
①

⑤ M- cellular approximations
SHRI

R ring ( or a dog ring I ring spectrum )

M an R- Complex (or a dg R- module / . . . )

For X E D IR)
,
there is a natural eraif Dk:

cella (x) → x- Lm ex)→

where ① Cellmlxl is built out of M
i. e

. is in Logan )

② Cellach -s x is an M- equivalence

i.e .
Him,fM, GILAD Es Homjin. x,

Equivalently Hom
,}-, Celts Hit Ea Hom

,} - , x)
on Lor CM)

Ecu.ua/enHyHoEjM.LmCxD-- o



②

Morita theory : R
,
S rings p.SN bimodal

.

Hom,fM, -1 : Mod R Mods ? - %, A
U l U l

add M = adds " - prog
'

Sop

This and its variants : Switching roles of
Atom and ④

,

or changing variance of Hom,

appear all over mathematics : Kogut duatfy,
Fourier

.

Mukai transforms
,
RHI
,
. . .

- x-

R ring , M an R- complex
E '

- = RHom,{M, M) = Hom,zCpM, pm)

there pm Is M is a cop.brat replacement
( i.e

.
Semi-projective rests

. )

- View E as a day algebra .



③

- product on E = Composition of maps .

M is then a R
,

E bimodal
,
with

E - acting by evaluators :
Hom,{pm, pm) ④ pm→ pm

X ⑤ x -s Lix,

Then we getan adjoint pair

RHom,{M, - ) : DCR) DCE ") - ④!It
Tish (Dwyer , Greenlees ) when It is Small

,

these restrict to an equivalence :

Lor ,{MI = DCEP)

And the count map

RHoyfM, x) ¥17→ ×

Xe DCR)



④

is the M- cellular approximal- on :

cell.CN -

- RHoyfM.xsqot.tt.
- This a

" concrete
"

model for cellular approx .

D
'

Sketch of proof : Any Y E DCE) is in Laces

: Y go.FM. E La,{ Exo:Ml n. Lor Cn )

So we do have that the functors restrict to :

Rtfm,{ CM, - s : LacMI I
,

D CED) : - xDA
R E

To check these are equivalences
,
we have to

check that the natural maps :

Ex Rttomfm, x)#M→ X and

ny
: Y -s RHom,{M, Y#m)



⑤

Are isomorphisms f X E Lorch, and Ye DCE's

- Ex is an iso
. for X = It :

RHom,{M, Mixon M

- The subcategory L -

-
IX C- DCR)) q an iso .)

is local'Ting ; i - e . a Dkd Subcategory
closed under all Coproducts .

• Main point is to check this is
closed under arbitrary Kms .

.

This is where we need that M is

Small
.

⇒ LalM) E L as desired .

111km" one Verifies oh
,

is an iso
.
on DCE"

D



⑥

A strengthening : observe 611mL- I only

depends on Lorch) not M itself .

We lay M is proxy - hall if 7 W E DCR) ht .

① Tv is small

② Lorch) = La Ctr)

③
-

W E Thick CM) i.e
.

tr is

finitely built out of AM
.

Then again Cellmcx) -- Rfkmpcm, Xi ④
th

RREnd,{M)
ii

RHom,{M, Ms .

- This turns out to be rather useful.



⑦

⑤ Commutative noetherian rings
R one Tuch

;
I f R ideal

Vin
.
V CI) E Spee R closed Subset .

"
wth Zariski top .

For X E Mod R

TIX :-. I, CA) ← Sections of N

J lyysorfed on
-

v

I-power torsion = {KE XI 34=0 in Rp p ¢
-VI

tubmodule of X R→ Rp
= ka (X → ITXp )

P EV ee
. P II

= ( ke x/ I ? x -

- O for Tome n ? , }

For X E D CRI
,

let

RIKI := fright) denied functor g E
evaluated on X

= ¥7 tix ) X -six

H CN :-. Hicqua ,
"

injective resin
"

.

- local cohomology of X kpyorfed on I.



⑧

There is a natural map
RE, Cx)→ x

Fet : This is
"

? RE - cellular approx . of X

cella
,.CN = RE Cx)

- x-

would like good models for Cell,z,IX ).

*Vote : Rf, is typically not mall
,

or even

proxy - In all .

Kajal completes : re R
-

mm

Kcr) : -- (one (R R ) - o→AIR → o

T
degree I

T
deg 0

Given I :-. 're
,
- . . rn in R

K CH = K ( ri)



⑨

choose * 1. t . I -- (t) . Then

K :-. Kuei is ked Rat

① K is hall (ie
.
a perfect ex. )

② Lack ) -- In CRE )

Thus Celle
,!-t. Cell

,!- I = Rtlompck, - taek
E-= End,{ K )
5

Finite Matrix ring (R
+ d. ttaeatd

.

Thw
Rp
,

c. , :-. Rthmfki - I K

- x -

EI : P C- Spec R 1. t. Rfp is regular Casa ring,

i.e
. gld.nl/4p) c- .



④

Then Rfp is pray - hall in DLR) .

- In fact Khe, ohne p-- Ce, is

a trick proxy for Rfp : ie.

Kerl C- ThickIp) in DLR) .

This applies whenever NE Mar CR) a- Maund
[deal -

- Thirsk : .- Rlm is proxy - Indi.

Rina -

- Rttmck. -'Een:&,
- Special case : (R

, n,k, local ring
y

'

\ k -
- Mm .

Mahima ideal

Note
.

Hi( Kendra,) = Ext kik) c- graded

ring .



RICH -

- Rki¥e÷,k
④

1

its' cohomology is Ext k
,

R)

Def : R foremtein if Ex Fpckk,D= Ek .

- x-

Proxy - lmdlnen : R ring C Comm . nah. )

- Interesting to know chan RI
, pray

- hall

t I E R .

This : R is lordly complete intersection ⇐

each X E Db (model is proxy - Smell.

( DSI, Politz, lets)

Compare : R regular ⇒eadx c- Dblmodk) is

(Auslander
,
Buchsbaum

,
lone ,

ha" '



④

Back to R ring , Ma R
- Complex

DCR,
t

DCREnda.im
")

M lmall ,{n?- , E

M
#

= RHom,fM, R) right dg E - module .

The t X E DCR)

x -a RHoggM#,RHm,{n,xi )
is

"

denied Completion
"

in local algebra .

- to EN RHaydn. - s

Dg: DCRI :D CEM DCR)

u ,
Runyan. - I Rthyntt ,

(M- Cellular) = D (EA) = DCM- complete)

I


