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We study what we call “dyadic CART”—a method of nonparametric
regression which constructs a recursive partition by optimizing a complex-
ity penalized sum of squares, where the optimization is over all recursive
partitions arising from midpoint splits. We show that the method is
adaptive to unknown degrees of anisotropic smoothness. Specifically, con-
sider the anisotropic smoothness classes of Nikol’skii, consisting of bivari-
ate functions f(x,, x,) whose finite difference of distance % in direction i
is bounded in L? norm by Ch%, i = 1,2. We show that dyadic CART, with
an appropriate complexity penalty parameter A ~ o2 - Const - log(n), is
within logarithmic terms of minimax over every anisotropic smoothness
class 0 < C <»,0 < 8y, 8, < 1.

The proof shows that dyadic CART is identical to a certain adaptive
best-ortho-basis algorithm based on the library of all anisotropic Haar
bases. Then it applies empirical basis selection ideas of Donoho and

Johnstone. The basis empirically selected by dyadic CART is shown to be
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o Dyadic CART (DC) was introduced in Donoho (1997) as a nonparametric regression
method for denoising 2D signals.

@ It computes a globally optimal dyadic decision tree based on solving a penalized
least squares optimization problem.

@ It was shown that DC is minimax rate optimal over bivariate function classes which
show anisotropic smoothness.

@ Ideas related to Dyadic CART can be useful in estimating spatially heterogenous
nonparametric function classes of recent interest.

© Rectangular Piecewise Constant or Polynomial Functions in General Dimensions.

@ 2D Bounded Variation Images/Matrices (alternative to TV Denoising).

© Univariate Bounded Variation Functions of General Orders (alternative to Trend
Filtering).
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Optimally Adaptive Estimation of Piecewise Constant Signals
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Setup

There is an underlying signal 8* € R'.» where Ly, := {1,...,n}".
We observe
y=0"+o0¢

where o > 0 is noise strength and ¢ is an array consisting of mean 0 independent
subgaussian random variables.

We measure the performance of an estimator f in terms of the mean squared error:
- 1 A *112
MSE(6,0") = N]Eg*HB — 6

where N := n? is the sample size and || - || is Euclidean norm.
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Definition of piecewise constant

A rectangle R C Ly, is simply a product of disjoint discrete intervals ®¢_[a;, bj].

A rectangular partition of R C Lg,, is a set of disjoint rectangles N = {Ry, ..., R} whose
union is the whole of R.

An array 0* € RY is said to be piecewise constant if there exists a rectangular partition
M= {Ri,...,Rc} of Lg,, such that fg, is constant.

Let us define k.i(67) to be the cardinality of the minimal rectangular partition I such
that 6" is constant on the blocks of IN.

We say 6" is piecewise constant with k pieces if k.n(0") = k.
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Minimax risk

An oracle, who knows the rectangular partition on the blocks of which 6 is constant, will
just fit the mean of the observation array y within each of the blocks.

. . . ka1 (07
This means the oracle estimator incurs 02% as MSE

A standard argument gives the following lower bound:

inf sup MSE(8,0%) > Cd0'2% log %

O gxerMdin Ky (0%)<k

where Cy is a constant that can depend on d.
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Main question

Q: Does there exist an estimator which, in all dimensions,
@ attains the minimax rate risk bound O(JM““T(Q*) log N) adaptively for all 6.

@ s possible to compute in polynomial time in the sample size N?

Recently, estimators based on convex optimization such as TV Denoising in Chatterjee
and Goswami (2020) and Hardy Krause Variation Denoising Ortelli and Van De
Geer(2019), Fang, Guntuboyina and Sen(2020) have been studied in the above context.

To the best of our knowledge, the above question has not been rigorously answered in
the literature. We will propose a solution in this talk.
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Dyadic CART: definition and main result
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Recursive dyadic partitions

A dyadic split of a rectangle R is to choose any of its d sides and divide it in half. This
split produces two rectangles of (almost) equal size.

Starting from the trivial partition Ly, we can recursively generate finer partitions by
performing dyadic splits.

A recursive dyadic partition (RDP) is any partition reachable by such successive binary
divisions.
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Dyadic CART

Let us denote the set of all recursive dyadic partitions of Ly as Prdp,d,n =: Prdp-

We can now consider the following minimal partitioning optimization problem:

Mhatngy = argmin (||y — Ay* + A|A)).
E

Prdp

The estimator
ardp,)\ = nrdp,)\y

takes the form of a piecewise constant array on the partition ﬁrdp. This estimator is
precisely the Dyadic CART estimator which was proposed in Donoho (1997).
The optimization problem can be solved in at most O4(N) basic operations by dynamic

programming.
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Main result for Dyadic CART

For any array @ € R4 define k., (f) to be the cardinality of the minimal rectangular
recursive dyadic partition 1 such that 6 is constant on the blocks of 1. By definition, the
following inequality holds for any array 0;

kall(a) S krdp (9)

Theorem (Oracle risk bound for Dyadic CART)

There exists a constant C such that if we set A > Co? log N then for any 6* € RN we
have the following risk bound:

; . : 16 = 6" | Akeap(6)
MSE(Brap »,0°) < inf (2 .
SE(frap,x, 07) GE'IELH’d( N TN )
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How big is keap(6) compared to ku(6)?

When d = 1 or 2, any rectangular partition of Ly, can be refined into a RDP increasing
the number of rectangles by a poly-logarithmic factor.

krap(0) < kann(0) C(logn)? V 6 € Rt

In particular, we can conclude under our choice of A and d =1 or 2,

ka1 (0)

MSE(frap »,07) < Cyo’(log N)**! N
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Optimal Regression Tree: definition and main result
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Hierarchical partitions / decision trees

A hierarchical split of a rectangle R is to choose any of its d sides and divide it along
some point. This split produces two rectangles of not necessarily equal size.

Starting from Ly, we can now recursively generate finer partitions by performing
hierarchical splits.

A hierarchical partition/decision tree is any partition reachable by such successive
hierarchical splits.
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Not all partitions are Hierarchical

(a) ®) (©

Image (a) is an example of a recursive dyadic partition of the plane. Image (b) is non-dyadic but
is a hierarchical partition. Image (c) is an example of a non hierarchical partition. An easy way to
see this is that there is no split from top to bottom or left to right.
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Optimal Regression Tree

Let us denote the set of all hierarchical partitions/decision trees of Ly, as
Ptree,d,n = Ptree~

We can now consider the corresponding estimator which optimizes over all partitions in
Ptree-

ﬁtree,)\ = a‘rgmln(”y - ny||2 + /\“-Il)

EPtree

The estimator
etree,)\ = ntree,/\y

takes the form of a piecewise constant array on the partition Ialtree,k.

Crucially, ORT can be computed by O(n?#*1) = NG/ pasic operations.
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Main result for Optimal Regression Tree

For any array # € R define ki,eo(6) to be the cardinality of the minimal hierarchical
partition / decision tree I such that € is constant on the blocks of 1. By definition, the
following inequality holds for any array 0;

kall(e) S ktree(e) S krdp(e)-

Theorem

There exists a universal constant C such that if we set A\ > Co?log N, then for any
0* € RY we have the following risk bound:

A . : 16— 01>  Akiree(6)
MSE(Qtreer, 07) < inf (2 :
SE(Otree,,0") eel]lgL"-d( N TN )
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Comparing kiree(6) to kan(6): some results from Computational Geometry

In 2 dimensions, any rectangular partition can be refined into a decision tree where the
number of rectangular pieces at most doubles.

Theorem (Berman et al (2002))

Given any partition T € Py 2., there exists a refinement 11 € Piree,2,n such that
M| < 2|M|. As a consequence, for any matrix 6 € R"™", we have

ktree(e) S 2ka,ll(6)~

In particular, when d = 2 (and of course d = 1), we can conclude under our choice of A,

MSE(étree,A’a*) < CO'z(l N) all(a )
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Comparing kiree(6) to kan(6): some results from Computational Geometry

The aspect ratio of a rectangle is the ratio of its maximum sidelength to its minimum
sidelength.

A rectangular partition I € Pay, g, is called a-fat (o > 1) if all its blocks have aspect
ratio bounded by a.

Theorem (De Berg (1995))

Given any partition T € Pay 4., which is a fat, there exists a refinement M1 € Piree.d.n
such that M| < Cy.q|M].

In particular, when all the rectangular level-sets of " are a-fat, we have under our choice
of A,

MSE (Qireen, 0°) < Cy.a0>(log N) 22 a“(e )
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Summary of main results

e DC attains the risk bound O(%e*)(log N)?*1) for all 6% in dimensions d = 1,2.

o ORT attains the improved risk bound O(%g*)(log N)) for all 8" in dimensions 2
(and 1).

e ORT attains the improved risk bound O(%G*)(Iog N)) for all 8" which are
piecewise constant on a fat partition in all dimensions.

e DC and ORT computable in O4(N), O4(N**/?) basic operations.
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Computation

For any rectangle R C Lg,, we can define the corresponding subproblem restricted to R.

Problem(R) = n:nren;?_ R(||yR — Myg|]> + K|O|).

The key point is that the optimization satisfies a recurrence relation:

Problem(R) = - RzmliLr}RFR(Problem(Rl) + Problem(R), [lyr — 7&||> + K).

Complexity = |Rectangles| x |Splits for each rectangle|
= O(N?) x O(n) = O(N* n).

Subhajit Goswami January 6, 2021

22/37



Estimation of Bounded Variation Functions in 2D
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2D Total Variation Denoising

Think of Ly, as the 2 dimensional regular n x n lattice graph. Define

TV(6) ::% > 10.—0.

(u,v)EE

where E; , is the edge set of the graph Lo .
The 2D TVD estimator was first introduced by Rudin(1992) for image denoising.

Orvp,\ = argmin ||y — 0]]> + XTV(6).
GE]RLZ"
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Minimax Rates

Hutter Rigollet(2016), Sadhanala et al(2016) show that a well tuned TVD estimator is
nearly (up to log factors) minimax rate optimal over the class {6 € Rb20: TV(9) < V}
attaining MSE bounded by O(\LFN)

Theorem (Risk Bound for Dyadic CART)

Let 0* € R'2 pe the underlying truth and let V* .= TV/(8). The following risk bound
holds for the Dyadic CART estimator 84, » with X\ > Co? log N where C is an absolute

constant. .

MSE(brap.,0") < Co i

log V.
JN &

Subhajit Goswami January 6, 2021 25 /37



Main result for Dyadic CART

For any array @ € R4 define k., (f) to be the cardinality of the minimal rectangular
recursive dyadic partition 1 such that 6 is constant on the blocks of 1. By definition, the
following inequality holds for any array 0;

kall(a) S krdp (9)

Theorem (Oracle risk bound for Dyadic CART)

There exists a constant C such that if we set A > Co? log N then for any 6* € RN we
have the following risk bound:

; . : 16 = 6" | Akeap(6)
MSE(Brap »,0°) < inf (2 .
SE(frap,x, 07) GE'IELH’d( N TN )
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Approximation Result

Proposition
Let @ € R™n be such that nTV(8) = V. For any § > 0, there exists a ' € R" such that

a) k,dp(el) ~ V&t and

b) 10 —6'|>~ V§
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Sketch of proof of the main results
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Sketch of proof: formulation in terms of Union of Subspaces

First notice that the parameter space © in both cases can be written as UscsS where S
is a finite collection of subspaces of RV.

Therefore our estimators are special cases of the penalized least squares estimator
P . 2
0 == argmin (||y — 0||° + Xks(6)),
0co

where A > 0 is the tuning parameter and

ks(0) = min{Dim(S) : S € S,0 € S}.

Secondly, notice that Ni(S) = |S : Dim(S) = k,S € S| < N* for every k € [N].
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Sketch of proof: a generic result

Under the setting described in the previous slide, one can prove:

Theorem (Union of Subspaces)

Setting A > Co? log N and a constant C > 0 depending solely on ¢, we have

E||6y — 07| < inf [2]|6 — 6% |1> + Aks(0)] + Ca?.

The MSE bounds for both of our estimators now follow directly from this result.
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Outline for the proof of the generic result

We assume y = 0* + 0 Z where Z has i.i.d. standard Gaussian entries

Now use
ly = 611> + X ks(8) < |ly — 6> + X ks(8) V6 € S (by definition)
and expand the squares after substituting 6* 4+ 0 Z for y to obtain

10— 6%112 < 110 — 071> + Aks(0) + (20 {Z, 8 — 8) — Aks(D)).

After some routine manipulation we get
6" —611” < 2/16 — 6]1* + 2Xks(8) + L(2)

where, with v denoting m,

L(Z) = Go*( Z,0 — 0)* — CGIks(D).
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Outline for the proof of the generic result

With v denoting H%H’

L(Z) = Go*( Z,0 — 0)* — CXks(D).
Therefore, we can write
L(Z)<max[Cio®  sup  sup(Z,v—0)> — GAK].
ke(n] SES:Dim(S)=k vES
However, using fairly standard arguments one can show

E sup (Z,v—6)<(Dim(S)"?+1).
VES, v£0O
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Outline for the proof of the generic result

We can write

L(Z)<max[Cio® sup  sup(Z,v—0)> — GAK].
keE(n] SeS:Dim(S)=k vES

Using fairly standard arguments one can show

E sup (Z,v—6)<(Dim(S)"?+1).
VES, v£0O

Hence the Gaussian concentration inequality allows us to deduce for any S € S with
Dim(S) = k,

GA
C10'2

IP’([sup(Z,v—H)z— K] >t)§Cexp(—c/[t+%k]) Vvt > 0.
ves
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Outline for the proof of the generic result

We can write

L(Z) < max [Gio® sup sup(Z,v —0)> — Gk].
keE[n] S€S:Dim(S)=k veES

We can deduce for any S € S with Dim(S) = k,

C2:\2k] >t) < Cexp(—c'[t—i— %k]) vt > 0.

P Z,v—0)—
([ggF;( V=0’ - &

Now using a (double) union bound we get for all t > 0,

P(L(Z) >t) < C Z Ni(S)exp (— ;—;[t—i—)\k]).
k€[n]
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Outline for the proof of the generic result

We can write

L(Z) < max [C102 sup sup(Z,v —0)> — GoAK].
ke(n] SeS:Dim(S)=k veES

We have for all t > 0,

P(L(Z) > 1) < C 3 M(S)exp (~ S5 [t+Mk]).
k€[n]

The result now follows by integrating this bound with the choice A > C ¢ log N upon
recalling that

log Ni(S) < cklog N.

Subhajit Goswami January 6, 2021 35/37



Concluding Remarks

@ One can define versions of DC and ORT which fits piecewise polynomials on
rectangles.

@ The oracle inequalities for DC and ORT can be used to show minimax rate
optimality for other function classes (possibly yet to be explored) using appropriate
approximation theoretic results.

e DC/ORT has a natural computable extension to random design.

@ Can A can be chosen in a data driven way so that all the present guarantees are
maintained?
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