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tubers f doused Calmes .

Reference : finiteness in the denied

categories of lad rings .

- Doyen , Greenlees, Iyengar .

⑤ The derived category : A recap .

R ring
CCRI '

= Category of R- Complexes

object : - - → Me.# Mi -a Mii. - - - -

( not necessarily bounded)

f: M-a N morphism .

Induces

H
#
tf) : Hf CM) -is H*lN)



②
f- is a quasi- iso . if Hitt is an isr .

Q :-. Quasi- iso 's in ECR )

D CRI :-. Q'
'

Eck)
.

"
inverting quasi - iso 's .

One Can get a handle on this Construction

using model categories :

- Projective model structure on ECR) :

We .
-

-
weak equivalences a quasi- ins

I. = Fibratons -

- morphism f: M# N
that are Surjective .

(of : (ofbratons .

. maps f: M-iN tf .

ci, t is injective



Cii) Coker(ft is Semi-projective .③

Recall P
. Semi- projective Meant filtration :

O -
- Plo) E Pcl) E - - E Y PG)=P

It . Playpen, is a graded pry .

R- module with

O differential
.

Example : byft's
, pi
.;

P
, -1*75' - -

of projective modules cith Pi .- o t isao

is femi - projective, with Thi -- o -spin .-- -
- x -

Upshot
Ho (semi-prig ) Tx DCR,



④
Thus Homo CM, Nl = Hom

,! Pm, Pa, )
Uae

Pm Fl M and Pa, Fi N

are Cofbvant replacements lie .

projective resolutions )
.

Key point : D CRI is a
Dkkdcategory .

.

So
,

is arbitrary Coproducts east
c-in one has mapping cones

.

A Subcategory#E DCR) is thick if

it is closed under :

- mapping comes

- retracts ( c ' .ee. taking directTammand,
- finite direct Tums

.

=

It is lacking if it is closed under
arbitrary direct hems .



⑤

For M E DCR)
,

write

Thick CM) :-. Smallest thick subcategory
containing M .

Lorch ) :-. Smallest ladies ing Tub. Cat
. Containing
A

Fact: For any Xt DCR! there is
a functor. -a eeacf Die .

Gllmcxl→ x→ Lmk)-is E Celina,
1. t . ① Gamey E Lor CMI

② Hoff-, Lmcxi ) -- O on

Loren,

we speak of Cellnlxl as the M
-
cellular

approximation of X, and knlxl as the

M- localisation of X .



⑤ Examples
④ R -

- E DCE )

(at M -

- Elp p prime

Thick (Hp) :# {X C- DAN Hickok lil Do
and Hix, is p- power torsion)

sketch .

.

E clear .

t finitely generated

Z Say X E Modu and p-para torsion

X :-. ⑦ 221pm
'

ni E IN

To check XE Thick (Ml
, suffices to

Verify

4pm C- Thick ( Hp) t new

O -is Egp -s Hp . - a 24Pa . ,→0
1-a pa

- i



This gives an exact gk

214, -a 24pA → *

Ipa . ,→ EMP

n
-

-
L E'"f.→ 24g, → 24ps -a 24g, → Ekg.

. : Hp, C- Thick (M)

- The, induction .

Thus all p-pure train modules are in Thickens

- A standard truncata completes the proof .
111k" Loc ( Hp) = { X C- DUDI Hitt) is

P-power torsion
)

Exe : Thick (GIF
-

a
Thick (Hp . ) t

n 7 I
.

Main pt- *Ip C- Thick (Mp. ) .



Cbs M :-. to Hp
p prime

↳ (M) - { Xe Dca) Hex, torsimnti}

ie . HCX) Oh = 0

Thus Lm CH -- Xa :-. X# Q

6km Cx) -s X -s Xg →
- * -

② R .
.

k Cx,yY 64=0 .
- ly )

(x?y
'

) k field

R#Eek
E± Thick Ck) .- {xEDM HD

Hilt) -- o t lilDo

rank Hex, so
}

E± k ¢ Thick (Rhp )
¥ # k



However k E La CHAK ) .

Detecting Chen XE Thicken) or
La CM)

is typically a hard problem .

R commutative Noetherian

- Eg : Rn
.

k Gees
. -MD)I

Speak ÷ Prime ideals in R with

Farish . topology .
P C- Speak

kcp) : -- Residue field at P

= RP/pRp
The hpport of Mn c- DCR, is the Tablet

kpppn :-. {pespatelkcpsxqn to}
ie

. Tar,¥klP), 71=10 .



Fact ① hppprl -- ol ⇒ M-

-
o .

② when M E D
"
(modR)

-

it

{ X E D 11231 TECH f.g .
R- module
}

it . Hicxtot KID-

Hix, f.g .

R- module .

Topp, M
-

- {p c- Speer IH,fMp) -

- H,f7p=o )

= V ( annp.tt# Cm )
- In patiala , this is a cloud subset

of Spee R -

EI
. Sopp

, CHP. ) -- 4¥

Iyyz
,
(Q) =

{ lol )
.



③ If X E Lorin! then

kpppx E kppp A. .

In particular , x e Thick Cml
,

then

Tvpppx E Lipp
,
M .

Converse need not held :

Kpk, QE Supp G -

- Spee 6

But Q ¢ Thick Ca)
.

However Q E Lor Ck) = Due)

This ( Hopkins , Naman ) M, N E DCR)

small R- completes . Then

hyp,
N E hpppm ⇒ NE Thckyam)



Recall: M hall means ME Thick CR) .

① loggia (%. )
-

- Up) : kgpz.ca/p )

- Thick (Hpd .. Thick (Yp )

② R-
- klxidk.i.gr, Speth ( Cain )

↳pm -

- Ipa R t M¥0 in DCR)
.

Bet k ¢ Thick CRI
.

¢ Thick (Har)

fo in Hopkin's result. fmdlhen is essential
.

.

③ HN theorem leads to a classification
of all the Hick tubcategory of small
object in DCR ) ( ie. Thick cell.



- Connected to nilpotence phenomenon .

④ Hopkins ' proof is
" constructive

"

.

- If N E Hick(m)
,

M email

one can build N out of M
"

explicitly
"

.

T f -

when M
,
N are not loyal! it is hard

to detect the'

µ a Thick CM)
.

( Except Chen R is lordly complete
intersection )

.

This (Neenan) : M
,

N E D CRI
.

If kpp.fi/EhpppM , the. N E Loren) -



This implies the result of HN :

In any compactly gen . Dktedccfegr,
M
,
N Hall object . Then

AA E la (Ml ⇒ N c- Thicken) .


