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AGENDA :
① products of random matrices
② products

, martingales and geometry③ Application : Quantum simulation
.



① PRODUCTS of RANDOM MAKES
• Let Y

;
E Ed'd indeep , ndm, bald .

Often : Yj = It Xj
• Form the product

Zu = Yu Yu - , . . . Y
,
E ①
did

w questions : for a worm N - IK on matrices
,

GROWTH : IE N Zn N = . . .

CONCENTRATION : E N Zn - Eze N E r - -

keep in mind : EEN = ⇐Yn ) CEYN . . I - n . (EY, )



origins :

. stochastic dynamical systems (ergodic theory,
control

,
. .
. )

↳ dimension d fixed , factors n-a
• Random matrix theory (HD stat, free prob .)
↳ factors n fixed

,
dimension d→ a

.

• Regent interest: Iterative randomized algorithms
EXAMPCES : SGD

, Oja 's , R . Kaozmarz

• Dimensions d
,
a large but wet growing

. Nonasymptotic analysis ! Convergence rates
took : single geometric perspective



② prepuces AND MARTINGALES

• As above
,

Zn = Yn . . - Y fs Yjecdxdiadep .
• Concentration .

En - EZn = Yu - r . Ye - CET ) - - - CET )

= Ej , I#Yal - -- left. ) CY; - EY; )
x Kj- i -

- - Y )

= : EI , Dj
•

By indef .

,
and. on Y

, c
. . .

. Yj - i ,
Gj is Zero - mean .

. dj is a matrix martingale sequence .



• Let II. Hp be the Schatten
p
-worm

- In particular , K - Hz = Frobenius i Killa = operator .

Etta - EZNHE = E KEI . dj Ki
= EE E adj HE nthg .
⇐ Ijn, HE Ya - - ' Yjs, HI - Elly. - EYJ HE
n

- Ed Yj.. - - - Y
,
HI

=£(predicted growth ) x (deviation jth fam)
J"

x expectation of Hj-ill .
• For many applications. need spectral worm
→ Need another Idea r . -



• IKEA : Uniform smoothness
. In 2£ psa .

Ell Lljllp E Cp . GI, Elkljllp
when Cp =p - l .

• Approximate the spectral norm by Schatten
p

f pi bgd
HAHA E HA Kp E d

" HAH
,

F p
-

- by d, E e HA Ha .



. Here's the
argument

:
p
-

- log d

IE II Zu - LF-2K£ E E Azn - EE Itp
= E KEI. . Lljllp
⇐*ji , Elkljllp
⇐ dcp Eje, Ekg Kat
E lost .

p
- Sj, AE Yu - - - Yj , HI

x E KY- - EYJ flat
× Ell Yj.. - - - Y

,
kid

• EXAMPLE : Yj = It Xj perturbation
Yi - EY; = Xj - EX; small !



③ QUANTUM SIMULATION

• Let feed be a unit vector "

quantum state
"

↳ Think alot D= 2k
. Let t.IE ¢d×d Hermitian

"Hamiltonian "

• Quantum simulation problem : Compte approximate
@
it Hy te Rt positive time

- Set t -- i .

i -
- imaginary units

• In
many

situations
,

Hamiltonian has structure

H -- feet , Ae Aee ed
'd

Hermitian

Sponsel Easy
"
E

L very large . implement at quantum
computer



• > = Eet
, Kheda

'

interaction strength
"

• IDEA : product formulas (Lie - Tota- Suzuki)
eiht = ei A-jail . . . ei Aim In

= : Zn

Goar : Kei 't - Zu Ha t e .

Problem : Need n -=oCLA/e )
→ which has bad dependence

on L
,

the A- of samurai, .
- IDEA : Random products ! (Campbell)



IDEA : Random product
just a eixaln . .

. ei X't = : 2n

where Xi are random
"

simple
"

Each Xi = Canete - Ae .
random!

Question : I get Keitt - Zn Has a ,
what number n of random factors
do we need ?

ANSWER : 0( loyd . 7%2)

Replace L - Loyd ← k



g-DRAT protocol : For H -

- Set
,
te . A HAH .

X -- ¥ ,.be cop . Mallala

so EX = It and 4×16=1 .

Let V = eixln .

Key observation : KV - EVIL
,
s II

.

-

NEV- either H s . . .

.

Form product Zn = Va . .. V
,

where Vj are Id copies V .

L?? Hei 't - Zullo E ? as F- of a .



cam = He '- itt
- Eth Ha s 'Yu

t HEZU - En Kao

For I term
,
we use the random product tools

⇐ dog d) GI, Elklj HI i

= cgdlLiEiI i

xEKY.y-V.lk#
← dog d) sit = Gath.

Combine : Erm ← oust fbgd.tn


