V. Hence, V is closed in .



Working outside £2(R)

Now, if we call V' the set of all the continuous functionals on V), and if we consider

Vo = {w(x) €V: wz) e D) nD®), atw(z),bwx) e v},

Proposition:

1. F(z) and G(z) both belong to V'.
2. for all v(z) € Vo we have, for all z € Cx(0),

(v,af(2)) = 2(v, f(2)),  (v,bTg(2)) = (v, 9(2)). (54)

3. Suppose that a measure d\(r) does exist such that

Ji T ax(ryrze = @) (55)
0 27

for all k> 0. Then, putting z = re®® and calling dv(z,z) = N(r)~2d\(r)d, we have

[ i@ @) den = [ (wg) (16, w) vz ) = (o),
C(0) C(0) -

[e%

for all v, w € V.

F(z) and G(z) are weak bi-coherent states.



Working outside £2(R)

Suppose now to apply these results to our PBSs, identifying ¢n (), pa(z), ¥rn(z) and
pB(x) respectively with fn(x), pr(x), gn(x) and py(z).

Since A and B are pseudo-bosonic operators, o, = /n,and @ = co. Condition on the
measure dA(r) reads therefore
kl
/ dA(r)r?k =

which is solved by dA(r) = e =% dr. This means that the forms F(z)[v] and
G(z)[v] are well defined for allv eV and for all z € C.

Moreover, D(R) C Vo C V. Hence Vy and V are in L2(R):
we are indeed working with /arge sets!

Conclusion:— a distributional approach can be relevant not only for eigenstates of
number-like (non selfadjoint) operators, but also for bi-coherent states for some
physical system.
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....the end!!!
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