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Stationary scattering in 1D and its dynamical formulation
Low-energy expansion of the transfer matrix
Transfer matrix for zero-energy Schrodinger equation

Low-energy scattering in the half-line

Application: Transmission of scalar wave through a
wormhole

Conclusions



Scattering in 1D W(x,t) = e “hy(x)
e Time-Indep. Schrédinger Eq.: —¢ ()" + v(z)y(z) = K%y (x)

v e L1(R), Ll = {f:R—)C'/_oodm(l-l—|x|a)|v(a:)|<oo}.

0(x) A_etk* + B e~ for @ — —o0
= A_|_eikx — B_|_€_ikx for x — +o0
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e Scattering from the left and right:

e + Rle=k* for x — —o0
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e~k L RrethT  for x — 400
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Composition Property of M

Let v1 and vy be scattering potentials such that

vi(z) =0 for x> a,

[v1]
v(z) =0 for x<a

v(z) = vi(x) + va(x). ot

M: Transfer matrix of vy

Mo>: Transfer matrix of vo

M: Transfer matrix of v = v1 + vo 0

Then M = M- Ml.




Composition Property of M
M — MQ M1

This is the same as the
composition rule for [v1]
evolution operators in QM.

0F

W (t) €

V2|

W (t) = U(t, to)W(%o)

U(t,tg) : I —




Composition Property of M
M — M2 M1

This is the same as the
composition rule for [v1]
evolution operators in QM.

U, U,

0F

U; := U(t1,10)
Us = U(tz,tl) = U = U->U;
U := U(t2, to)

]




W(t) = U(t, to)W(to) U(to, o) =1

10:U(t, to) = H)U(t, to)
H(t) : 7 —

t
U(t, to) =1 — Z/ dtlH(tl)U(tl, to)
to

U(t,10)

t
I—z-/ dtH(t1) 4 -+

to

t t, ts
(o [t [Cdtaes s [ aEG@OHG) B+
lo to to

t
=: 9exp/ —iH(t)dt
t

0



e Let g(z) be a 2 x 2 invertible matrix,
o Y(x . 1
@) =s@) | 00 | v@i=i| e o]
Then —¢"(z) +v(x)Y(z) = k*Y(z) & W'(z) = H(z)P (),

H(z) := g(=)V(2)g(z) " +ig'(x)g(x) ™"

1

—ikz __;_—tkx
Choose : g(z) = o7 [ ke ‘e ]

ketkz jetkx

H(CE) — v<x) [ QZACU _QZAI ]

= 9




Theorem: M = U(+oo, —0c0) where U(xz, xzg) iS
the evolution operator for

r plays the role of “time’.

[Ann. Phys. (NY), 341, 77 (2014)]



Theorem: M = U(+oo, —0c0) where U(xz, xzg) iS
the evolution operator for

?)(Jj) 1 e—szx
H(x) — S [_62ikaz 1 ’
l.e.,
M =9 exp/ —iH(x)dx

=1 — Z/ d£B1H(CB1)

+ (—i)? /OO dx> /az2 deiH(2z2)H(z1) + - -

[Ann. Phys. (NY), 341, 77 (2014)]



If v(x) is a real-valued potential, H(x) is
o3-pseudo-Hermitian;

H(z)! = o3H(z)o3?!

Otherwise, H(x) is o3-pseudo-normal;

[H(z), H(z)"] = 0,

H(z)" = ang(ac)Tag,.



e Make the k-dependence explicit:

’U(ZU) [ 1 e—Qik:c ]

H(:E,k) .= >k _p2ikx 1

M (k) = 9exp{—z’/°° da:H(:c;k)}.

— 00

e Consider a finite-range potential v with support [z_,z4]:
v(z) =0 for = ¢ [vr_,x],

H(z; k) =0 for = ¢ [r_,x4]

M(k) = 7 exp {—z’ iz H(z k)} = Uy, z_; k).

xTr_—



Low-energy scattering:

Find the Small-k behavior of RY/7(k) & T(k).

[Bollé et al, J. Opt. Theory (1985)]

Find the Small-k behavior of M (k) using:

10, U(x,x_ k) = H(x; k)U(x,2_; k),
U(z_,z_; k) =1, U(zy,z_; k) = M(k).

B ’U(CIZ‘) [ 1 e—Qikw ]

_eQikaz 1



Introduce:
11 -1 111 L 1 1
r._[o . ] A._[O O], K;._[_l _1],

D(z,z_; k) .= iAU(z,2_; k),

G(x,z_; k) .= kI'U(x,2_; k).

Then (KT 4+ KTA) =1 =

U(x,z_; k)

%(IC I+ K'A)U(z,z_; k)
1

— [KG(a,2-;k) — ikK"D(z,2-; k)]



1
U = —(KG _ ikICTD).
2k
. U(z,z_ k) =H(x, k)U(z,2_; k)

’U(ZL’) 1 e—Qik:L’

.D = w(x) [ — z s(kz) D + 2?2 c(kx) G],
.G = w(x) [w s(kx) G — d(kx) D],
. p— sin 27 —_ — 2n . (_4)71
.5(7') = o =1 +n;13n7_ ; Sn . — (27’L+ 1)|7
. 1l—cos2r > o o 2(—4)n
c(t) = 5 =1 -I-n;ch , Cpy = 2n T 27
. l4cos2r > o (=)
d(r) 1= > =1 +;dnf L dy = ST



1
U = —(KG _ ikICTD).
2k
. U(x,z_; k) =H(x; k)U(2,2_; k)

’U(ZIZ) [ 1 e—Qikx W

H(CB,k‘) = e _€2ika: 1

U(z,z_; k) = f: U, (z,2_) K™

m=—1
D(z,z_: k) .= iAU(z,z_; k) D(z,xz_; k) = Z D,,(z) k"
j < 77(;0:—1
Gz,z—ik) i= kIU(z, 2 k) Gz, k)= 3 Gu(a) k"t
\ m=-—1

Dm(.CU_) == ’I:(Som A

U(z_,z_; k) =1 =
Gm(x—) — 5OmF



0.D
0, G

v(x) [ — z s(kz) D + 22 c(kx) G] :
v(z) |z s(kz) G — d(kz) D],

D(z,z-;k) = Y Du(x)k", D, (z_) = idom A

m=—1
> G (z-) = don, I
G(x,z—; k) = Z G (z) ™11 (=) °
| met This gives a system of
s(r):=3n27 _ 44 S s, 1st order ODEs for D,
2T n=1 and G that we could
o(r) = 17052 _ 44 3 epr2n decouple and solve
' 272 S : :
n=1 iteratively,
d(r) = 1+ c205 27 _ n Zdﬂgn [arXiv:2102.06084].
n=1

[F. Loran & A.M. arXiv:2102.06084]



0.D
0, G

v(x) [ — z s(kz) D + 22 c(kx) G] :
v(z) |z s(kz) G — d(kz) D],

D(a:,ac_;k) — i Dm(x) k™,

m=—1

G(z,z_; k) = i G(z) k™t

m=—1

sin 27 -
s(t) 1= =1 SpT2",
(=214 Y

n=1

1 — cos2T =
C(T) = =1+ Z CnT",

272

n=1

1 2 -~
d(T) = + COS-T =1 ‘I‘ ZdnTQn

2

n=1

Dm(CB_) — ’i50m A
Gm(x—) — 5Om r

This gives a system of
1st order ODEs for D,
and G, that we could
decouple and solve

iteratively,
[arXiv:2102.06084].

1
(D Gn) — (D.G) — Ulz.z k) = (ICG—ileTD)

2k




O ke e A - o)+

[61(2) — 294 (D] T+ 01) | +
5 @K+ [B2(2) — 26K} + 002)

U(z,z_; k) =

¢. Arbitrary length scale

b1 & ¢o solve —¢"(z) + v(z)p(x) =0 &
p1(x_) —x_¢)(x2) = 1, & (x_) =0,
po(w-) — w_d5(x-) = 0, po(x-) = (7"

gi(z) = ¢t /xdiax%(:c 7)v(T)s(2),

(lpr () ba(F) — 62(2)0r(®)]
$1(x_)
1

s(x) = —3 {$2 3¢1(x) — z¢) (z)] + /fﬁ dx 53?)(@(151(5)} :

G(x,T)




O ke e A - o)+

[61(2) — 294 (D] T+ 01) | +
B @K + B2a) - 284K} +002)

U(z,z_; k) =

M(k) = U(zy,z_; k).

Generalization to exponentially decaying potentials:

Jpu >0, |v(z)| <e ™l for z — +oo

T4+ — 00
—¢(x) +v(z)p;(z) =0, xR, je{l1,2}
i [61(2) —ad@] =1, lim ¢i(z) =0,

im_ [¢o(x) — 2¢5 ()] =0, im @h(z) =7



1b1

M(k) = St s [bQ(I —o1)+a(l+o1)| +
194
22 (917(: + ax)C ) + O(k?).
6= Iim (6() — s @] b=0 lim ().
a1 = -1 / 07 0.9 (2. F)0(F)< (7).

(@) =~z {220 —en@] + [ @ F@am).

l ¢1($)¢2($) — ¢2($)¢1(SL’)]

G(x,xr) =
( ) Ilmx ——00 ¢1($ )
M M 1
Rl =_ =21 | —— T=_——.
Moo Moo M2>

[F. Loran & A.M. arXiv:2102.06084]



If b1 : =/ lim ¢(z) # 0,

z—+o00

R'(k)
R (k)

T (k)

If b3 =0,

R'(k)
R (k)

(k)

 2iby kL i 2(b3 + 1) (kt)?
b1 b?
 2iarkl n 2(a% + 1) (ke)?
b1 b?
2ikl  2(a1 + b2)(k£)?
_2ikt 2+ 0) (02
b1 b2

2i(a? + b5 + a1bp — bygs + 1)(k6)3

—1

+ O(k?),

+ O(k").

b3

b3 — 1

n Qibg(b%gl — ap) kY
b5 + 1

O(k?),

(2 + 1) + O(k7)
b3 -1 n 2iba(g1 — azxb3) ke
b5 + 1 (b2 + 1)2
2bo Qib%(ag + g1) Kkl

Z+11 (B+1)

Zero-energy resonance

+ O(k?),

+ O(k?).



Generalization to v € L1(R), i.e., /ooda:(l ~+ |z|7)|v(z)| < oo

oo

[Newton 1986, Aktosun & Klaus 2001]

e For o > 1, M(k) is continuous in R\ {0}.

eForo=2(n+¢),neZT, 0<e< 1,

n—1 . O(k'u“)
M(k) = Z m,, (k€)™ 4+ o(k"~17¢) /LI_T) N

m=—1

Our method gives m,,,.

101

M((k) = —ﬁlc + = [bQ(I —01) +ar(I+ 0'1)] -+
ZSE( K4 aKT) + O(k2).

g1 =¢1 / d7 0,9 (z, 2)v(Z)<(Z)

s(x) = —% {332 3¢1(z) — z¢ (z)] + /:; dx i?’v(a?)qbl(i)}



Zero-energy Schrodinger equation: —¢"(x) +v(x)¢(x) = 0O,
¢'(x) — by /l

FOI”UEL%(HZ), dar, b €C, =z — ftoo = ,
¢(x) — xd'(x) = ax

Zero-energy transfer matrix:

at
b4

=Mo| ¢~

Theorem: Mo = Ug(+o00, —o0), where Ug(z, z0) is the
evolution operator for the Hamiltonian

Ho(z) = —iv(z) [ A ]

b

My = ﬁexp{—i/oo d:cHo(a:)}

—00

[F. Loran & A.M. arXiv:2102.06084]



Zero-energy Schrodinger equation: —¢"(x) +v(x)¢(x) = 0O,
¢'(x) — by /l

FOI”UEL%(&?), dar, b €C, =z — ftoo = ,
¢(x) —xd' (x) = ax

Zero-energy transfer matrix:

at
b4

=Mo| ¢~

Theorem: Mo = Ug(+o00, —o0), where Ug(z, z0) is the
evolution operator for the Hamiltonian

Ho(z) = —iv(z) [ A ]

b

e Ho(z) is n(x)-pseudo-normal for n(x) = [ (1) _xg/ﬁ ]

e If v is a real potential, iHo(x) is n(x)-pseudo-Hermitian.

[F. Loran & A.M. arXiv:2102.06084]



Zero-energy Schrodinger equation: —¢"(x) +v(x)¢(x) = 0O,
¢'(x) — by /l

FOI”UEL%(&?), dar, b €C, =z — ftoo = ,
¢(x) —xd' (x) = ax

Zero-energy transfer matrix:

at
b4

=Mo| ¢~

Theorem: Mo = Ug(+o00, —o0), where Ug(z, z0) is the
evolution operator for the Hamiltonian

Ho(z) = —iv(z) [ A ]

xZr
$1(z) = Up11(z, —00) + £ 2z Ugoy (z, —0),
(]52(:13) = Up 12(33, —OO) —+ (~lx UOQQ(ZB, —OO).

Corollary: v has a zero-energy resonance iff Mgo1 = 0.

[F. Loran & A.M. arXiv:2102.06084]



Low-energy scattering in the half-line:
—RP (i k) + V(a)p(ai k) = k2 k),  z€RT,
Ve Li(RT)
a(k)y(0; k) + k=B (k)p(0 k) =0,  (BC)
(k)| +|B(k)| # O.

V(x; k) = Ay (kB)e*™ + Bi(k)e ™ for x — 4oo.

Ay (k)
By (k)

Reflection amplitude: R(k) :=



—02Y(x; k) + V(@)Y(z; k) = k*Y(x; k), xeRT,
a(k)(0; k) + k= 1B(k)d.(0; k) = O, (BC)

O(x; k) — AL (k)e™ + Bi(k)e ™ for z — 4oo.

e Consider the scattering in R by the potential

0 for <0
v(z) =
{ V(z) for x>0

—02(x; k) +o(@)y(x; k) = kK*p(x k) = eR
Pz k) = A_(k)e'*™ + B_(k)e ™ for z < O0.

Ay

e Choose A_ and B_ so that (BC) holds, & recall B
_|_

=M| 4

Mi1(k) — v(k)Mi2(k)

= R = 55— ) Maa(h)
(k) +iBM)
AT ORTO)

[Ann. Phys. 411, 167980 (2019); arXiv: 1910.07382]



—02Y(x; k) + V(@)Y(z; k) = k*Y(x; k), xeRT,
a(k)(0; k) + k= 1B(k)0,(0; k) = 0, (BC)

O(x; k) — AL (k)e™ + Bi(k)e ™ for z — 4oo.

e Consider the scattering in R by the potential

0 for <0
v(z) =
{ V(z) for x>0

—02p(w; k) +v(x)Y(w; k) = k*Y(x k) x€R
Pz k) = A_(k)e'*™ + B_(k)e ™ for z < O0.

Ay

e Choose A_ and B_ so that (BC) holds, & recall B
_|_

=M| 4

Mi1(k) — v(k)Mi2(k)

= R = 55— ) Maa(h)
(k) +iBM)
AT ORTO)

= low-energy expansion of R(k)



For 3 = 0 (Dirichlet BC):

R(k) = « . Dias k

For g # O:

y

R(k) = 1

\

Theorem:

( 14+ O(k) for bo = 0,

+ O(k?) for bo# 0.

\ bo

: 24 2
ikt 200+ 0)ED” | 543) for by # 0,
b1 b%
_pb3oi 2 2(p i 27L2F’1> +O(k?) for by =o0.
P02+ i (pb3 + 1)

—1

YV with Dirichlet BC lead to a zero-energy

resonance iff bo = Mgo> = 0.

[F. Loran & A.M. arXiv:2102.06084]



Application: Wormhole scattering
Static spherically symmetric wormhole:
ds?2 = —p(r)2dt? + q(r)2 dr? + r2d$2,
d$2? = d¥? + sin? 9 dy?
Introduce = € R, » = r(z) such that dz? = q(r)%dr? =
ds® = —p(r)?dt® + dx? + r?dQ22.

r(x) — +x for x — +oo.

Ellis wormhole: p(r) =1 & r(z) = y/z? + r2 for some rg > 0.




$: A scalar field of mass m
(~9) 730, [(~9)tg"0,®] — m2d =0

For p(r) = 1, 3 time-harmonic solutions:

Y(z)
r(x)’
—"(2) + v(@)Y(z) = k*p(x),

I(l+1) " (x)
@2 r(2)

k:::\/wQ-—TnQ

St 2,9, 0) = e YW, )

v(z) =

Stability of the wormhole = study low-energy waves.

= only spherical waves (I = 0) can tunnel through v;

()
r(z)

v(x) =




Suppose that Je € RT, Jci,a, € R,

r(:c)—:l::c—l-ci—l— Z— as = — too,

”(33)

v(x) = ()

= v € Li(R) & our method gives

M(k) = m_1k™ + mg + o(k°)

where m_1 and mg are given by ¢; of ¢o-.

v(z) = ”((5)) — r(z) solves —¢"(z) + v(z)d(z) = O.
Ri(k) = —-1-2i(c.—s 1)k~ o(k'),
R'(k) = —1-2i(cy—s 1) k4 o(k!),

T(k) = —2is *k+2s(cep+c —2sHk?+ o(k?)

T / r(x)?



T(k) = —2is k425 (x4 c —2sHE? 4 o(k?).

o= [ o e= i @)~ el

?"(:B)Q’

7| T(k)|?
12
LLow-energy absorprtion cross section:

Absorption cross section: o =

Wormholes with p =1: |oc = A+ o(k)

1
A = 4mp?, p = —.
S

For Schwarzschild blackholes [Unruh 1976]:
_— _ \/_ 3/2 2
Massless scalar field: o= A+ — A<k + O(k").

— 3 43/2
Massive scalar field: 0 = \/_ng [1 + O(kfoo)]-




Conclusions:

- Potential scattering admits a dynamical formulation
where the scattering phenomenon is described in terms
of an effective quantum system with a non-Hermitian
Hamiltonian H(z). For real scattering potential H(x)
IS pseudo-Hermitian.

- The formulation has many interesting applications and
admits generalizations to higher dimensions and EM
scattering.

- It offers a method for constructing low-energy expansion
of the transfer matrix. This requires the study of the
zero-energy Schrodinger equation, which may be done
using an appropriate zero-energy transfer matrix.

- The results have applications in various areas including
the study of the transmission of scalar waves through a
wormhole.
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